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ABSTRACT. Thispaperis asuney of feedbacksetproblems(FSP).FSPoriginatedfrom
applicationsn combinatoriakircuit design but have foundtheir way into numerouother
applicationssuchasdeadlockpreventionin operatingsystemsconstrainsatisctionand
Bayesianinferencein artificial intelligence,and graphtheory Directedand undirected
feedbackvertex setproblemsare consideredincluding polynomially sohable casesap-
proximationalgorithms,exact algorithms,and practicalheuristics. The relationshipbe-
tweenthe feedbackvertex setandfeedbackarc setproblemsis examinedandthe stateof
the art of feedbackarc setproblemsis suneyed. Applicationsof feedbacksetproblems
aredescribedFinally, futuredirectionsin feedbacksetproblemresearctaremappedut.

1. INTRODUCTION

Not long ago,thereappearedo be a consensus theliteraturethatfeedbacksetprob-
lems, which originatedfrom the areaof combinationakircuit design,werethe leastun-
derstoodamongall the classicalcombinatorialoptimizationproblemsdueto the lack of
positive resultsin efficient exact and approximatingalgorithms. This picture hasbeen
totally changedn recentyears.Dramaticprogressasoccurredn developingapproxima-
tion algorithmswith provable performancenew boundshave beenestablishedne after
theotherandit is probablyfair to saythatfeedbacksetproblemsarebecomingamongthe
mostexciting frontendproblemsn combinatoriabptimization.

The mostgenerafeedbacksetproblemconsistdn finding a minimum-weight(or min-
imum cardinality)setof vertices(arcs)thatmeetsall cyclesin acollectionC of cyclesin a
graph(G,w), wherew is a nonngativefunctiondefinedon the setof verticesV (G) (onthe
setof edge<E(G)). Thiskind of problemis alsoknown asthe hitting cycleproblem since
onemusthit everycyclein C. It generalizessnumberof problemsjncludingtheminimum
feedbak vertex (arc) setproblemin bothdirectedandundirectecdgraphsthe subsetmini-
mumfeedbak vertex (arc) setproblemandthe graphbipartizationproblem in which one
mustremove a minimum-weightsetof verticessothattheremaininggraphis bipartite.In
fact,if C is the setof all cyclesin G, thenthe hitting cycle problemis equialentto the
problemof finding the minimum feedbackvertex (arc) setin a graph. If we aregivena
setof specialverticesandC is the setof all cyclesof anundirectedyraphG thatcontains
somespecialvertex, thenwe have the subsetfeedbak vertex (arc) setproblemand, fi-
nally, if C containsall oddcyclesof G, thenwe have the graphbipartizationproblem All
theseproblemsare alsospecialcasesf vertex (arc) deletionproblems whereone seeks
a minimum-weight(or minimum cardinality)setof vertices(arcs)whosedeletiongivesa
graphsatisfyinga givenproperty

Therearedifferentversionsof feedbak setproblems dependingon whetherthegraph
is directedor undirectecand/orthevertices(arcs)areweightedor unweighted.Yannakakis
[88] hasgivena generaNP-hardnesprooffor almostall vertex andarcdeletionproblems
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restrictedto planargraphs. Theseresultsapply to the planarbipartizationproblem,the
planar(directedundirectedpr subsetfeedbackrertex setproblemsalreadyprovedto be
NP-hard[45, 32]. Furthermorejt is NP-completefor planargraphswith no indegreeor
outdeggreeexceedingthree[45], generalgraphswith no indegreeor outdegreeexceeding
two [45], andedge-directedraphd45].

2. NOTATION AND GRAPH REPRESENTATION

Throughouthis chapterwe usethefollowing notationanddefinitions.

A graph G = (V,E) consistf afinite setof verticesV(G), anda setof arcsE(G) C
V(G) xV(G). An arc (or edge)e = (v1,V2) of adirectedgraph(digraph)G = (V,E) is an
incomingarcto v, andanoutgoingarcfrom vy andit is incidentto bothv; andvs.

If Gisundirectedtheneis saidonly incidentto v; andv,.

For eachvertexi € V(G), letin(i) andout(i) denotethe setof incomingandoutgoing
edgeofi, respectiely. They aredefinedonly in caseof adigraphG. If Gis undirectedye
will take into accounbnly thedegreeAg(i) of i asthenumberof edgeghatareincidentto
i in G. A(G) denoteghemaximumdegreeamongall verticesof agraphG andit is called
thegraphdegree A vertex v € G is calledanendpointf it hasdegreeone,alinkpointif it
hasdegreetwo, while a vertex having degreehigherthantwo is calledabranchpoint

A pathP in G connectingvertex u to vertex v is a sequencef arcsey,--- ,& in E(G),
suchthate = (vi,viy1), i =1,---,r with vy = uandv;;1 =Vv. A cycleC in G is apath
C= (v, -, W), With vy = .

A subgaphG = (V',E') of G= (V,E) inducecbyV' isagraphsuchthatE' = EN (V' x
V'). A graphG is saidto beasingleton if |V(G)| = 1. Any graphG canbe partitioned
into isolatedconnectedcomponent$s;, Gy, - - - , Gk andthe partitionis unique. Similarly,
everyfeedbackvertex setV’ of G canbepartitionednto feedbackvertex setsFy, F, - - -, Fic
suchthatF; is afeedbackvertex setof G;. Therefore following the additive propertyand
denotingby (G, w) the weight of a minimum feedbackvertex (arc) setfor (G,w), we
have:

k
H(G,w) = _;U(Giaw)-

3. THE FEEDBACK VERTEX SET PROBLEM

Mostof theknown resultsonvertex deletionproblemsdealwith thefeedbaclkvertex set
problem,that canbe easilyunderstoody the following deadlockpreventionexamplein
computeisystemsConsidermnoperatingsystemwhich scheduleslifferentprocessewith
request®n differentresourceswhich they needto useexclusively beforebeingreleased
by the process.A directedgraphmodelingtheseresourcerequirementfiasa nodei for
eachprocess with directedarce(i, j) implying thatprocess requesta resourcealready
allocatedto processj. Therefore,f thereis a directedcycle in sucha graph,a deadlock
occursandevery procesdn the cycle will wait for the requestedesourceandwill never
releaseheresourceslreadyallocatedto it. To breaksuchcycles,onecanremove some
processe$rom the graphand put themin a waiting queue. It is clearthat we want to
minimizethenumberof processesemoved.

Formally, the feedbackvertex setproblemcanbe describedasfollows. Let G = (V,E)
beagraphandletw:V(G) — R" be aweightfunction definedon the verticesof G. A
feedbak vertex setof G is asubsebf verticesv' C V(G) suchthateachcyclein G contains
atleastonevertex in V'. In otherwords,a feedbackvertex setV’ is a setof verticesof G
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suchthatby removingV’ from G alongwith all theedgesncidentto V', resultsin aforest.

Theweightof afeedbackvertex setis thesumof theweightsof its verticesandaminimum
feedbak vertex setof a weightedgraph (G,w) is a feedbackvertex setof G of minimum

weight. The weight of a minimum feedbackvertex setwill be denotedby p(G,w). The

minimumweightedeedbak vertex setproblem(MWFVS) is to find a minimumfeedback
vertex setof a givenweightedgraph(G,w). Thespecialcaseof identicalweightsis called

theunweightedeedbak vertex setproblem(UFVS).

3.1. Mathematical model of the feedbackvertex setproblem. Thefeedbackvertex set
problemis a specifictype of setcaovering problem asthe objectie is to cover all cy-
cleswith a minimum costcollectionof vertices. A simple polynomialreductionproce-
dure from the vertex cover problemto the feedbackvertex set problemis describedn
[2]. As a covering-typeproblem,it admitsan integer zero-oneprogrammingformula-
tion. Givena feedbackvertex setV' for a graph(G,w), G = (V,E), anda setof weights
W= {W(V) }vev(a), let x= {X/}vev(c) be abinary vectorsuchthatx, = 1if ve V', and
xy = 0 otherwise.Let C bethe setof cyclesin (G,w). The problemof finding the mini-
mum feedbackvertex setof G canbe formulatedasan integer programmingproblemas

follows:
min z w(V) Xy
veV(G)

(MFVS) s.t. z x>1 VI eC
veV(T)
0<x <1lintegerveV(G).

If onedenotedy C, thesetof cyclespassinghroughvertex v e V (G), thenthedualof the
linearprogrammingelaxationof (MFVS), is apadking problem

maX;c yr
S

(DMFVS) { sit. %yr <w(v) YveV(G)
re
yr>0 VI eC.

3.2. Polynomially solvable cases.As it is unlikely that thereexist polynomialtime al-
gorithmsto solve NP-hardproblems,to obtain polynomial time algorithmsone hasto
restricttheseproblemso specialclasse®f graphs.Perfectgraphsarea classof graphson
which polynomialtime algorithmshave beenfoundfor avarietyof problems Becausehe
subclassesef perfectgraphsform hierarchiespneproblemof interestis to determinethe
largestclassof graphson which suchproblemsremainpolynomially solvable. Therefore,
giventheNP-completenessf thefeedbackvertex setproblem,oneapproachs to identify
thosespeciallystructuredproblemswhich canbe solved in polynomialtime. Research
alongthis line startedwith the pioneeringwork of Shamir[76], in which a linear time
algorithmwas proposedo find a feedbackvertex setfor a reducibleflow graph. Wang,
Lloyd, andSoffa[87] developedan O(|E(G)|- [V (G)|?) algorithmfor finding a feedback
vertex set. The classof graphsknown ascyclically reduciblegraphs which is shavn to
beunrelatedo theclassof quasi-reduciblgraphs Althoughthe exactalgorithmproposed
by SmithandWalford [80] hasexponentialrunningtime in general,t returnsanoptimal
solutionin polynomialtime for certaintypesof graphs.A variantof the algorithm,called
the Smith-Walford-onealgorithm, selectsonly candidatesetsF of size oneandrunsin
O(|E(G)| - [V(G)|?) time. The classof graphsfor which it finds a feedbackvertex setis
calledSmith-Walford one-reducible.
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In thefollowing, considera setof operationsalledcontractionoperations Theseop-
erationscontractthe graphwhile preservingall the importantpropertiesrelevant to the
minimum feedbackvertex set. An importantpropertyassociatedvith theseoperationss
theso-calledChurch-Rossepropertywhichimpliesthatthe orderby which a sequencef
operationds performedwill not affect the final graph. The basiccontractionoperations
areasfollows:

Reduction Procedures

Let (G,w) beavertex (arc)weightedgraphandletV' beafeedbackvertex (arc)setof
G, then
INO(i) - OUTO(i):

if jout(i)] = O or lin(i)| = 0, theni e V.
reduction V(G) =V (G)\ {i};
E(G) =E(G)\{(xy)|x=iory=i}.

LOOP(i):
if (i,i) € E(G), theni e V.
reduction V(G) =V (G)\ {i
E(G)=E(G)\
IN1(i):
if lin(i)] =1and(j,i) € E(G),
reduction V(G) =V (G \
ou(j)=out
E(G)=E(G U{(J-,k)lkeOtl(i)}\{(i,k)lkeow(i)}-
OuUTL(i):
if Jout(i)] = 1and(i, ) € E(G)
reduction V(G) = (G)\{|}
in(i) = in(i) Uin(); -
E(G) =E(G)U{(k j)kein(i)} \{(ki)kein(i)}.

