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ABSTRACT. Thispaperis a survey of feedbacksetproblems(FSP).FSPoriginatedfrom
applicationsin combinatorialcircuit design,but have foundtheirway into numerousother
applications,suchasdeadlockpreventionin operatingsystems,constraintsatisfactionand
Bayesianinferencein artificial intelligence,and graphtheory. Directedandundirected
feedbackvertex setproblemsareconsidered,includingpolynomially solvablecases,ap-
proximationalgorithms,exact algorithms,andpracticalheuristics. The relationshipbe-
tweenthefeedbackvertex setandfeedbackarcsetproblemsis examinedandthestateof
the art of feedbackarc setproblemsis surveyed. Applicationsof feedbacksetproblems
aredescribed.Finally, futuredirectionsin feedbacksetproblemresearcharemappedout.

1. INTRODUCTION

Not long ago,thereappearedto bea consensusin theliteraturethatfeedbacksetprob-
lems,which originatedfrom the areaof combinationalcircuit design,werethe leastun-
derstoodamongall the classicalcombinatorialoptimizationproblemsdueto the lack of
positive resultsin efficient exact and approximatingalgorithms. This picture hasbeen
totally changedin recentyears.Dramaticprogresshasoccurredin developingapproxima-
tion algorithmswith provableperformance;new boundshave beenestablishedoneafter
theotherandit is probablyfair to saythatfeedbacksetproblemsarebecomingamongthe
mostexciting frontendproblemsin combinatorialoptimization.

Themostgeneralfeedbacksetproblemconsistsin findinga minimum-weight(or min-
imumcardinality)setof vertices(arcs)thatmeetsall cyclesin acollectionC of cyclesin a
graph

�
G� w� , wherew is anonnegativefunctiondefinedonthesetof verticesV

�
G � (onthe

setof edgesE
�
G � ). Thiskind of problemis alsoknown asthehitting cycleproblem, since

onemusthit everycycle in C. It generalizesanumberof problems,includingtheminimum
feedback vertex (arc) setproblemin bothdirectedandundirectedgraphs,thesubsetmini-
mumfeedback vertex (arc) setproblemandthegraphbipartizationproblem, in which one
mustremovea minimum-weightsetof verticessothattheremaininggraphis bipartite.In
fact, if C is the setof all cyclesin G, thenthe hitting cycle problemis equivalentto the
problemof finding the minimumfeedbackvertex (arc) set in a graph. If we aregivena
setof specialverticesandC is thesetof all cyclesof anundirectedgraphG thatcontains
somespecialvertex, thenwe have the subsetfeedback vertex (arc) setproblemand,fi-
nally, if C containsall oddcyclesof G, thenwehave thegraphbipartizationproblem. All
theseproblemsarealsospecialcasesof vertex (arc) deletionproblems, whereoneseeks
a minimum-weight(or minimumcardinality)setof vertices(arcs)whosedeletiongivesa
graphsatisfyinga givenproperty.

Therearedifferentversionsof feedback setproblems, dependingon whetherthegraph
is directedor undirectedand/orthevertices(arcs)areweightedor unweighted.Yannakakis
[88] hasgivenageneralNP-hardnessproof for almostall vertex andarcdeletionproblems
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restrictedto planargraphs. Theseresultsapply to the planarbipartizationproblem,the
planar(directed,undirected,or subset)feedbackvertex setproblems,alreadyprovedto be
NP-hard[45, 32]. Furthermore,it is NP-completefor planargraphswith no indegreeor
outdegreeexceedingthree[45], generalgraphswith no indegreeor outdegreeexceeding
two [45], andedge-directedgraphs[45].

2. NOTATION AND GRAPH REPRESENTATION

Throughoutthischapter, weusethefollowing notationanddefinitions.
A graphG � �

V� E � consistsof a finite setof verticesV
�
G� , anda setof arcsE

�
G���

V
�
G ��� V

�
G � . An arc (or edge)e � �

v1 � v2 � of a directedgraph(digraph)G � �
V� E � is an

incomingarcto v2 andanoutgoingarcfrom v1 andit is incidentto bothv1 andv2.
If G is undirected,thene is saidonly incidentto v1 andv2.

For eachvertex i � V
�
G � , let in

�
i � andout

�
i � denotethesetof incomingandoutgoing

edgesof i, respectively. They aredefinedonly in caseof adigraphG. If G is undirected,we
will take into accountonly thedegree∆G

�
i � of i asthenumberof edgesthatareincidentto

i in G. ∆
�
G � denotesthemaximumdegreeamongall verticesof a graphG andit is called

thegraphdegree. A vertex v � G is calledanendpointif it hasdegreeone,a linkpoint if it
hasdegreetwo, while a vertex having degreehigherthantwo is calledabranchpoint.