Levy andLowe[55] proposedheseoperationsandprovedthefollowing properties.

Definition 1. LetG = (V,E) beadirectedgraph,andlet G’ = (V’,E’) bea directedgraph
resultingfrom G by repeatedapplicationsof the contraction opetationsuntil no further
contractionis possible G’ is calleda contractedgraphof G.

Theorem 1. If G containsno parallel edges,thenthe contractedgraph G’ of G is unique

Theorem?2. LetG = (V,E) bea directedgraph. (1) If G is contractedinto G’ by any of
the opemtionsINO(v), OUTQv), IN1(v), or OUT(v), andif S is a minimumfeedbak&
vertex setof G, thenS is a minimumfeedbak vertex setof G. (2) If G is contractedinto
G' by LOOR(v) andS is a minimumcutsetof G', thenS= S U {v} is a minimumfeedbak
vertex setof G.

It shouldbe notedthat for a directedgraphwith every nodehaving at leasttwo in-
edgesandtwo out-edgesthe setof contractionrules doesnot apply and all the above
mentionedalgorithmswill fail to find an optimal feedbackvertex set. In otherwords,
this classof algorithmsis only optimal for speciallystructuredand very sparsegraphs.
Neverthelessthis line of work hassignificantimpactin the study of feedbackvertex set
for the following two reasons.First, a classof graphsof increasingsizeis computed,
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wherethefeedbackvertex setof eachgraphcanbefoundexactly. Secondmostproposed
heuristicsaandapproximatioralgorithmsusethereductionschemesliscussedbove.

3.2.1. Thefeedbak vertex setproblemon chordal, permutationandinterval graphs. An-
otherline of researchon polynomially solvable casesfocuseson other specialclasses,
including chordal andinterval graphs,permutationgraphs,convex bipartite graphs,co-
compaability graphsandon meshesandtoroidal meshesbutterflies andtoroidal butter-
flies

The feedbackvertex seton chordalandinterval graphscanbe viewed asa specialin-
stanceof the generalizectlique cover problem,which is solved in polynomialtime on
chordalgraphs[21, 89] andinterval graphs[63]. For permutationgraphs,an algorithm
dueto BrandsadtandKratsch[7] wasimproved by Brands&dt[8] to runin O(|V(G)|®)
time. More recently Liang [57] presentecin O(|V(G)|- |E(G)|) algorithmfor permuta-
tion graphsthat canbe easilyextendedto trapezoidgraphswhile keepingthe sametime
compleity. A graphG = (V,E) is calledtrapezoidf andonly if it is theintersectiorgraph
of sometrapezoiddiagram,wherea trapezoiddiagram T consistsof two parallellines
calledtop andbottomlinesandsometrapezoidseachhaving two cornerpointsonthetop
line andtwo onthebottomline. Theintersectiorgraphof atrapezoiddiagramis thegraph
whoseverticeshave aone-to-oneorrespondenaosith thetrapezoidsn T andtwo vertices
in G areadjacenif andonly if thecorrespondingrapezoidsn T intersectj.e. theirareas
overlap.Both permutatiorandinterval graphsarespecialtrapezoidgraphs.

On intenal graphs,Lu and Tang[17] developeda lineartime algorithmto solve the
minimum weightedfeedbackvertex set problemusing dynamicprogramming. Interval
graphsare specialgraphsthat admit a so called interval representationF. An interval
graphcorrespondso a setof intervals (interval representationin the realline. Eachin-
tenal correspondgo a vertex andthereis an edgebetweentwo verticesif andonly if
the correspondingntervals intersect. Sucha representatiomf an interval graphcanbe
obtainedin O(|V (G)| + |[E(G)|) time, assumingsortedendpoints.Lu and Tangobsened
thata subsetv’ of V(G) is a feedbackvertex setof G if V(G)\ V' is a cycle-fiee ver-
tex set(CVS) of G. WhenG is Weighted,V' is a minimum feedbackvertex setof G if
andonly if V(G)\ V' is a maximumweightedCVS of G. Consequentlygivenan inter-
val representatioh of a weightedinterval graphG with sortedendpointsandassuming
without lossof generality that no two intervals sharea commonendpointthelineartime
algorithmof Lu and Tangfinds the maximumweightedCVS of G to solve the minimum
weightedfeedbackvertex setproblemof G. At the sametime, it also solvesthe maxi-
mumweighted2-colorablesubgraptproblemandthe maximumweighted2-independent
setproblemwhich areequivalenton chordalgraphs.

3.2.2. Thefeedbak vertex setproblemon cocompaability graphs. Coorg and Rangan
[20] presenanO(|V (G)|*) timeandO(|V (G)|*) spacexactalgorithmfor cocomparability
graphs,which are a superclas®f permutationgraphs. In more detail, a graphG(V, E)
is saidto be a cocomparabilitygraphif andonly if its complemengraphis transitively
orientable i.e. its edgescanbeorientedto geta directedgraphG = (V,E) suchthat

(i,j), (j,k) €E = (i,k) € E.

Theauthorsprovedthatto solve theminimumfeedbackrertex setproblemon cocompara-
bility graphss equialentto findinga minimumcycle-fieesetof thegivengraph.Thekey
ideais thata cycle-fleesubgraplof G is a collectionof trees,becausét doesnot contain
ary cycle. Therefore,a cycle-fee subgraphs bipartiteand admitsa planar embedding
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i.e. amappingof its n verticesto a setof n pointson the planeanda mappingfrom its m
edgedo asetof mline sggmentson the planesuchthat:

e thereexistsaline segment]py, p2] if andonly if (v1,v2) € E(G), wherev; andv; are
mappedo p; and py, respectiely;
e ary two line segments p1, p2] and|ps, p4] interseconly attheirendpoints.

A naturalway to embeda cycle-freesubgraplonthe planeis the canonicalordering of
theverticesof thetransitiely orientedgraphG” obtainedfrom G throughits complement
G = (V',E’) which canbedonein O(n?) time usingtopologicalsort. An ordering of the
verticesof G” is canonicalif andonly if

(i,j)) €E(G) = i<].

ForG' suchanorderingalwaysexists,becaus&’ is adirectedacyclic graph.Onceapla-
narembeddings obtainedthe algorithmof Coorg andRanganconceptuallytriangulates
the planargraphso that the cycle-freesubgraphcan be consideredas a setof triangles,
eachhaving threeverticesof G. In moredetail, the cycle-freesubgraphis incrementally
built, startingfrom the emptysetandaddingonetriangleat time. At eachstepit main-
tainsthe incrementedubgraplctycle-free. The authorsprove thatthe cycle-freeproperty
canbemaintainedby checkingonly thelastinsertedriangle. They modelthis procesdy
constructinga directedgraphH, whoseverticescorrespondo the trianglesandan edge
(u,v) existswheneer the algorithmcansafelyaddtrianglev to the setimmediatelyafter
u hasbeenadded A directedpathof lengthk in H correspond$o a cycle-freesubgraplof
G having k + 3 verticesandthe minimum feedbackvertex setproblemis reducedo that
of finding thelongestpathin a directedgraph,which canbe easilysolved. In fact, to find
thelongestpathin H takestime proportionalto the numberof the edgesn H, by using,
for example,depth-firstsearch.Sincethereareat mostO(n) neighborsfor eachvertex in
H, thenumberof edgesn H is boundedoy O(n*) andsinceto construcH requiresO(n*)
time, the complexity of thealgorithmdueto Coorg andRangarremainsO(n®).

More recently Liang and Chang[13] developeda polynomialtime algorithm,thatby
exploring the structuralpropertieof a cocomparabilitygraphusesdynamicprogramming
to getaminimumfeedbackvertex setin O(|V (G)?| |E(G)|) time.

3.2.3. Thefeedbak vertex setproblemonmeshegandbutterflies. A recentine of research
on polynomially solvable casedocuseson specialundirectedgraphshaving boundede-
greeandthatarewidely usedasconnectiometworks,namelymeshesndtoroidal meshes
butterfliesandtoroidal butterflies

Definition 2. Anmx nmeshisagraphMmn = (V,E), wheeV = {v;j| 0<i<m—-1,0<
j<n—1}andE = {(vij,Vi(j+1)), (Vij, Vi) = 0,--+,n=2,j=0,--- ,;m—2}.

Definition 3. A toroidal m x n meshis a graph TMy, = (V, E) obtainedfrom a mesh
M(m+1)(n+1) identifyingthe verticesvp; with vmj, 0 < j <nandvjo withvj,, 0 < j <m.

In ameshMmn, Luccio [61] obtainedatrivial lower boundon the sizeof the minimum
feedbackvertex setV' equalto ((m— 1)(n— 1) +1)/4, by observingthatevery submesh
Moz is acycle of 4 verticesto bebrokenandonevertex of V' breaksatmost4 suchcycles.
Luccio provedthestrongetowerboundsV’| > ((m—1)(n— 1)+ 1)/3in ameshMm, and
(mn+2)/3in atoroidalmeshT Mpy. In [61], upperboundsfor meshe®f size(2" + 1) x
(2" + 1) andtoroidal meshesT Mo are derived. Theseboundseither matchthe lower
boundsor arevery closeto them. The proofsof the upperboundsareconstructve, in the
sensdahatanalgorithmthatderivesthemalsofindsa minimumfeedbackvertex setV' for
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thegivengraph simply by investigatingheirtopologicalcharacteristicsin moredetail,in
thecaseof meshe$/|<2r+l)<2r+l>,v' is formedby patternof verticedying onthediagonal
linesthatconstitutehe boundarie®f diamondof varyingsizes2! +1,0< j <r—2,each
having exactly onevertex not belongingto V', By applyingthis algorithmto M, 1)(n—1)

andremoving the (n+ 1)t row andthe (r + 1) column,on which no vertex of V' lies,
one can obtaina minimum feedbackvertex setfor TMaror. This algorithm can be still
appliedto arbitraryvaluesof m andn. Actually, Luccio shavedthatto obtaina minimum
feedbackvertex setfor ameshMmn, 2" 1+ 1<m< 2 +1,2514+1<n<25+1,r,s>0,
t = max{r,s}, it is enoughto apply the proposedalgorithmto build V' for M2t 1) 2t 41),
andthenthe requiredminimum feedbackvertex setfor Mmn is the portionof V' lying in
the upperleft submeshiMyn. To geta minimum feedbackvertex setV" for TMpmn it is
possibleto do the samewith the only differencethatnow additionalverticesareneeded
to beinsertedalongthe externalboundaryof V" in orderto breakpossiblecyclesbetween
thefirst andthelastrow andthefirst andthe lastcolumn,thusincreasinghe upperbound
by anadditionallinearterm.

For butterfly andtoroidal butterfly graphs Luccio [61] found upperboundsto the size
of aminimumfeedbackvertex set.

Definition 4. A k-dimensionabutterflyis a graph By = (V,E) having (k + 1)2X vertices
organizedin k+ 1 levelsof 2¥ verticesead. Vertex vij denoteghe it vertex at level i,

0<i<k 0<j<2-1, andfori > 0it is connectedvith the two verticesv(;_); and
V(i—1)j;» whee ji is theinteger whosebinary representatiordiffers from that of j in only
theit" leastsignificantbit.

Definition 5. A toroidal butterfly TBy is a k-dimensionabutterfly in which the K" level
coincideswith level 0.

In ak-dimensionabutterfly, the verticesin every two adjacentevelsform 21 cycles
with two verticesin theupperlevel andtwo in thelowerlevel. Thelowerboundof thesize
onaminimumfeedbackvertex setV for this graphis

— k+1
VEE i)
2
becauseachvertex atlevel i, 1 <i < k— 1, belongsto exactly two cycles: onebetween
leveli — 1 andi andonebetween andi + 1. Theupperboundis

V| < (2242644251 1)k,

found by applyingan algorithmthat for eachvertex v(;_1); addsto V eithervij or vij,
connectedvith v;_1); atthenext level.

Similar resultsto thoseobtainedfor butterflies By can also be obtainedfor toroidal
butterfliesTBy. In fact, TBx hask2 verticesandthe verticesbelongingto the (k — 1)t
level areconnectedo thoseof level 0. Therefore suchkinds of graphscontain2 cycles
wrappedaroundeachcolumn. To breakall of them.,it is necessaryo remove atleast

max((2) [ ¥11), 24
verticeswhere2X is significantonly for k < 2. Tofind a minimumfeedbackvertex setV,
thesamealgorithmasfor By canbeapplied by includingin V all verticesbelongingto the
(k—1)" level.
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3.2.4. Thefeedbak vertex setproblemon cubeconnectedycle networks.Luccio [61]

solved the minimum feedbackvertex set problemalso for anotherimportantbounded
degreenetwork, the k-dimensionakubeconnectectycle (CCCy), that hask levels of 2%

verticeseach. The only differencebetweenT By andCCC is that ary vertex vij is now

connectedvith v;_1); andv(j;1), 0<i <k—-1,0<j < 2X _ 1, andthe operationson

i arecomputedmodulok. Observingthatthe verticesin every two adjacentevelsform

2¢=2 cyclesof length8 (4 in the upperlevel and4 in the lower level) andthateachvertex

belongsexactly to two suchcycles,atleast24—2| (k4 1)2] verticeshave to beremavedin

orderto breakall suchcycles. Moreover, becaus€CCy alsocontains2® cycleswrapped
aroundeachcolumn,alower boundon the minimumnumberof verticesto be removedis

givenby

max(2, 22 <50 )

where 2¥ is insignificantfor k < 6. The upperboundfound by Luccio is 2k*1L<kL21)J,

obtainedby building a minimum feedbackvertex setusinga variantof the algorithmthat
finds a minimum feedbackvertex setfor TBy. In this case,for eachlevel i = 1,--- Kk,

incrementing by 2, 2“1 verticesareinsertedn thefeedbaclsetto breakall cycleswith a
vertex atthelower level i — 1. Theremainingverticesbelongingto level k — 1 areinserted
in thefeedbackset.

3.2.5. Thefeedbak vertex setproblemon corvex bipartite graphs. LiangandChang[13]
solved in polynomialtime the feedbackvertex setproblemin a specialkind of bipartite
graph,calledthe corvex bipartite graph, whosedefinitionis givennext.

Definition 6. A bipartite graphG = (A, B, E) with two distinctsetsof verticesA andB is
convex if there existsa total orderingon A sudh thatfor anyvertex b € B thesetof vertices
of A connectedo b formsanintervalin this ordering

Liang andChang[13] proposed polynomialtime algorithmhaving time compleity
O(|A]® +|AJ?|E|). Theiralgorithmassumesa corvex bipartitegraphG = (A, B,E) is given
by specifyingthe total orderingon A = {a3,a2,--- ,an} with a1 < ay < --- < ap. The
algorithmis basedon dynamicprogrammingtechniquesandthe specialstructureof the
graph.

3.3. Approximation algorithms and provable bounds. The feedbackvertex (arc) set
problemhasfound applicationsin mary fields, including deadlockprevention[87], pro-
gramverification[76], andBayesiarinference[2]. Thereforeijt is naturalthatin the past
few yearstherehave beenintensie efforts on approximatioralgorithmsfor thesekinds of
problemsfor the caseghatarenotknown to be polynomially solvable.

To quantifythe quality of anapproximationseveral criteriahave beenestablishednd
certainclasse®f approximatiorscheme$iave beendefined.Thefamily of approximation
algorithmsthatguaranteethe bestapproximatesolutionis the so calledfully polynomial
approximationscheme(FAS). It is a family of algorithms{A¢} thatfor a maximization
problemfinds an approximatesolutionat least(1 — €) timesthe optimal solutionin time
polynomialin thelengthof theinputandin 1/¢. In caseof a minimizationproblem theal-
gorithmis guaranteetb find anapproximatesolutionatleast(1+ €) timesthevalueof the
optimal solution. The next family of “good” approximatioralgorithmsis the polynomial
approximationschemgPAS). It containsaapproximatioralgorithmsthatproducea solution
atleast(1+ €) timesthe optimalsolutionin time polynomialin thelengthof theinputfor
fixede.
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Whenanapproximatioralgorithmdoesnothave ary of theaforementionedharacteris-
tics, it canstill be“evaluated”aswell. In fact,to testthequality of theapproximatesolution
therearespecialquantitiescalledperformanceatios definedasfollows. SupposeA is an
approximatioralgorithmthatfindsa feedbackvertex setVa (arcsetEy) for ary givenver-
tex (arc)weightedgraph(G, w). Denotingthe sumof weightsof vertices(arcs)in Va (Ea)
by w(Va) andthe weight of a minimum feedbackvertex (arc) setfor (G, w) by u(G,w),
thenthe performanceatio of A for (G, w) is definedby

Ra(G, W) = W(Va)/H(G,W).

Whenp(G,w) = 0, Ra(G,w) = 1if w(Va) = 0 andRa(G,w) = o if w(Va) > 0.

In otherwords,the performanceatio of an approximatioralgorithmis the worst-case
ratio betweertheweightof thealgorithm’s outputandtheweightof anoptimalsolution.

Theperformanceatio ra(n,w) of A for wis the supremunof Ra(G, w) overall graphs
G with n verticesandfor thesameweightfunctionw. If wis theconstanfunction(w(i) =
1), ra(n, 1) is calledthe unweightecperformanceatio of A. The performanceatio ra(n)
of Ais thesupremunof ra(n,w) overall weightfunctionsw.

Many approximationalgorithmsfor feedbacksetproblemshave beenproposedn the
lasttwo decadesWe considelapproximatioralgorithmsfor undirectecanddirectedgraphs
next.

3.3.1. Undirectedgraphs. A 2log, |V (G)|-approximationalgorithm for the unweighted
minimum feedbackvertex setproblemon undirectedgraphsis containedn alemmadue
to ErdosandPosd26]. This resultwasimprovedby MonienandSchulz[64] to obtaina
performanceatio of O(/log|V(G)|).

BarYeruda,Geiger Naor, andRoth [2] gave an approximationalgorithmfor the un-
weightedundirectedcasehaving ratio lessthanor equalto 4 andtwo approximational-
gorithmsfor theweightedundirecteccasehaving ratios4log, |V (G)| and2A2(G), respec-
tively. A slight generalizatiorof the unweightedcasewasusedto reducethe complexity
of a Bayesianinferenceprocedureaswill be discussedn Section5. In their algorithm,it
is assumedhatthesetof verticesV (G) is partitionedinto anonemptysetA(G) of allowed
verticesandapossiblyemptysetB(G) of blackoutvertices.For avalid graphG afeedback
vertex setexistsif andonly if every cycle in G containsat leastoneallowedvertex. Note
thatif B(G) = 0, thenthe problemreducego the classicaunweightedeedbackvertex set.
Beforegiving a descriptiorof their algorithm,the following definitionsareneeded.

Definition 7. A 2-3-subgaphofavalid graphG is a subgaphH of G sud thatthedegree
in H of everyvertex in V(G) is either 2 or 3. A maximal2-3-subgaphof G is a 2-3-
subgaphof G thatis nota subgiaphof anyother2-3-subgaph.

A maximal2-3-subgraplof G alwaysexistsif G is avalid graphthatis nota forest.

Definition 8. A linkpointv in a 2-3-subgiphH is saidto bea critical linkpointif it is an
allowedvertex andthere is a cyclel in G sud that

V(M NV(H)NE(G) = {v}.
In thiscaserl is calleda witnesscycleof v.

Definition 9. A cyclein avalid graphG is branchpoint-freeif it doesnotpassthroughany
allowedbranchpoint,i.e. a branchpoint-freecycleis madeof only blackout verticesand
allowedlinkpointsof G.
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Thealgorithmin [2] takesasinputa 2-3-subgraplof thegivenvalid graphG andgives
asoutputa feedbackvertex setof G, containingthe setX of all critical linkpoints, the set
Y of allowedbranchpointsn the maximal2-3-subgraplof G, andthe verticesof a setW
coveringall branchpoint-freeyclesof H not coveredby X. The setX canbe found by
applyingdepth-firstsearchon G andthesetY by applyingbreadth-firssearch.The com-
plexity of the algorithmis linearin the numberof edgesof G. To speeduphealgorithm,
BarYerudaet al. shov how to preprocesshe input valid graphby applyingthe corre-
spondingundirectedversionsof thereductiontransformationgjivenin Subsectior8.2, by
beingcarefulduringthe processn not generatingary blackout vertex cycle thatviolates
thevalidity propertyof thereducedgraph.

In moredetail, in the undirectedcase,the reductionprocedureglescribedn Subsec-
tion 3.2degeneratéo thefollowing. A reductiongraphG of agraphG is agraphobtained
from G by a sequencef thefollowing transformations:

o Deleteanendpointandits incidentedges.
e Connectwo neighborsf alinkpoint v (otherthanaself-loopedsingleton)by anew
edgeandremove v from thegraphwith its incidentedges.

It wasprovedin [2] thatary valid reductiongrath' of agraphG is suchthatu(G',w) =

HW(G,w). Moreover, if thereductiongraphG* of G is minimal i.e. it is valid andary proper
reductiongrath’ of G* is notvalid, it is shavn that G* doesnot containary blackout
linkpointsandthatary of its feedbackvertex setscontainsall allowed verticesof G*. In

this case,if it is possibleto obtaina valid graphG* without any blackout linkpoints and
ary endpointsasthe reductiontransformationslo, thenfor every feedbackvertex setV’

of G* containingall linkpointsof G, we have that

V(G) < (AG)+ 1)V,

whereA(G) is thelargestdegreeamongall verticesin G.