A pathP in G connectingvertex u to vertex v is a sequenceof arcse1 �
	
	�	�� er in E
�
G � ,

suchthat ei � �
vi � vi  1 � , i � 1�
	
	�	�� r with v1 � u andvr  1 � v. A cycleC in G is a path

C � �
v1 �
	
	�	�� vr � , with v1 � vr .

A subgraphG��� �
V ��� E��� ofG � �

V� E � inducedbyV � is agraphsuchthatE��� E � � V ���
V ��� . A graphG is saidto bea singleton, if �V � G ����� 1. Any graphG canbepartitioned
into isolatedconnectedcomponentsG1 � G2 �
	�	
	�� Gk andthepartitionis unique.Similarly,
everyfeedbackvertex setV � of G canbepartitionedinto feedbackvertex setsF1 � F2 �
	
	�	�� Fk

suchthatFi is a feedbackvertex setof Gi . Therefore,following theadditive propertyand
denotingby µ

�
G� w� the weight of a minimum feedbackvertex (arc) set for

�
G� w� , we

have:

µ
�
G� w���

k

∑
i � 1

µ
�
Gi � w ���

3. THE FEEDBACK VERTEX SET PROBLEM

Mostof theknownresultsonvertex deletionproblemsdealwith thefeedbackvertex set
problem,thatcanbeeasilyunderstoodby the following deadlockpreventionexamplein
computersystems.Consideranoperatingsystemwhichschedulesdifferentprocesseswith
requestson differentresources,which they needto useexclusively beforebeingreleased
by the process.A directedgraphmodelingtheseresourcerequirementshasa nodei for
eachprocessi with directedarce

�
i � j � implying thatprocessi requestsa resourcealready

allocatedto processj. Therefore,if thereis a directedcycle in sucha graph,a deadlock
occursandevery processin thecycle will wait for the requestedresourceandwill never
releasetheresourcesalreadyallocatedto it. To breaksuchcycles,onecanremove some
processesfrom the graphandput them in a waiting queue. It is clear that we want to
minimizethenumberof processesremoved.

Formally, thefeedbackvertex setproblemcanbedescribedasfollows. Let G � �
V� E �

bea graphandlet w : V
�
G ��� R be a weight functiondefinedon the verticesof G. A

feedbackvertex setof G is asubsetof verticesV ��� V
�
G � suchthateachcyclein G contains

at leastonevertex in V � . In otherwords,a feedbackvertex setV � is a setof verticesof G
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suchthatby removingV � from G alongwith all theedgesincidenttoV � , resultsin aforest.
Theweightof afeedbackvertex setis thesumof theweightsof its vertices,andaminimum
feedback vertex setof a weightedgraph(G,w) is a feedbackvertex setof G of minimum
weight. The weight of a minimumfeedbackvertex setwill be denotedby µ

�
G� w� . The

minimumweightedfeedback vertex setproblem(MWFVS) is to find a minimumfeedback
vertex setof agivenweightedgraph

�
G� w� . Thespecialcaseof identicalweightsis called

theunweightedfeedback vertex setproblem(UFVS).

3.1. Mathematical modelof the feedbackvertex setproblem. Thefeedbackvertex set
problemis a specifictype of set covering problem, as the objective is to cover all cy-
cleswith a minimum costcollectionof vertices. A simplepolynomialreductionproce-
dure from the vertex cover problemto the feedbackvertex set problemis describedin
[2]. As a covering-typeproblem,it admitsan integer zero-oneprogrammingformula-
tion. Givena feedbackvertex setV � for a graph

�
G� w � , G � �

V� E � , anda setof weights
w ��� w� v ��� v V ! G" , let x �#� xv � v  V ! G" be a binary vectorsuchthat xv � 1 if v � V � , and
xv � 0 otherwise.Let C be thesetof cyclesin

�
G� w� . Theproblemof finding themini-

mumfeedbackvertex setof G canbe formulatedasan integerprogrammingproblemas
follows:

(MFVS)

min ∑
v  V ! G"

w
�
v � xv

s.t. ∑
v  V ! Γ"

xv $ 1 % Γ � C

0 & xv & 1 integer, v � V
�
G �'�

If onedenotesbyCv thesetof cyclespassingthroughvertex v � V
�
G � , thenthedualof the

linearprogrammingrelaxationof (MFVS), is apackingproblem:

(DMFVS)

max∑
Γ  C

yΓ

s.t. ∑
Γ  Cv

yΓ & w
�
v �(% v � V

�
G �

yΓ $ 0 % Γ � C�
3.2. Polynomially solvable cases.As it is unlikely that thereexist polynomialtime al-
gorithmsto solve NP-hardproblems,to obtain polynomial time algorithmsone hasto
restricttheseproblemsto specialclassesof graphs.Perfectgraphsareaclassof graphson
whichpolynomialtimealgorithmshavebeenfoundfor avarietyof problems.Becausethe
subclassesof perfectgraphsform hierarchies,oneproblemof interestis to determinethe
largestclassof graphson which suchproblemsremainpolynomiallysolvable.Therefore,
giventheNP-completenessof thefeedbackvertex setproblem,oneapproachis to identify
thosespeciallystructuredproblemswhich canbe solved in polynomial time. Research
alongthis line startedwith the pioneeringwork of Shamir[76], in which a linear time
algorithmwasproposedto find a feedbackvertex set for a reducibleflow graph. Wang,
Lloyd, andSoffa [87] developedanO

� � E � G ����	)�V � G ��� 2 � algorithmfor finding a feedback
vertex set. Theclassof graphsknown ascyclically reduciblegraphs, which is shown to
beunrelatedto theclassof quasi-reduciblegraphs.Althoughtheexactalgorithmproposed
by SmithandWalford [80] hasexponentialrunningtime in general,it returnsanoptimal
solutionin polynomialtime for certaintypesof graphs.A variantof thealgorithm,called
the Smith-Walford-onealgorithm,selectsonly candidatesetsF of sizeoneandruns in
O
� � E � G ���)	��V � G��� 2 � time. Theclassof graphsfor which it findsa feedbackvertex setis

calledSmith-Walfordone-reducible.



4 P. FESTA, P. M. PARDALOS, AND M. G. C. RESENDE

In thefollowing, considera setof operationscalledcontractionoperations. Theseop-
erationscontractthe graphwhile preservingall the importantpropertiesrelevant to the
minimumfeedbackvertex set. An importantpropertyassociatedwith theseoperationsis
theso-calledChurch-Rosserpropertywhich impliesthattheorderby whichasequenceof
operationsis performedwill not affect the final graph. The basiccontractionoperations
areasfollows:

ReductionProcedures

Let
�
G� w� beavertex (arc)weightedgraphandlet V � bea feedbackvertex (arc)setof

G, then
IN0(i) - OUT0(i):

if � out
�
i ���*� 0 or � in � i ���)� 0, theni � V � .

reduction: V
�
G �+� V

�
G �-,.� i � ;

E
�
G �+� E

�
G �-,.� � x� y ��� x � i or y � i � .

LOOP(i):
if
�
i � i �/� E

�
G � , theni � V � .

reduction: V
�
G �+� V

�
G �-,.� i � ;

E
�
G �+� E

�
G �-,.� � i � j � or

�
j � i �0% j � V

�
G ��� .

IN1(i):
if � in � i ����� 1 and

�
j � i �1� E

�
G � ,

reduction: V
�
G �+� V

�
G �-,.� i � ;

out
�
j �-� out

�
j �-2 out

�
i � ;

E
�
G �+� E

�
G �-23� � j � k ��� k � out

�
i ���.,.� � i � k ��� k � out

�
i ��� .

OUT1(i):
if � out

�
i ���*� 1 and

�
i � j �1� E

�
G �

reduction: V
�
G �+� V

�
G �-,.� i � ;

in
�
i �+� in

�
i ��2 in

�
j � ;

E
�
G �+� E

�
G �-23� � k� j ��� k � in

�
i ���.,.� � k� i ��� k � in

�
i �����

Levy andLowe[55] proposedtheseoperationsandprovedthefollowing properties.

Definition 1. LetG � �
V� E � bea directedgraph,andlet G45� �

V 46� E47� bea directedgraph
resultingfrom G by repeatedapplicationsof the contraction operationsuntil no further
contractionis possible. G4 is calleda contractedgraphof G.

Theorem1. If G containsnoparallel edges,thenthecontractedgraphG4 of G is unique.

Theorem2. Let G � �
V� E � bea directedgraph. (1) If G is contractedinto G4 by anyof

the operationsIN0
�
v � , OUT0

�
v � , IN1

�
v � , or OUT1

�
v � , and if S4 is a minimumfeedback

vertex setof G4 , thenS4 is a minimumfeedback vertex setof G. (2) If G is contractedinto
G4 byLOOP

�
v � andS4 is a minimumcutsetof G4 , thenS � S4528� v� is a minimumfeedback

vertex setof G.

It shouldbe notedthat for a directedgraphwith every nodehaving at leasttwo in-
edgesand two out-edges,the set of contractionrules doesnot apply and all the above
mentionedalgorithmswill fail to find an optimal feedbackvertex set. In other words,
this classof algorithmsis only optimal for speciallystructuredandvery sparsegraphs.
Nevertheless,this line of work hassignificantimpactin the studyof feedbackvertex set
for the following two reasons.First, a classof graphsof increasingsize is computed,
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wherethefeedbackvertex setof eachgraphcanbefoundexactly. Second,mostproposed
heuristicsandapproximationalgorithmsusethereductionschemesdiscussedabove.

3.2.1. Thefeedback vertex setproblemonchordal,permutation,andintervalgraphs. An-
other line of researchon polynomially solvable casesfocuseson other specialclasses,
including chordal and interval graphs,permutationgraphs,convex bipartite graphs,co-
comparability graphsandon meshesandtoroidal meshes, butterflies, andtoroidal butter-
flies.

The feedbackvertex seton chordalandinterval graphscanbeviewedasa specialin-
stanceof the generalizedclique cover problem,which is solved in polynomial time on
chordalgraphs[21, 89] and interval graphs[63]. For permutationgraphs,an algorithm
dueto BrandsẗadtandKratsch[7] wasimprovedby Brandsẗadt [8] to run in O

� �V � G��� 6 �
time. More recently, Liang [57] presentedan O

� �V � G ���)	)� E � G ���9� algorithmfor permuta-
tion graphsthatcanbeeasilyextendedto trapezoidgraphswhile keepingthesametime
complexity. A graphG � �

V� E � is calledtrapezoidif andonly if it is theintersectiongraph
of sometrapezoiddiagram,wherea trapezoiddiagram T consistsof two parallel lines
calledtopandbottomlinesandsometrapezoids,eachhaving two cornerpointson thetop
line andtwo onthebottomline. Theintersectiongraphof a trapezoiddiagramis thegraph
whoseverticeshaveaone-to-onecorrespondencewith thetrapezoidsin T andtwo vertices
in G areadjacentif andonly if thecorrespondingtrapezoidsin T intersect,i.e. their areas
overlap.Bothpermutationandinterval graphsarespecialtrapezoidgraphs.

On interval graphs,Lu andTang[17] developeda linear-time algorithmto solve the
minimum weightedfeedbackvertex set problemusingdynamicprogramming. Interval
graphsarespecialgraphsthat admit a so called interval representationF. An interval
graphcorrespondsto a setof intervals (interval representation)in the real line. Eachin-
terval correspondsto a vertex and thereis an edgebetweentwo verticesif andonly if
the correspondingintervals intersect. Sucha representationof an interval graphcanbe
obtainedin O

� �V � G ���):;� E � G ���9� time, assumingsortedendpoints.Lu andTangobserved
that a subsetV � of V

�
G� is a feedbackvertex setof G if V

�
G �<, V � is a cycle-freever-

tex set (CVS) of G. WhenG is weighted,V � is a minimum feedbackvertex setof G if
andonly if V

�
G�<, V � is a maximumweightedCVS of G. Consequently, givenan inter-

val representationI of a weightedinterval graphG with sortedendpoints,andassuming
without lossof generality, thatno two intervalssharea commonendpoint,thelinear-time
algorithmof Lu andTangfindsthemaximumweightedCVS of G to solve theminimum
weightedfeedbackvertex setproblemof G. At the sametime, it alsosolvesthe maxi-
mumweighted2-colorablesubgraphproblemandthemaximumweighted2-independent
setproblem,whichareequivalentonchordalgraphs.

3.2.2. The feedback vertex set problemon cocomparability graphs. Coorg and Rangan
[20] presentanO

� �V � G ��� 4 � timeandO
� �V � G ��� 4 � spaceexactalgorithmfor cocomparability

graphs,which area superclassof permutationgraphs. In moredetail, a graphG
�
V� E �

is saidto be a cocomparabilitygraphif andonly if its complementgraphis transitively
orientable, i.e. its edgescanbeorientedto geta directedgraphG̃ � �

V� Ẽ � suchthat
�
i � j ��� � j � k �1� Ẽ �>= �

i � k �/� Ẽ �
Theauthorsprovedthatto solvetheminimumfeedbackvertex setproblemoncocompara-
bility graphsis equivalentto findinga minimumcycle-freesetof thegivengraph.Thekey
ideais thata cycle-freesubgraphof G is a collectionof trees,becauseit doesnot contain
any cycle. Therefore,a cycle-freesubgraphis bipartiteandadmitsa planar embedding,
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i.e. a mappingof its n verticesto a setof n pointson theplaneanda mappingfrom its m
edgesto asetof m line segmentson theplanesuchthat:

? thereexistsaline segment@ p1 � p2A if andonly if
�
v1 � v2 �B� E

�
G � , wherev1 andv2 are

mappedto p1 andp2, respectively;? any two line segments@ p1 � p2A and @ p3 � p4A intersectonly at theirendpoints.