In [2], theweightedfeedbackvertex setproblemfor undirectedgraphswasalsosolved
by proposingtwo approximatioralgorithmshaving performanceatios4log, |V (G)| and
2/ (G), respectiely. Bothof thealgorithmsusereductiongraphtransformationsT hefirst
algorithmfindsat eachiterationa minimal weightedreductiongraphG* of theinputgraph
(G,w), i.e. aminimal reductiongraphsuchthatary of its reductiongraphsG' is equalto
G*. Sucha graphis necessarilyorandy, thatis, it doesnot containary endpointsaandits
setof linkpointsinducesanindependenset(i.e. eachlinkpoint is eitheranisolatedself-
loopor it is connectedo two branchpoints)Notethattransforminga graphinto abranchy
graphtakesO(|E(G)|) time. Thealgorithmthenproceedso find acyclel" in theminimal
weightedreductiongraphwith the smallesihumberof verticesof lengthlessthanor equal
to 4log, |V (G)|. Next, the algorithmsubtractsrom the weightof eachvertecin V(I") the
minimumamongheweightsof verticesin V(). Theverticesvhoseweightshecomezero
areaddedo thebuilding feedbackertex setv’ anddeletedromthegraph.Thesestepsare
iterateduntil the graphis exhaustedlt hasbeenprovedthatthis algorithmcanbeapplied
evenon planargraphsachieszing a performanceatio lessthanor equalto 10. Thesecond
algorithmfor the weightedfeedbackvertex setproblemin its undirectedversionis based
onthepropertythatevery feedbackvertex setV’ of abranchygraphG* containsanumber
of verticeslessthanor equalto 2A%(G) |V'|. Thisis a greedyalgorithmthat achieesa
performanceatio lessthanor equalto 2A%(G) for ary graphG. It startseachiterationi by
finding the minimal weightedreductiongraph(H;, wy, ) of thegraph(Hi—1,wy, ,), where
(Ho,WH,) = (G,w) andby computinga;, the minimum weightamongthoseassociated
with the verticesof H;. It thenproceeddy addingto the feedbackvertex setV' all the
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verticesin H; having weighta; andremaoving themfrom H;. Thesestepsareiterateduntil
thereducedyraphH; becomes forest.

For thefeedbackvertex setproblemin generaundirectedyraphstwo slightly different
2-approximatioralgorithmsaredescribedn BeclkerandGeiger{3] andby Bafna,Berman,
andFujito [1]. Thesealgorithmsimprove the approximatioralgorithmsof Bar-Yerudaet
al. [2], whoalsogive areductionprocedurdrom theloop cutsetproblemto the minimum
weightedfeedbaclkvertex setproblem.Theproposedlgorithmsalsocanfind aloop cutset
which, underspecificconditionsexplainedin moredetailin Sections, is guaranteeth the
worstcaseto containlessthanfour timesthe numberof variablescontainedn aminimum
loop cutset. SubsequentlyBecker and Geiger[4] appliedthe samereductionprocedure
from the loop cutsetproblemto the minimum weightedfeedbackvertex setproblemof
Bar-Yerudaetal. [2], but their resultis independentf ary conditionandis guaranteedh
theworstcaseto containlessthantwice the numberof variablescontainedn a minimum
loop cutset. Becler and Geiger[4] proposetwo approximationalgorithmsfor finding
the minimum feedbackvertex setV' in a vertex-weightedundirectedgraph(G,w). The
simplestof themis a greedyalgorithm that startswith a graphG', after removing from
theoriginal graphG all verticesi € V(G) with degreeAg(i) equalto 0 or to 1 andthen,it
repeatedlychoosego inserta vertex v in the feedbackvertex setV', if the ratio between
V'sweightw(v) andits degreeAy (v) in thecurrentreducedyraphG’ is minimalacrossall

verticesin G'. Whenv is selectedit is removedfrom G’ alongwith all its incidentedges

togetherwith all verticesof degreeequalto O or to 1 afterthoseremovals. This stepis

iterateduntil thecurrentreducedyraphis exhaustedlt is provedthattheperformanceatio

of thisalgorithmis boundedy 2l0gA(G) + 1, whereA(G) = nc/?é() A (V) isthedegreeof
ve

graphG. The secondalgorithmis a modifiedgreedyalgorithmhaving performanceatio
boundedy theconstan®. It consistof two phases:

1. Thefirst phaseproceedsasin the greedyalgorithm, but now, whena vertex v is
choserto beremovedfrom the graphwith all its incidentedgesandto beinsertedn
the building feedbackvertex setV’, theratio r(v) betweerits weightandits degree
is saved. After theremoval from the currentgraphof all verticeshaving degree0 or
1, alongwith their incidentedgesfor every removededge(us, up) theratior(v) is
subtractedrom theweightof its endpointau; andus.

2. Theseconphasepntheotherhand,is completelynew. It startsafterexhaustinghe
currentreducedgraph,i.e. whenafeedbackvertex setV' is alreadyfound,andtries
to remove from V' redundanterticesv; by checkingif everycyclein G thatpasses
throughv; intersectswith V' \ {v;}.

By usinga Fibonacciheap,the compleity of the algorithmis O(m+ nlogn), where
m= |[E(G)| andn = |V(G)|. A vertex is identifiedandretrievedfrom sucha heap|V (G)|
times,with eachoperationtaking O(log|V (G)|) time. The vertex weightsare decreased
|[E(G)| timesat a constanamortizedcosteach. Moreover, the compleity of the second
phasedoesnotincreaseahetotal compleity of thealgorithm.

In [18], Chudak,GoemansHochbaum,and Williamson shaved how the algorithms
dueto BeckerandGeiger[3] andBafna,BermanandFujito [1] canbe explainedin terms
of the primal-dualmethodfor approximationalgorithmsthat are usedto obtainapproxi-
mationalgorithmsfor network designproblems. The primal-dualmethodstartswith an
integer programmingformulationof the problemunderconsideration It thensimultane-
ously builds a feasibleintegral solutionand a feasiblesolutionto the dual of the linear
programmingelaxation.If it canbe shavn thatthevalueof thesetwo solutionsis within a
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factorof a, thenana-approximatioralgorithmis found. Theintegrality gap of aninteger
programis theworst-caseatio betweerthe optimumvalueof theintegerprogramandthe
optimumvalueof its linearrelaxation. Therefore by applyingthe primal-dualmethodit
is possibleto proof that the integrality gap of the integer programunderconsiderations
boundedin fact,Chudaketal., aftergiving anew integerprogrammindgormulationof the
feedbackvertex setproblem,provided a proof thatits integrality gapis at most2. They
alsogave the proofsof somekey inequalitiesneededo prove the performanceguarantee
of their new 2-approximatioralgorithm,which is a simplificationof the algorithmdueto
Bafnaetal. [1].

Theorem3. LetV' denoteany feedbak vertex setof a graph G = (V,E), E£0, lett
denotethe cardinality of the smallestfeedbak vertex setfor G, andlet E(S) denotethe
subsebf edgesthathavebothendpointsn SC V(G), b(S) = |E(S)|— | + 1. Then

) S [86(v) — 1] > b(V/(G)
veV’

2 Z Ac(V) > b(V(G)) +T.
veVv’

If everyvertex in G hasdegreeat leasttwo, andV'y is any minimal feedbak vertex set
(i.e. W eV'm, V'm \ {v} is nota feedbak vertex set) then

3) S Dc(v) <2 (bV(G) +1) -2

veV'm

Definition 10. A feedbak vertex setV’ is almostminimalif there is at mostone vertex
veV' sudthatV'\ {v} is afeedbak verte set.

Definition 11. A cycleis semidisjointif it containsat mostonevertex of degree greater
than2.

Theorem4. If everyvertex hasdegreeat least2 andthe graph doesnot containsemidis-
joint cyclesor is itselfa cycle andV'ay is anyminimalfeedbak vertex set,then

(4) [Ac(v) — 1] <2b(V(G)) — 1.
VEV' am
Notethattheinequalities2 and 3 imply
(5) As(V) <2 T Bo(v) -2
vev'm vev’

whileinequalitiesl and4 imply
(6) Y Bev)-1<2 H [As(v)-1]-1
VGV,AM VEV,
The conditionunderwhich the inequality4 holdsis satisfiedif the graphis 2-vertex-
connectedAs Corollaryof inequalityl, Chudaketal. provedthe following result:

Theorem5. LetV’ beanyfeedbak vertexset. Then for anySC V(G) suchthatE(S) #0,
we havethat

(7) 2 sV U= [ES)-[§+1=h(S).

vev' NS
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Inequalities3 and 4 are neededo prove the performanceguaranteeof the proposed
approximatioralgorithm,while 1 and2 areusedin the new integer programmingormu-
lation. The standarccycle formulationof the problemis givenin Subsectior8.1. Even,
Naor, SchieberandZosin[27] shavedthatthe integrality gapof thatinteger programis
Q(logn). The new integer programmingformulationgiven by Chudaket al. [18] is as
follows:

min Z w(V) Xy
veV(G)
(IP) { st zséAS(V) —1)x>b(S) SCV(G):E(S)#0

x €{0,1} veV(G).

Thelinearprogrammingelaxationis:

min Z W(V) Xy
veV(G)

(LP) { st ¥ (As(v)—1) %, >b(S) SCV(G):E(S) #£0

x>0 veV(G).

andits dualis:

maxg b(S) ys

(D) { s.t. Z (As(V) —1)ys<wy, veV(G)
Ys ZS\(I)GS SCV(G):E(S) #0.

The algorithm proposedoy Chudakat al. constructsa feasiblesolution of the linear
programmingelaxation(LP) andit is essentiallythe algorithmproposedy Bafnaet al.
In [1], Bafnaetal. developedan algorithmthat startswith a feedbackvertex setV' =0,
the feasibledual solutiony = 0, andthe original graphG* = (V*,E*) = (V,E). Givena
setV', if it is not a feedbackvertex set, theremust exist acyclein G*. The algorithm
firstrecursvely removesfrom G* all verticeshaving degreeequalto oneandtheirincident
edgesand then choosessomeset S correspondingo a violated constraintof (IP). Sis
calledtheviolatedset To chooseSthe algorithmusesa subroutinecalledVIOLATION,
thatfirst looks for a semidisjointcycle in G*. If it findssucha cycle, it lets S correspond
to theverticesof thecycle andreturnsS. Otherwisejt returnsS=V*. Thealgorithmthen
increaseasmuchaspossiblehedualvariableys, until somedualinequalitybecomegight
for somevertex in S, thatis addedto V' andremoved from G* togetherwith its incident
edges.The algorithmcontinuesrepeatinghesestepsuntil V' is afeedbackvertex set. It
thengoesthroughtheverticesn V' in thereverseof theorderin whichthey wereaddedand
removesary extraneoussertices.The simpler2-approximatioralgorithmof Chudaket al.
usesadifferentVIOLATION subroutinethatavoidssearchindgor semidisjointcyclesby a
differentchoiceof S. Givenadecompositioof G* into its 2-vertex-connectedomponents,
theiralgorithmsetsSto beanendblock sothatS containsat mostonecutvertex.

Another 2-approximationalgorithmis dueto Vazirani[86], who alsofound a lower
boundon the optimal solutionfor specialvertex weightfunctions. Before describinghis
algorithm,thefollowing definitionsareneeded.
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Definition 12. Let GF[2]' be the setof all binary vectos havingi components.Then
the characteristic vector of a cycleC in G is a vectorin GF[2]™, m = |E(G)|, whose
componentare equalto 1, if they correspondo edgesin C, O otherwise

Definition 13. Thecyclespaceof G is definedasthe subspace®f GF[2]™, spannedythe
characteristicvectos of all cyclesin G.

Definition 14. ThecyclomaticnumbercydG) is thedimensiorof thecyclespaceandit is
givenby

cyqG) = [E(G)| - [V(G)[ +k(G),
whee k(G) denoteghenumberof connectedomponentsf G.

The removal of an edgei from G decreasests cyclomatic numberby 1, unlessi is
a bridge, i.e. an edgewhoseremoval increaseghe numberof connecteccomponents.
Similarly, thedecreasén thecyclomatichumbercausedy removing avertex v equalghe
maximumnumberof edgedncidentto v thatcanbe successiely removedsothatnoneof
themis abridgeatthemomentof its removal.

Definition 15. Let dg(v) be the deceasein cyclomaticnumbercausedby remwing the
vertex v from G. A weightfunctionis cyclomaticif it assigngo ead vertex v the weight
c- 0g(Vv), for somec > 0.

Sincetheremoval of a feedbackvertex setV’ = {v1,---,vs } decreasethe cyclomatic
numberof G downto 0, then

f
YG) = 3 8o, V().

whereGy is theoriginal graphand,fori > 0, G; = G\ {v,--- ,Vi}.
Sinceanon-bridgeedgein aninducedsubgraplcannotbe a bridgein thelargergraph for
eachvertex v thefollowing inequalitieshold

0g; (V) < 86 (V),
cyqG) < Z Oc(V).

vev’
Thereforejf theweightfunctiondefinedon theverticesof G is cyclomatic,thenc- cyd G)
is a lower boundon the optimal solutionanda straightforward factor2 algorithmfor cy-
clomaticweightsfunctionsis givenby thefollowing lemmas:

Lemmal. If V' is a minimalfeedbak vertex setof G, then
Y 3a(v) < 2:cyqG).

veV’

Lemma 2. LetwbeacyclomatioveightfunctiondefineconV (G) andletV’ beaminimum
feedbak vertex setof G. Then

w(V') < WG, w).

In [86], Vaziranisolvesthe feedbackvertex setproblemalsoin the caseof arbitrary
weights.Thepropose®-approximatioralgorithmconsistof two phasesadecomposition
phaseandanextensiorphase Duringthedecompositiophasethealgorithmdecomposes
the original graphG into a sequencef inducedsubgraphsGy C Gx_1 C --- C Gp = G,
whereGy is agyclic. Onthe verticesof eachgraphG;, i < k, aweightfunctionis defined



FEEDBACK SET PROBLEMS 15

suchthatthe sumof theweightsof a vertex amongthesesubgraphss equalto its original
weight,i.e.

iveV(Gj)
Whenthedecompositiom)haseterminatesv'k isaminimalfeedbackvertex setof G¢. The
algorithmproceedshen executingthe extensionphase. For eachG;, i < k, it computes
a minimum feedbackvertex setV'i by addingto V'i+1 a minimal set of verticesfrom
V(Gi) —=V(Gi_1). ThesetV'g is outputasa feedbackvertex setfor G.
Regardingthemaximumsizeof afeedbackvertex setv’ in cubicgraphs Speclenmeyer

[81] provedthatfor a connectedindirectedcubic graphG of ordern andgirth g (girth is
thelengthof ashortestyclein G)

(g+1) . (@-1
(49-2) (29-1)
Bondy; Hopkins,andStaton5] provedthatfor aconnectedubicgraphG of girth atleast4

V] < T1/3|V(G)[].

V| <

An improvementwasmadeby ZhengandLu, whoin [92] foundthatif thegirth of G is at
least4 andif |V (G)| # 8, then

V'] < [1/3|V(G)|]

andthe boundis sharp.Theseresultswereimprovedby Liu andZhao[58], includingthe
resultdueto ZhengandLu, resultingin
/ e (9-3)
VIS3g 1" 292
for alarge classof cubicgraphsof ordern > 4 andgirth g.

For the subsefeedbackvertex problem,Even, Naor, SchieberandZosin[27] shoved
thatit canbe approximatedn polynomialtime by a factorof min{2 A(G),8 log(|V'| +
1),0(logt*)}, wheret* denoteghe valueof the optimal fractionalsolution. In [27] the
authorsalsoproposed techniquegalledbootstapping thatenhanceshe O(log|V'|) to a
factorof O(logt* /B3), wherep denotesheminimumweightof avertex. Thebootstrapping
techniqueteratively usesa graphpartitioningalgorithm. The outputof eachiterationis by
itself asubsefeedbackertex setandis usedaspartof theinputof thenext iteration. After
O(log|V']) iterations thealgorithmproducessoutputa subsefeedbackvertex sethaving
weightat mostO(t*logt*). Even,Nor, andZosin[29] improved this resultproposinga
8-approximatioralgorithm. The maintool thatthey usedin developingtheir approxima-
tion algorithmandits analysisis a new versionof multicommodityflow, calledrelaxed
multicommodityflow, a hybrid of multicommodityflow andmultiterminalflow. In multi-
commodityflow, thearccapacityconstraintapplyto thetotal flow of all thecommaodities,
while in multiterminalflow, the arc capacityconstraintsaapply to eachcommaoditysepa-
rately A relaxed multicommodityflow is a multiterminalflow with additionalconstraints,
calledintercommodityconstraintsFor eacharc,theauthorsconsideredhemaximumfliow,
amongall the commoditieswhich is shippedalongit. They requiredthatfor eachvertex
v € V(G) thesumof themaximumflows shippedalongits incidentarcsis boundedy four
timesthe capacityof v. By consideringhe multicommodityflow, the verticesfor which
theintercommodityconstraintaretight play animportantrole from the point of view of
the connectvity of the graph. They are calledintersatuled vertices. The main resultof
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Evenetal. is atheorenthatboundsheweightof theverticesthatmustbeintersaturedso
asto realizea givendemandvectorby the sumof demands.

3.3.2. Directedgraphs. In generalproblemson undirectedyraphsarerelatively easieito
handlethanproblemsondirectedgraphssincemoregraphtheorycanbeutilized. Not sur
prisingly, the approximatiorresultsobtainedsofar for the undirectedversionarestronger
thanthosefor thedirectedversion.In fact,noneof the algorithmsreferredto in the previ-
oussubsectionapplyto thefeedbackrertex setproblemin directedgraphsand,in contrast
with theundirectedversion,no analyticalresultsareknown for thedirectedcase.

A very recentdirection of researcton approximationalgorithmsin the directedver-
sionfocusesn the completeequivalenceamongall feedbaclkset(and/orfeedbacksubset)
problemsandamongtheseandthe directedminimum capacitymulticut problemin circu-
lar networks. An exhaustve descriptionof the procedureghat reduceary feedbackset
problemto ary otheror ary of themto the directedminimum capacitymulticut problem
andvice versawill begivenin Subsectiort.2. Thesereductionproceduresireformalized
andusedby Even, Naor, Schieberand Sudan[28] to obtainan approximatioralgorithm
for the subsetfeedbackarc setproblemof a weighteddirectedgraphG = (V,E), where
theinterestingcyclesto be hit arecontainedn a setof specialverticesX C V(G), where
|X| = k. The weight of the feedbackarc setfound by their approximationalgorithmis
O(t*log? [X|), wheret* is the weightof an optimal fractionalfeedbackset. More detail
is providedin Subsectiort.3. Neverthelesstheir approacttanbe usedto solve any other
feedbaclsetproblemaswell asthedirectedminimumcapacitymulticut problem.

Evenetal. [28] alsoproposedanalgorithmfor approximatinghe minimumweighted
subsetvertex setproblemin the weightedanddirectedcase Jeadingto aresultthatholds
for ary otherfeedbacksetproblemaswell. Their approachis an algorithmicadaptation
of a theoreticalresultdueto Seymour [75], who proved that the integrality gapin the
caseof the unweightedfeedbackvertex setproblemcanbe at mostO(logt*loglogt*),
wheret* is definedasabove. Evenet al. obsene thatall existenceargumentscontained
in the proof of Seymour’s statementan be madeconstructve and thus, with somead-
ditional operationsan algorithmfor the unweightedfeedbackvertex setproblemhaving
an approximatiorfactorof O(logt*loglogt*) canbe obtained. Furthermodificationsof
thealgorithmleadto a polynomialtime approximatiorschemeapplicableto theweighted
problem. In O(|E(G)| - [V(G)|?) time the algorithm finds a feedbackvertex sethaving
weightO(min{t*logt* loglogt*, t*log|V(G)|loglog|V(G)|}). All theobsenationscon-
tainedin [28] improve the O(log? |V (G)|)-approximationalgorithm for this casedue to
LeightonandRao[53].

In thecaseof directedplanargraphs Stamm{83] presente@nO(|V (G)|log |V (G)|)-ap-
proximationalgorithm,whoseperformanceguaranteés boundedy themaximumdegree
of thegraphandanO(|V (G)|?) time approximatioralgorithmwith performanceuarantee
no morethanthe numberof cyclic facesn the planarembeddingf thegraphminus1.

Cai, Deng,and Zang[10] obtaineda 2.5-approximatioralgorithmfor the minimum
feedbackvertex setproblemon tournamentsimproving the previously known algorithm
with performanceguaranteeof 3 by Speclenmeer [82]. Let H be the triangle-vertex
incidencematrix of atournament andlet e betheall-onevector In [10], necessarand
sufficientconditionsareestablishedor thelinearsystem{x | Hx> e, x> 0} to beatotally
dualintegral systen(TDI).

Definition 16. Arationallinear system{x | Hx > e, x > 0} is calledtotally dualintegral,
if the optimizationproblemmax{y"b | y"A < c', y > 0} hasanintegral optimumsolution
y for everyintegral vectorc for which the maximunis finite.
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It hasbeenshawn thatary rationalpolyhedronP hasa TDI SystemP = {x: Ax< b}
representatiomwith A integral, andthat,if P is full-dimension,thereis a uniqgueminimal
TDI SystemP = {x: Ax < b} with A andb integral if andonly if P is integral. In [11]
theauthorshave extendecdhis approacho thefeedbackvertex setproblemsandthe cycle
packingproblemin bipartite tournamentswherea bipartitetournamenis an orientation
of acompletebipartitegraph. For the aforementionegroblemsthey have found strongly
polynomialtime algorithmswhich area consequencef amin-maxrelaxationon packing
andcoveringdirectedcycles.

3.4. Exact algorithms. In contrastto the numerousapproximationschemeghat have
beenstudied,relatively few exact algorithmsfor the feedbackvertex set problemhave
beenproposed:To our knowledge thefirst algorithmto find anexactminimal cardinality
FVS is dueto Smith and Walford [80]. Althoughit solvesthe problemin an arbitrary
directedgraphin exponentialrunningtime, it returnsan optimal solutionin polynomial
timefor certaintypesof graphs.Beforegiving its descriptionthefollowing definitionsare
needed.

Definition 17. A maximal strongly connectedcomponentof a graph is abbreviated as
MSC.

Definition 18. A setof verticesSof graphG with thepropertythatead loop of G contains
at leastoneelemenbf Sis calleda completeset. Thenumberof elementsn the setSis
referredto asthesetmeasue |S|.

Definition 19. A completesetS of minimalsizeis calledan optimumsetandits measue
is definedastheindex of G denotedby | (G).

Thealgorithmproposedy SmithandWalfordis basednthefollowing ideaof partition
implication. Givena graphG, an arbitrarysubsebf verticesk mayimply a 2-subgraph
partition (Gg, Gr) suchthat

1. Eachvertex of Gg is containedn atleastoneloopin G andonly in loopsof G also

containinganelementof F. Gg containsall remainingverticesof G;

2. If Gis stronglyconnectedthenall elementof any possiblesetF will bein Gg;

3. By remaving from G all verticesin Ge NF all loopsin G containinga vertex of Gg

areeliminatedfrom from Gg;

4. Loopsin Gg andloopsin Gg areindependent,e. they do not containary common

vertex.

Theauthorgorovedthefollowing resultsusedby their algorithm.