A naturalway to embedacycle-freesubgraphontheplaneis thecanonicalorderingof
theverticesof thetransitively orientedgraphG� � obtainedfrom G throughits complement
G��� �

V ��� E�7� which canbedonein O
�
n2 � time usingtopologicalsort. An orderingof the

verticesof G� � is canonicalif andonly if
�
i � j ��� E

�
G� � �-�>= i C j �

For G� � suchanorderingalwaysexists,becauseG� � is adirectedacyclic graph.Onceapla-
narembeddingis obtained,thealgorithmof Coorg andRanganconceptuallytriangulates
the planargraphso that the cycle-freesubgraphcanbe consideredasa setof triangles,
eachhaving threeverticesof G. In moredetail, thecycle-freesubgraphis incrementally
built, startingfrom the emptysetandaddingonetriangleat time. At eachstepit main-
tainstheincrementedsubgraphcycle-free.Theauthorsprove thatthecycle-freeproperty
canbemaintainedby checkingonly thelastinsertedtriangle.They modelthis processby
constructinga directedgraphH, whoseverticescorrespondto the trianglesandan edge�
u� v � existswhenever thealgorithmcansafelyaddtrianglev to thesetimmediatelyafter

u hasbeenadded.A directedpathof lengthk in H correspondsto acycle-freesubgraphof
G having k : 3 verticesandtheminimumfeedbackvertex setproblemis reducedto that
of finding thelongestpathin a directedgraph,which canbeeasilysolved. In fact,to find
the longestpathin H takestime proportionalto thenumberof theedgesin H, by using,
for example,depth-firstsearch.Sincethereareat mostO

�
n � neighborsfor eachvertex in

H, thenumberof edgesin H is boundedby O
�
n4 � andsinceto constructH requiresO

�
n4 �

time,thecomplexity of thealgorithmdueto Coorg andRanganremainsO
�
n4 � .

More recently, Liang andChang[13] developeda polynomialtime algorithm,thatby
exploring thestructuralpropertiesof a cocomparabilitygraphusesdynamicprogramming
to geta minimumfeedbackvertex setin O

� �V � G � 2 �+� E � G ���D� time.

3.2.3. Thefeedbackvertex setproblemonmeshesandbutterflies. A recentline of research
on polynomiallysolvablecasesfocuseson specialundirectedgraphshaving boundedde-
greeandthatarewidely usedasconnectionnetworks,namelymeshesandtoroidal meshes,
butterfliesandtoroidal butterflies.

Definition 2. Anm � n meshis a graphMmE n � �
V� E � , whereV �F� vi j � 0 & i & m G 1� 0 &

j & n G 1 � andE �H� � vi j � vi ! j  1" �'�
�
vi j � v! i  1" j ��� i � 0�
	�	
	�� n G 2� j � 0�I	�	
	�� m G 2 � .

Definition 3. A toroidal m � n meshis a graph TMmn � �
V� E � obtainedfrom a mesh

M ! m 1"�! n 1" identifyingtheverticesv0 j with vmj , 0 & j & n andv j0 with v jn, 0 & j & m.

In a meshMmE n, Luccio [61] obtaineda trivial lowerboundon thesizeof theminimum
feedbackvertex setV � equalto

�
�
m G 1 � � n G 1 ��: 1 �'J 4, by observingthatevery submesh

M22 is acycleof 4 verticesto bebrokenandonevertex of V � breaksatmost4 suchcycles.
Luccioprovedthestrongerlowerbounds�V �6� $ �
�

m G 1 � � n G 1 ��: 1 �'J 3in ameshMmn and�
mn : 2 ��J 3 in a toroidalmeshTMmn. In [61], upperboundsfor meshesof size