Theorem®6. If §,S,- -, S are optimalfeedbak vertex setfor partitionsPy, Py, - - - , B¢ of
graphG, andif thesetSgivenby S= U}‘:18 is completefor G, it is alsooptimalfor G.

Theorem?7. If | (Gg) = |F|, thenF is a subsebf an optimalfeedbak vertex setof G.

Theorem 8. Each elemenbf an optimumsetS mustbelongto at leastoneloop of G not
containinganyotherelemenbf S.

Therunningtime of the Smith-Walford algorithmreportedn thefollowing depend®n
thecardinalityof the partitionsof thegraph.

INPUT: adigraphG(V, E);
OUTPUT: aminimumfeedbackvertex setfor G.
1) Find the MSC subgraph®f thegraphundertest,storethemon pushdown stack;
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2) Poptop MSC from pushdown stack.If the stackwasempty thenexit;
3) Generataext trial F setfor MSC;

4) Calculatemplied partitionsGr andGg;

5) If 1(Gr) = |F|, thengoto 3);

6) Make F partof minimal feedbackvertex set;

7) BreakGr subseinto its MSC subgraphs;

8) Storethemonthe pushdown stackandgoto 2).

Laterexactalgorithmsof enumeratie natureoftenusedthegraphreductionprocedures
to speedup the process. One study by Cheng[16] essentiallyuseddirect enumeration
plusreductionandreportedsatishctorycomputationatesultsfor a setof partialscande-
sign test problems. Orenstein Kohavi, and PomeranZ65] proposeda somevhat more
involved exactenumeratie procedureébasedon graphreductionandefficient graphparti-
tioning methods.In additionto the reductionprocedureslueto Levy et al., Orensteiret
al. developeda furthertype of operationdesignedioublereduction which involvesedges
deletion:

DOUBLE(v,w):: If theverticesv andw form a 2-edgedirectedcycle in thegraphG,
thenexceptfor (v,w) and(w, v), removefrom G all edgesncludedin directedcycles
goingthroughbothv andw.

If vandw satisfythe hypothesesf the DOUBLE reductionthenat leastoneof them
mustbeincludedin thefeedbackrertex setandall cyclespassinghroughbothv andw will
be covered. Therefore takinginto accountonly the smallestcycle involving v andw will
have no influenceon the optimumfeedbackvertex setsolution. The algorithmproposed
by Orensteiret al. hasbeendesignedor identifying a minimum feedbackvertex setin a
digital circuit. It is basedon thefollowing recursve steps:

1. Building thetopolagical graphassociateavith theinput sequentiatircuit;

Definition 20. A digraphG = (V, E) is calleda topolagical graphfor a circuit Sif
ead vertex in G represents flip-flop, anda directededee (u, v) existsif andonly if
there is a path fromthe flip-flop u to theflip-flop v throughcombinatoriallogic. A
topolagical graphdoesnot containparallel edges.

2. Reductioroperations;

3. Partition: thisstepis executedafternomorereductionoperationganbeapplied.The
graphG is partitionedinto subgraphswhich aresolved separatelyandrecursvely
by usingthis 3-stepprocedure.

Theauthorgproposedour differentpartitiontechniques:

(a) Thepartitioninto MSC, alreadyproposedn [80];

(b) Thepartitioninto two independensubgraphsThelocality of thecircuitis such
thatthecircuit canbedividedinto smallsubcircuitsvith limited communication
amongthem;

(c) An extendedpartitionwhich usedoop locality. A digital circuit generallycon-
tainsmary non-nestedoops. This propertycauseshe generatiorof two-edged
loopsafterreductionproceduresreperformednthecorrespondingopological
graph;

(d) Vertex eliminationfollowing a Branch-and-Boungrocedures appliedwhenno
otherpartitionarepossible.

All partitionsabove describedcan be performedin polynomial time by using
variationsof depth-firstsearchand/orbreadth-firssearch.

4. Merging: in this stepthe solutionscomputedn step2 aremerged.



FEEDBACK SET PROBLEMS 19

The algorithm proposedby Orensteinet al. is efficientin randomgraphs,evenif in
cliguesor graphghatarealmostcliquesit hasanexponentiabehaior, sincethereduction
andpatrtitiontechniqguesannotbe applied.

Somaeavhat surprising the exact algorithmfor feedbackvertex setbasedon mathematical
programmingformulationis quite few. Recently Funke and Reinelt[31] considereca

specialvariantof feedbackproblems namelythe problemof finding a maximumweight

nodeinducedagyclic subdigraph. They discussedralid and facetdefining inequalities
for the associategholytopeanddevelopeda polyhedral-basedxact algorithmpresenting
computationafesultsobtainedoy applyinga branch-and-cualgorithm.

3.5. Practical heuristics. Althoughtheapproximatioralgorithmsguarantea solutionof
a certainquality, for mary practicalreal world casesheuristicmethodscanleadto bet-
ter solutionsin a reasonablamountof CPUtime. As GrdtschelandLovasz[38] pointed
out, fastconstructiorheuristicscombinedwith localimprovementtechniquedailoredfor
specialapplicationshave beenthe “workhorse”of combinatorialoptimizationin practice.
Over the years,a numberof metaheuristicsincluding geneticalgorithms,simulatedan-
nealing,greedyrandomizedadaptve searchprocedure$GRASP) Lagrangeamelaxation,
andothersweredevelopedwith successfutomputationaperformancen a wide rangeof
combinatoriabptimizationproblems Interestinglyhowever, feedbackrertex setproblems
seemo beanexception.Sofar, relatively few practicalheuristicshave beendevelopedfor
this family of problems,even fewer have reportedcomputationakesults. Furthermore,
mostof the heuristicsthat seemto be quite successfucomputationallyare greedytype
heuristicsor generalizedyreedytype heuristicye.g. GRASP).

Almost all the efficient heuristicsdevelopedso far employ the solution-presered re-
ductionrules studiedby Levy andLowe [55], which were presentedn Subsection$.2
and3.3.1.It hasbeenobsenedin practicethatthis groupof heuristicggreatlyreduceghe
cardinalityof the graphnot only at the beginning of the algorithm, but alsodynamically
duringthe executionof nodedeletiontypeheuristics A recentine of researcton heuristic
approaches dueto PardalosQian,andResend¢68] wherethreevariantsof thesocalled
GreedyRandomized\daptiveSeach Procedue (GRASP)metaheuristi@areproposedor
finding approximatesolutionsof large instanceof the feedbackvertex setproblemin a
digraph.GRASPIs a multistartmethodcharacterizethy two phasesa constructiorphase
anda local searchphasealsoknown asa local improvementphase.During the construc-
tion phasea feasiblesolutionis iteratively constructed Oneelementat time is randomly
choserfrom a RestrictedCandidateList (RCL), whoseelementsare sortedaccordingto
somegreedycriterion,andis addedo the building feedbackvertex setandremovedfrom
the graphwith all its incidentarcs. Sincethe computedsolution,in generalmay not be
locally optimalwith respecto theadoptedcheighborhoodlefinition,thelocal searctphase
triesto improveit. Thesetwo phasesreiteratedandthe bestsolutionfoundis keptasan
approximatiorof the optimalsolution.

To improve the efficiengy of the method,Pardaloset al. incorporatedn eachiteration
of their algorithmsolution-preservingraphreductiontechniquesn their directedversion
andthatcanbeusedalsoto checkif adigraphis agyclic, returninganemptyreducedyraph
in caseof positve answer

Theauthoreemployedthefollowing threegreedyfunctionsusedto selectthenodewith
themaximumG(i) values:

1. Ga(i) = in(i) +out(i);

2. Gg(i) =Iin(i)*out(i);

3. G¢(i) =max{in(i),out(i)}.
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GreedyfunctionGp assignequalweightto in- andout-degrees Gg favorsthebalancebe-
tweenin- andout-daegrees.G¢ only considerghelargestvalueof the degrees.As demon-
stratedin Pardaloset al., Gg producedhe bestcomputationatesults. GRASPwastested
ontwo randomlygenerategbroblemsets finding the optimalsolutionsto all theproblems
in thefirst set,wherethe optimalvaluesareknown (computedy Funke andReinelt[31]).
Furthermorethis GRASPdominatesthe pure greedyheuristicsin all the testinstances
with comparableunningtime. Fortransubroutinedor finding approximatesolutionsof
the directedfeedbackvertex setproblemsuing GRASParegivenin Festa,Pardalos,and
Resend¢30].

4. THE FEEDBACK ARC SET PROBLEM

Several versionsof the feedbackvertex setproblemhave beendiscussedn Section3.
It is possibleto considertheir arc counterparts.More specifically given a graphG =
(V,E) anda nonngjative weightfunctionw: E(G) — R" definedon the arcsof G, find
a minimum-weightsubsebf arcsg’ C E(G) thatmeetsevery cycle in a givencollection
C of cyclesin (G,w). As in the vertex case this leadsto the minimumfeedbak arc set
problem(MWFAS) in both directedandundirectedyraphsthe minimumweightedgraph
bipartizationproblemvia arcremovals,andsoon.

4.1. Mathematical model of the feedback arc set problem. Given an arc weighted
graph(G,w), G = (V,E) andthe setC of all cyclesin G, the minimum weightedfeed-
backarcsetproblemcanbeformulatedasthefollowing integerprogrammingproblem:

min z w(e) Xe
ecE(G)
(MFAS) § sit. Zx921 Vrec

Xe eee{o, 1} VeeE(G).

In its relaxationtheconstraintse € {0,1}, V e E(G) arereplacedy xe > 0,V e€ E(G),
obtainingafractionalfeedbaclarcset.

As with the feedbackvertex setproblem,the feedbackarc setproblemis a covering
problemandits (linearprogramming)yualis calleda pading problem.In the caseof the
feedbaclkarc setproblemthis meansassigninga dual variableto all interestingcyclesto
be hit in the givengraph,suchthatfor eacharcthe sumof the variablescorrespondingo
theinterestingcyclespassinghroughthatarcis at mostthe weightof thearcitself.

4.2. Relation betweenthe feedback vertex set and the feedbackarc set problems.
Feedbaclarc setproblemstendto be easierthantheir vertex counterpartsespeciallyfor
planargraphs.n thedirectedcasefeedbackertex andfeedbaclarcsetproblemsareeach
reducibleto oneanother In all reductionsthereis a one-to-onecorrespondencketween
feasiblesolutionsand their correspondingcosts. Therefore,an approximatesolutionto
oneproblemcanbetranslatedo anapproximatesolutionof theotherproblemreducibleto
this problem. Becausemostof the reductionproceduresanbe performedn lineartime,
theseproblemscanbe viewed as differentrepresentationsf the sameproblem. Hence,
asfeedbackvertex setsarereducednto feedbackarc setswith the sameweightandvice
versaall of theseproblemsareequallyhardto approximate.

Even,Naor, SchieberandSudan28] shavedhow to performreductionsamongfeed-
backsetproblemsandfeedbacksubseproblemsandvice versa preservingeasiblesolu-
tionsandtheircosts.In thefollowing, we reportsomeof thesereductionproceduresyhere
FVS andFAS denotethe feedbackvertex setproblemandthe feedbackarc setproblem,
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respectiely, and BLACKOUT-FVS denotesan extensionof the generalfeedbackvertex
setproblemalreadyreferredto in the Subsectior8.3.1 (seealso[2]). Recallthatin the
blackout feedbackvertex setprobleman additionalsubsebf blackout verticesB C V(G)
is givenandthatthe objectve is to computea minimumfeedbackvertex setthatdoesnot
containverticesof B.

[FAS = FVS]: Giventhe graphG = (V,E), constructits directedline-graph G =
(V',E’) asfollows:
1. SetV'(G) =E(G);
2. An arcin E'(G) connectsthe vertices(vi — V») € V' (G) and (v3 — v4) €
V'(G') if andonly if vo = vs.
In theweightedversion acorrespondencamongtheweightsof thearcsof G and
theweightsof the“vertices”of the corresponding_yrath' is requiredasfollows:
3. Theweightof the“vertex” (vi — v2) € V'(G)) is equalto theweightof thearc
(v1 = v2) € E(G).
A subsebf arcsF C E(G) is afeedbaclkarcsetfor G if andonly if it is afeedback
vertex setfor G .
[FVS = FAS]: GiventhegraphG = (V,E), construcagraphG = (V',E’) asfollows:
1. Foreveryv e V(G) insertin V' (G') two verticesv; andvs;
2. Foreveryv; andv, insertedn V' (G') aftersplitting a vertex v € V(G) insertin
E'(G) anarc(vi — V), all thearcsthatenterv in G connectinghemto vy in
G, andall the arcsthatemanatdrom vin G emanatinghemfrom vz in G.
In the caseof weightswe alsohave:
3. Foreveryarce = [(vi — V) | ve V(G)], setw(e) = w(v). All otherarcsin
E'(G') haveinfinite weight.
This establishes one-to-onecorrespondencketweerthe finite weightedfeed-
backarcsetsof the new grath' andthefeedbackvertex setsof the original graph
G.

[BLACKOUT-FVS = FVS]: A verysimplereductionprocedurecould consistof as-
signing infinite weight to eachblackout vertex. However, in somecasesa more
formal reductionamongthesetwo similar problemscould be needed Whatcanbe
doneis to bypassachblackoutvertex in B. For eachblaclkoutvertex v € B:

1. Connectarcsbetweenevery two verticesthat have a pathof lengthtwo, con-
nectingthem,wherev is themiddlevertex;
2. Remaoretheblackoutvertex v from thegraph.
A subsebf verticesF C V(G) is afeedbackvertex setthatdoesnot containary
blaclkoutverticesdrom Bif andonly if it is afeedbackrertex setof thegraphobtained
by thereduction.

Notethatonly thereductionBLA CKOUT-FVS = FVS] requiresmorethanlineartime
to beperformed.

4.3. Stateof the art of feedbackarc setproblems. In theliteratureof feedbacksetprob-
lemsmaostof the proposedlgorithmsaredesignedo solve theproblemin vertex-weighted
graphs.Oneof thepioneeringpaperson feedbaclkarcsetproblemss dueto to Ramachan-
dran[73], whereit is provedthatfinding a minimumfeedbackarc setin anarc-weighted
reducibleflow graphis asdifficult asfinding a minimumcutin a flow network. The pro-
posedalgorithmhascompleity O(m nzlog(”—;)), wherem= |E(G)| andn= |[V(G)|. The
algorithmwasadaptedo solve the problemin the vertex-weightedcase.Shamirs linear
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time algorithm[76], usedfor the unit-weightedcase,cannotbe appliedto solve the arc-
weightedproblem,becausery reductionbetweenarc and vertex setproblemsdoesnot
preserethereducibility property

GivenadirectedgraphG = (V, E), adijoin E' C E(G) is asetof arcssuchthatthegraph
G =(V,B),B=EU{(v,u) | (u,v) € E'} is stronglyconnectedGivennonngativeweights
We, € € E(G), the minimum-weightdijoin problemis to find the dijoin with minimum
weight. The feedbackarc setproblemin planardigraphsis reducibleto the problemof
finding a minimum-weightdijoin in the dualgraph,whichis solvablein polynomialtime
[37]. Stamm[83] proposed simple2-approximatioralgorithmfor the minimumweight
dijoin problemby superposingwo arborescencesdt is interestingto obsenre that, when
translatedo the dual graph,all theseproblemdeadto problemsof hitting certaincutsets
of thedualgraph,problemswhich canbe approximatedvithin a ratio of 2 by the primal-
dualmethod.GoemansandWilliamson[36] proposed primal-dualalgorithmthatfindsa
%-approximatesolutionto feedbaclksetsproblemsn planargraphs.

Thefirstapproximatioralgorithmfor thefeedbaclarcsetproblemwasgivenby Leighton
andRao[53]. Their approximatiorfactoris O(log?n) in the unweighteccase wheren is
the numberof verticesof the input graph. This boundwas obtainedby usinga O(logn)
approximationalgorithmfor a directedseparatotthat splits the graphinto two approx-
imately equally-sizedcomponents.This separatoican be found by approximatingspe-
cial cuts called quotientcuts This resultwasimproved by Seymour [75], who gave a
O(lognloglogn)-approximatioralgorithmthatsolvesthelinearrelaxationof thefeedback
arcsetmathematicainodelandtheninterpretsheoptimalfractionalsolutionx* asalength
functiondefinedonthearcs.Systematicallyin arecursvefashionjt useshislengthfunc-
tion to deletefrom the graphG all arcsbetweerSandS. Notethatthelinearprogramcan
be solvedin polynomialtime by usingthe ellipsoid or aninterior point algorithm.Hence,
the quality of the boundin this approachdependson the way the graphis partitioned.
Seymourin [75] provedthefollowing lemma:

Lemma 3. For a given strongly connecteddigraph G = (V,E), supposethere exists a
feasiblesolutionx to the feedbak arc setproblem. If @ is the value of the optimal frac-
tional solutionx*, thenthere exists a partition (S,S) sud that, for someg, 0 < € < 1,
the following conditionshold: If 8" (S) = {(u,v) | (u,v) € E(G), ue S ve S} and
0 (S5 ={(vu) | (vu) e E(G), ue S ve S}, then

(8) Z w(e) x(e) < €@
ecE(9
©) T we)xe) < (1-e)
ecE(9
andeither
(10) > w(e) < 20€<plog(} )logloge
ec§7(9) €
or
(11) z w(e) < ZOs(pIog(})Ioglog(p.
<& (9 €

Furthermoe, thepartition (S, S) canbefoundin polynomialtime
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The previous lemmaadmitsa constructve proof as hasbeenshovn by Even, Naor,
Schiebenand Sudan[28]. The algorithmproposedby Evenetal. finds a feedbackarc
sethaving weight O(t*log? |X|), whereX is a specialsetof verticesdefiningthe cycles
to be hit andt* is the weight of an optimal fractionalfeedbackset. They hadthe idea
of reducingthe problemto the directedminimum capacitymulticut problemin circular
networks and of adaptingthe undirectedsphee growing techniquedescribedn [34] to
directedcircularnetworks. They decomposethegraphin thefollowing way. A fractional
andoptimalsolutionto thedirectedfeedbacksetprobleminducesa distancemetricon the
setof arcs(onthe setof vertices)E(G). Theirapproximatioralgorithmarbitrarily picksa
vertex v € X andsolvestheshortespathtreeproblemrootedat v with respecto themetric
inducedby thefractionalsolution. The procedureghatfindsthe shortespathtreedefines
layerswith respecto thesourcev. Eachlayeris adirectedcutthatpartitionsthegraphinto
two parts. The next stepof the approximatioralgorithmis to choosea directedcut andto
addthe cut to thefeedbacksetconstructegofar. The algorithmcontinuesrecursvely in
eachpartandendswhenthe graphdoesnot containary interestingcycles. Thekey of the
algorithmis the choiceof the criterionto selectthe directedcut that partitionsthe graph.
Evenetal. decidedo relatetheweightof the cut to the costof thefractionalsolution.

More recently Even,Naor, SchieberandZosin[27] shavedthat,for any weightfunc-
tion definedonthearcs,thesubsefeedbaclarcsetproblemcanbe approximatedn poly-
nomialtime by a factorof two. The approximatioralgorithmconsistsof successie com-
putationsof minimum cuts. Its approximationfactoris estimatedoy consideringthe ca-
pacitiesof minimumcutsasflow paths.Whennewv minimumcutsarecomputedprevious
flow pathsareupdatedaccordingo thedecompositiorof thegraphinducedby anoptimal
solution.

5. APPLICATIONS

Feedbaclsetproblemswereoriginally formulatedin the areaof combinatoriakircuit
design,wherecyclescan potentiallycausea problemcalleda “racing condition”, where
somecircuit nodemayreceve new inputsbeforeit stabilizeg43]. To avoid sucha condi-
tion, a (clocked)registeris placedat eachcycle in the circuit. However, the delayin the
circuit speeds proportionalto the numberof registersplacedalonga path. Thereforethe
objectiveis to minimizethe numberof nodeqregisters)to be placedsothatthetotal delay
canbeminimized.

Anotherapplicationof thefeedbacksetproblemis in deadlockpreventionin computer
systemg59, 78]. Consideranoperatingsystemwhich scheduleslifferentprocessesvith
request®n differentresourcesyhich needto useexclusively beforebeingreleasedy the
processA directedgraphmodelingtheseresourceequirementss to have anodei for each
process andadirectedarce(i, j) denoteprocess requests resourcealreadyallocated
to processj. Therefore,if thereis a directedcycle in sucha graph,a deadlockoccurs
andevery processn the cycle will wait for the requestedesourceandnever releaseshe
resourceslreadyallocatedto it. To breaksuchcycles,one canremove someprocesses
from thegraphandputthemin awaiting queue It is clearthatthe objectiveis to minimize
thenumberof removedprocesses.

Inrecentyearstherehave beenintensveresearcleffortsin theVLSI testingcommunity
onthefeedbackvertex setproblemdueto thefollowing application[9, 49, 52]. A circuit
canbe modeledby a directedgraphwhoseverticesrepresengatescomputingBoolean
functionsandthe directedarcsrepresentvires that connectgates. In this case finding a
minimum feedbackarc sethelpsto reducethe hardwareoverheadequiredfor testingthe
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circuit by usingscan-desigtechniquesOneproblemwith this architecturds the costof
additionalhardware. To reducethis overhead partial scanmethodshave beenproposed,
whichonly scanasubsebf flip-flopsin thetestedcircuit. Thisway, thehardwareoverhead
of thescan-desigranbe significantlyreduced.

Luccio [61] describesapplicationsof the feedbackvertex setproblemin synchronous
systemg69, 70]. Typically, a synchronousystemcanbe modeledby a network, whose
verticescanbe coloredwhite or blackandat eachstepavertex changests coloraccording
to the majority of its neighborsimplying thatit is receving the correctinformation. In
a “monotone”synchronousystemonly white verticescan changetheir color. It canbe
easilyseerthatin atoroidalmeshafeedbackvertex setof blackverticescausesll vertices
to becomeblack after somestepsand that a minimum feedbackvertex setis an initial
configurationof minimumcardinalitythatstabilizeshe system.