�
2r : 1 ����

2r : 1 � andtoroidal meshesTM2r 2r arederived. Theseboundseithermatchthe lower
boundsor arevery closeto them.Theproofsof theupperboundsareconstructive, in the
sensethatanalgorithmthatderivesthemalsofindsa minimumfeedbackvertex setV � for
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thegivengraph,simplyby investigatingtheir topologicalcharacteristics.In moredetail,in
thecaseof meshesM ! 2r  1"�! 2r  1" , V � is formedby patternsof verticeslying onthediagonal
linesthatconstitutetheboundariesof diamondsof varyingsizes2 j : 1,0 & j & r G 2,each
having exactly onevertex not belongingto V � . By applyingthis algorithmto M ! n 1"�! n K 1"
andremoving the

�
n : 1 � th row andthe

�
r : 1 � th column,on which no vertex of V � lies,

onecan obtaina minimum feedbackvertex set for TM2r2r . This algorithmcanbe still
appliedto arbitraryvaluesof m andn. Actually, Luccioshowedthatto obtaina minimum
feedbackvertex setfor ameshMmn, 2r K 1 : 1 C m & 2r : 1, 2sK 1 : 1 C n & 2s : 1, r � s $ 0,
t � max� r � s� , it is enoughto apply theproposedalgorithmto build V � for M ! 2t  1"�! 2t  1" ,
andthentherequiredminimumfeedbackvertex setfor Mmn is theportionof V � lying in
the upperleft submeshMmn. To get a minimum feedbackvertex setV � � for TMmn it is
possibleto do thesame,with theonly differencethatnow additionalverticesareneeded
to beinsertedalongtheexternalboundaryof V � � in orderto breakpossiblecyclesbetween
thefirst andthelastrow andthefirst andthelastcolumn,thusincreasingtheupperbound
by anadditionallinearterm.

For butterflyandtoroidal butterflygraphs,Luccio [61] foundupperboundsto thesize
of aminimumfeedbackvertex set.

Definition 4. A k-dimensionalbutterfly is a graph Bk � �
V� E � having

�
k : 1 � 2k vertices

organizedin k : 1 levelsof 2k verticeseach. Vertex vi j denotesthe jth vertex at level i,
0 & i & k, 0 & j & 2k G 1, and for i L 0 it is connectedwith the two verticesv! i K 1" j and
v! i K 1" ji , where j i is the integer whosebinary representationdiffers from that of j in only
theith leastsignificantbit.

Definition 5. A toroidal butterfly TBk is a k-dimensionalbutterfly in which the kth level
coincideswith level0.

In a k-dimensionalbutterfly, theverticesin every two adjacentlevelsform 2k K 1 cycles
with two verticesin theupperlevel andtwo in thelower level. Thelowerboundof thesize
ona minimumfeedbackvertex setV̄ for thisgraphis

� V̄ � $ 2k K 1 M
�
k : 1 �

2

N �
becauseeachvertex at level i, 1 & i & k G 1, belongsto exactly two cycles: onebetween
level i G 1 andi andonebetweeni andi : 1. Theupperboundis

� V̄ ��& �
2k K 2 : 2k K 4 : 2k K 5 : 1 � k�

found by applyingan algorithmthat for eachvertex v! i K 1" j addsto V̄ either vi j or vi ji
connectedwith v! i K 1" j at thenext level.

Similar resultsto thoseobtainedfor butterfliesBk can also be obtainedfor toroidal
butterfliesTBk. In fact, TBk hask2k verticesandthe verticesbelongingto the

�
k G 1 � th

level areconnectedto thoseof level 0. Therefore,suchkindsof graphscontain2k cycles
wrappedaroundeachcolumn.To breakall of them,it is necessaryto removeat least

max� � 2k K 1 � M k : 1
2

N � 2k �
vertices,where2k is significantonly for k & 2. To find a minimumfeedbackvertex setV̄,
thesamealgorithmasfor Bk canbeapplied,by includingin V̄ all verticesbelongingto the�
k G 1 � th level.
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3.2.4. Thefeedback vertex setproblemon cubeconnectedcyclenetworks.Luccio [61]
solved the minimum feedbackvertex set problemalso for anotherimportantbounded
degreenetwork, the k-dimensionalcubeconnectedcycle(CCCk), that hask levels of 2k

verticeseach. The only differencebetweenTBk andCCCk is that any vertex vi j is now
connectedwith v! i K 1" j andvi ! j  1" , 0 & i & k G 1, 0 & j & 2k G 1, andthe operationson
i arecomputedmodulok. Observingthat the verticesin every two adjacentlevels form
2k K 2 cyclesof length8 (4 in theupperlevel and4 in thelower level) andthateachvertex
belongsexactly to two suchcycles,at least2k K 2 M � k : 1 � 2N verticeshave to beremovedin
orderto breakall suchcycles. Moreover, becauseCCCk alsocontains2k cycleswrapped
aroundeachcolumn,a lower boundon theminimumnumberof verticesto beremovedis
givenby

max� 2k � 2k K 2 M
�
k : 1 �

2

N ���
where2k is insignificantfor k & 6. The upperboundfound by Luccio is 2k K 1 M ! k 1"