Two notableapplicationof theunweightedeedbackvertex setproblemin artificial in-
telligencearethe constaint satisfactionproblemandBayesiarinference Theapplication
in theconstaint satisfactiorproblemis dueto Dechteff23] andDechterandPearl[22]. A
setof variable{xs,x2,--- ,X,} is given,whereeachvariablex; belongsto a finite domain
Di. Foreveryi < j aconstrainsubseR;j C D; x Dj is constructedgdefiningpairsof val-
uesallowablefor the pair of variables(x;,x;). Theobjectiveis to find ann-tuple of values
(V1,V2,--,Vn) to beassignedo {x1,%2,--- ,X»}, suchthatall the constraintsR;; aresatis-
fied. With eachinstanceof the probleman undirectedgraphG canbe associatedvhose
verticesarethe variables{xy, %o, - -- ,Xn} andwhosearcsetcontainsthearc (x;,x;) if and
onlyif Rjj C Dj x Dj. Gis calledaconstaint networkandrepresenta constaint satisfac-
tion problem It canbe easilysolved by applyinga backtrackingmethod,thatrepeatedly
assignsvaluesto the variablesin an order previously definedand backtrackswvhenever
reachinga deadend. This exponentialmethodcanbe improved, leadingto anotherex-
ponentialtechnique put in the size of a feedbackvertex setof the constraintnetwork. It
first finds a feedbackvertex setof the constraintnetwork andthenarrangeghe variables
sothatvariablesin the feedbackvertex setprecedeall othervariables.The backtracking
procedurdas applied,andassoonasvaluesof the variablesin the feedbackvertex setare
determineda polynomialtime algorithmsolvesthe constraintsatisactionproblemin the
remainingforest. In caseof success solutionis found. Otherwise,a new backtracking
phaseoccurs.

Theapplicationof thefeedbackvertex setproblemto Bayesiarinferences dueto Bar
YerudaGeiger Naor, andRoth[2]. They reducedheweightedoop cutsetproblemto the
weightedblackout-feedbackertex setproblemin a directedgraphG andgave a 2A%(G)-
approximatioralgorithmfor solvingary of thesetwo problemswhereA(G) is thedegree
of G. Thisalgorithmreducedhecomputationatompleity of Bayesiarinference Givena
probabilitydistribution P(uz, up, - - - , un), whereu; belonggo afinite domainD;, adirected
agyclic graphG is calleda Bayesiametworkof P if thereis a one-to-onecorrespondence
between{us,uy,--- ,uy} andV(G) suchthat eachu; is associatedvith the vertex i for
whichthefollowing holds:

n
P(U]_,Uz,“‘ ;Un) = I_|P(ui|ui1;ui27”' 7uiji)7
i=

whereiy,ip,---,ij; arethetail verticesof the edgesin G whoseheadis i. The updat-
ing problemis that of finding for eachvalue of i the probability P(ui|(v1 = W), (v2 =
K2),---,(vi = w)) giventhatthe values{p, l,---,u} areassignedo somevariables

{v1,v2,---,vi } among{uy, uy,--- ,un}. Pearl[71] solvedthis problemasfollows. A trail
t in a Bayesiannetwork G is a subgraphwhoseunderlyinggraphis a simple path. A
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vertex b is a sink with respecto a trail t if thereexist two consecutie arcs(a — b) and
(b —c) ont. Thearct is saidto be “active” by a setof verticesZ if every sink with
respectot eitherbelongsto Z or hasa descendanh Z, andevery othervertex of t does
not belongto Z. Pearls algorithmfirst selectsa setof verticesS suchthat any pairs of
verticesin G are connectedy at mostoneactie trail t € SUT, whereZ is ary subset
of vertices. Then,for eachcombinationof valueassignmentso the variablesbelonging
to S, a proceduregivenin [50] is applied. This solvesthe updatingproblemby view-
ing eachvertex asa processorepeatedlsendingnessage eachof its adjacentrertices.
Whenequilibriumis reachedeachvertex i containgheconditionalprobabilitydistribution
P(ui|(vi = p1), (V2 = l2),--- , (v = W )). At theendall the obtainedresultsarecombined.
Thistechniquegalledthe conditioningmethodis exponentialin thesizeof S. Bar-Yeruda
etal. shavedthatSis aloop cutsetof the Bayesiametwork andhenceis computabléoy
applyingtheiralgorithms.

Theapproximatioralgorithmsfor theweightedfeedbackvertex setproblemhave appli-
cationsin areasof computerscienceotherthanareasof artificial intelligence.Theleading
inferenceBayesiaralgorithmis thecliquetreealgorithm[51] andShachteetal. [77] have
shavn thatthe weight of the largestclique is boundedby the weight of the union of the
loop cutsetandthelargestparentsetof avertex in a Bayesiametwork.

Even,Naor, SchieberandSudan28] shovedthaton a specialnetwork calledcircular
networkary feedbacksertex setproblemis equivalentto anothelimportantNP-hardcom-
binatorialoptimizationproblem,calledthe directedmulticut problem definedby Hu [41]
asfollows. Givena capacitatedhetwork anda setof k source-sinkpairs,find a minimum
capacitysetof edgeswhoseremoval disconnectsll the source-sinkpairs. The relation
betweenfeedbackset problemsand multicut problemswas pointedout by Leightonand
Rao[53]. Evenetal. [28] describeda simple procedurehat reducesan instanceof the
feedbackarc subsetproblemto aninstanceof the minimum multicut problemin circular
networks,which arenetworks suchthatfor eachsource-sinkpair (s, t;) aninfinite capac-
ity edget; — s is defined. The approximationalgorithmsfor the feedbacksetproblems
proposedn [28], anddiscussedh Subsectior8.3.2,have beendevelopedby theauthorgo
improve the stateof the art of ratiosof approximatioralgorithmsfor the directedmulticut
problem.

In averyrecentpaperby PachterandKim [66], a connectiorbetweerthe feedbaclkarc
setproblemandtheforcing problemin squaregridshasbeenestablishedGivena graphG
admittingaperfectmatchingV, theforcingnumberof M is thesmallesnumbetrof arcsin a
subseSC M, suchthatSis in nootherperfectmatching.A subseShaving this propertyis
saidto force M. Theconcepibf forcing arisesnh combinatoriachemistry(47, 48] leading
to extensve studyof forcingin hexagonalsystemg15, 39, 56]. Pachteretal. [66] solved
theforcing problemin speciakquaregrid graphsdenotedy R, = Pap x Pop, wherex isthe
CartesiargraphproductandPy,, is the pathon 2n vertices.They useda resultof Lucchesi
and Younger[60] statingthat, for a finite planardirectedgraph,a minimum feedback
sethascardinality equalto that of a maximumadisjoint collectionof directedcycles. A
directedgraphG hasthe cycle-pa&ing propertyif the maximumsize of a collection of
edgedisjoint cyclesequalsthe minimum size of a feedbackset. This propertystill holds
for anundirectedyraphif every orientationof theedgegesultsin adirectedgraphwith the
cycle-packingproperty Startingfrom a perfectmatchingM of a bipartitegraphG having
the cycle-packingproperty Pachteret al. constructeda directedgraphD(M) having the
samevertex setof G partitionedinto two setsA andB andwhosearc setcontainsanarce
directedfrom Ato B if e M, from B to A otherwise.They provedthatthereis a one-to-
onecorrespondendeetweeralternatingcyclesin M anddirectedcyclesin D(M) andthat
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for every feedbacksetin D(M) thereis aforcing setin M of the samecardinalityandvice
versa.

Somerecentpapersdueto Isaak[42] and Charonet al. [14] examinedtournaments
problemsas a generalizatiorof the feedbackarc set problemfor digraphs. A (round-
robin)tournamenfl = (X,U) is acompleteasymmetrigraphsuchthatfor everyx,y € X
thereis a uniquearc (x,y) or (y,x). A weightedtournamenis a tournamenfor which a
weightfunctionw is definedonU with valuesfrom the positive setof naturalnumbers A
classicalNP-hardtournamenproblemis the following: Givenaweightedtournament,
find aminimumweightedsetof arcsof T suchthatreversingthesearcsmakesT transitive.
Considerary digraphD = (X,V) astournamenf = (X,U), with V C U weightedby w.
The weightsw aredefinedonU by w(u) = 1if ue V andw(u) =0if ue U\V. Any
optimal solution of the feedbackarc setproblemon D givesan optimal solutionto the
tournamenproblemon D andvice versa.

6. FUTURE DIRECTIONS

Despitethe large body of work on feedbackvertex set,mary interestingproblemsre-
mainto beanswered.

Recentadvancesn approximatioralgorithmsseemto pushthe boundarycloserto the
limit. For undirectedfeedbackvertex set, the worst casebound?2 cannotbe improved
unlessthe vertex cover problemcanapproximatedvithin a boundlessthan2, which has
beenconjecturecby Hochbaum[40] to be NP-complete. The pictureis still lessclear
for the directedcase,wheredespitethe arduousefforts of several researchershe best
known approximationboundis still O(lognloglogn), and no approximationalgorithm
with constantratio boundhasbeenreported. Yannakakig88] conjecturedhatthereis a
gapbetweertheapproximatiorof thedirectedandtheundirectedcasedor feedbackertex
set. This remainsthe biggestopenquestionin the approximationof feedbackvertex set
problems.

Traditionally, the majortool usedto attackfeedbackvertex sethasbeengraphtheory
whereagheapplicationof mathematicgbrogrammings relatively limited. RecentlyGoe-
mansand Williams usea primal-dualformulationto modeland establishuniform worst
casebounddor awide rangeof node-deletioproblems.They establishe@boundof 9/4.
However, it is still inferior to the bestknown bound,andGoemansandWilliamsonposed
theopenquestiorof whetherthe boundby a primal-dualmethodcanmatchthebestbound
of 2 for undirectedgraphs.Funke andReinelt[31] developeda polyhedralbasednteger
programmingalgorithmto exactly solve thefeedbackrertex setproblem.Giventhe power
of mathematicaprogrammingto other combinatorialoptimizationproblems,it appears
thatmuchwork needsto be donealongthis direction,bothwith regardto approximation
andexactalgorithms.

On the specially-structuregholynomially solvable cases).evy andLowe’s result[55]
seemdo pushthe studyalongthis line to thelimit, at leastfor flow type graphs.Recent
applicationsin partial scandesignreport successfubpplicationsof the even somavhat
bruteforce exactenumerationmethodsAll of thesemethodsareusedin conjunctionwith
problemreductiontechniquesyhich is quite uniqueto feedbackvertex set. It would be
interestingto furtherinvestigatehe impactof thesereductiontechnique®n the computa-
tional compleity of exactor approximatealgorithms.In addition,it mayalsobe possible
to identify new classe®f polynomially solvablefeedbacksetproblems(e.g. in VLSI de-
signandcircuit testing).
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In contrasto theapproximatioriterature,computationastudiesof feedbackvertex set
problemsseemto bestill in their embryonicstage.No modernmetaheuristicsgxceptthe
GRASPprocedureecentlydevelopedby PardalosQian,andResend¢68] have everbeen
appliedto the feedbackvertex setproblem. The dimensionf the generalproblemthat
canbehandledarestill quitelimited. It seemghatthis areaof computationatesearcthas
the greatespotentialfor progressandimpactin the comingyears.It is alsoworth noting
that,sincedetectingcyclesis arelatively expensve operationthelocal searchof feedback
vertex setappeargo be even moredifficult thanothernotoriouscombinatorialproblems
likethetraveling salespersoar setcoveringproblems.Thedesignof efficientlocal search
proceduresvill alsobeakey to theeffective computationaprocedurdor feedbackvertex
set.
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