2

N
,

obtainedby building a minimumfeedbackvertex setusinga variantof thealgorithmthat
finds a minimum feedbackvertex set for TBk. In this case,for eachlevel i � 1�I	�	�	�� k,
incrementingi by 2, 2k K 1 verticesareinsertedin thefeedbacksetto breakall cycleswith a
vertex at thelower level i G 1. Theremainingverticesbelongingto level k G 1 areinserted
in thefeedbackset.

3.2.5. Thefeedback vertex setproblemonconvex bipartitegraphs. LiangandChang[13]
solved in polynomialtime the feedbackvertex setproblemin a specialkind of bipartite
graph,calledtheconvex bipartitegraph, whosedefinitionis givennext.

Definition 6. A bipartite graphG � �
A� B� E � with two distinctsetsof verticesA andB is

convex if thereexistsa total orderingonA such that for anyvertex b � B thesetof vertices
of A connectedto b formsan interval in thisordering.

Liang andChang[13] proposeda polynomialtime algorithmhaving time complexity
O
� � A� 3 :O� A� 2 � E �9� . Theiralgorithmassumesaconvex bipartitegraphG � �

A� B� E � is given
by specifyingthe total orderingon A �P� a1 � a2 �
	
	�	�� an � with a1 C a2 CQ	�	�	RC an. The
algorithmis basedon dynamicprogrammingtechniquesandthe specialstructureof the
graph.

3.3. Approximation algorithms and provable bounds. The feedbackvertex (arc) set
problemhasfoundapplicationsin many fields, includingdeadlockprevention[87], pro-
gramverification[76], andBayesianinference[2]. Therefore,it is naturalthat in thepast
few yearstherehavebeenintensiveeffortsonapproximationalgorithmsfor thesekindsof
problems,for thecasesthatarenotknown to bepolynomiallysolvable.

To quantifythequality of anapproximation,severalcriteriahave beenestablishedand
certainclassesof approximationschemeshavebeendefined.Thefamily of approximation
algorithmsthatguaranteesthebestapproximatesolutionis thesocalledfully polynomial
approximationscheme(FAS). It is a family of algorithms � Aε � that for a maximization
problemfindsanapproximatesolutionat least

�
1 G ε � timestheoptimalsolutionin time

polynomialin thelengthof theinputandin 1J ε. In caseof aminimizationproblem,theal-
gorithmis guaranteedto find anapproximatesolutionat least

�
1 : ε � timesthevalueof the

optimalsolution. Thenext family of “good” approximationalgorithmsis thepolynomial
approximationscheme(PAS). It containsapproximationalgorithmsthatproduceasolution
at least

�
1 : ε � timestheoptimalsolutionin timepolynomialin thelengthof theinput for

fixedε.
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Whenanapproximationalgorithmdoesnothaveany of theaforementionedcharacteris-
tics,it canstill be“evaluated”aswell. In fact,to testthequalityof theapproximatesolution
therearespecialquantitiescalledperformanceratios, definedasfollows. SupposeA is an
approximationalgorithmthatfindsa feedbackvertex setVA (arcsetEA) for any givenver-
tex (arc)weightedgraph

�
G� w � . Denotingthesumof weightsof vertices(arcs)in VA (EA)

by w
�
VA � andthe weight of a minimum feedbackvertex (arc) setfor

�
G� w� by µ

�
G� w� ,

thentheperformanceratio of A for
�
G� w� is definedby

RA
�
G� w �+� w

�
VA �'J µ� G� w�'�

Whenµ
�
G� w�+� 0, RA

�
G� w�+� 1 if w

�
VA �-� 0 andRA

�
G� w��� ∞ if w

�
VA �SL 0.

In otherwords,theperformanceratio of anapproximationalgorithmis theworst-case
ratiobetweentheweightof thealgorithm’soutputandtheweightof anoptimalsolution.

Theperformanceratio rA
�
n� w� of A for w is thesupremumof RA

�
G� w� overall graphs

G with n verticesandfor thesameweightfunctionw. If w is theconstantfunction(w
�
i �-�

1), rA
�
n� 1 � is calledtheunweightedperformanceratio of A. Theperformanceratio rA

�
n �

of A is thesupremumof rA
�
n� w� overall weightfunctionsw.

Many approximationalgorithmsfor feedbacksetproblemshave beenproposedin the
lasttwodecades.Weconsiderapproximationalgorithmsfor undirectedanddirectedgraphs
next.

3.3.1. Undirectedgraphs. A 2log2 �V
�
G��� -approximationalgorithm for the unweighted

minimumfeedbackvertex setproblemon undirectedgraphsis containedin a lemmadue
to ErdösandPosa[26]. This resultwasimprovedby MonienandSchulz[64] to obtaina
performanceratioof O

�
log �V � G ���9� .

Bar-Yeruda,Geiger, Naor, andRoth [2] gave an approximationalgorithmfor the un-
weightedundirectedcasehaving ratio lessthanor equalto 4 andtwo approximational-
gorithmsfor theweightedundirectedcasehaving ratios4log2 �V

�
G ��� and2∆2 � G � , respec-

tively. A slight generalizationof theunweightedcasewasusedto reducethecomplexity
of a Bayesianinferenceprocedureaswill bediscussedin Section5. In their algorithm,it
is assumedthatthesetof verticesV

�
G � is partitionedinto anonemptysetA

�
G� of allowed

verticesandapossiblyemptysetB
�
G� of blackoutvertices.For avalid graphG afeedback

vertex setexistsif andonly if every cycle in G containsat leastoneallowedvertex. Note
thatif B

�
G�-� /0, thentheproblemreducesto theclassicalunweightedfeedbackvertex set.

Beforegiving a descriptionof theiralgorithm,thefollowing definitionsareneeded.

Definition 7. A 2-3-subgraphof a valid graphG is a subgraphH of G such thatthedegree
in H of every vertex in V

�
G � is either 2 or 3. A maximal2-3-subgraph of G is a 2-3-

subgraphof G that is nota subgraphof anyother2-3-subgraph.

A maximal2-3-subgraphof G alwaysexistsif G is avalid graphthatis nota forest.

Definition 8. A linkpoint v in a 2-3-subgraphH is saidto bea critical linkpoint if it is an
allowedvertex andthere is a cycleΓ in G such that

V
�
Γ �-� V

�
H �-� E

�
G �-�T� v���

In thiscaseΓ is calleda witnesscycleof v.

Definition 9. A cyclein a valid graphG is branchpoint-freeif it doesnotpassthroughany
allowedbranchpoint, i.e. a branchpoint-freecycleis madeof only blackout verticesand
allowedlinkpointsof G.
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Thealgorithmin [2] takesasinputa2-3-subgraphof thegivenvalid graphG andgives
asoutputa feedbackvertex setof G, containingthesetX of all critical linkpoints,theset
Y of allowedbranchpointsin themaximal2-3-subgraphof G, andtheverticesof a setW
coveringall branchpoint-freecyclesof H not coveredby X. The setX canbe foundby
applyingdepth-firstsearchon G andthesetY by applyingbreadth-firstsearch.Thecom-
plexity of thealgorithmis linear in thenumberof edgesof G. To speedupthealgorithm,
Bar-Yerudaet al. show how to preprocessthe input valid graphby applyingthe corre-
spondingundirectedversionsof thereductiontransformationsgivenin Subsection3.2,by
beingcarefulduringtheprocessin not generatingany blackout vertex cycle thatviolates
thevalidity propertyof thereducedgraph.

In moredetail, in the undirectedcase,the reductionproceduresdescribedin Subsec-
tion 3.2degenerateto thefollowing. A reductiongraphG� of agraphG is agraphobtained
from G by a sequenceof thefollowing transformations:

? Deleteanendpointandits incidentedges.? Connecttwo neighborsof a linkpoint v (otherthanaself-loopedsingleton)by anew
edgeandremovev from thegraphwith its incidentedges.

It wasprovedin [2] thatany valid reductiongraphG� of a graphG is suchthatµ
�
G� � w ���

µ
�
G� w� . Moreover, if thereductiongraphGU of G is minimal, i.e. it is valid andany proper

reductiongraphG� of GU is not valid, it is shown that GU doesnot containany blackout
linkpointsandthatany of its feedbackvertex setscontainsall allowedverticesof GU . In
this case,if it is possibleto obtaina valid graphGU without any blackout linkpointsand
any endpoints,asthereductiontransformationsdo, thenfor every feedbackvertex setV �
of GU containingall linkpointsof G, wehave that

�V � G ����& �
∆
�
G �+: 1 ���V � �V�

where∆
�
G� is thelargestdegreeamongall verticesin G.

In [2], theweightedfeedbackvertex setproblemfor undirectedgraphswasalsosolved
by proposingtwo approximationalgorithmshaving performanceratios4log2 �V

�
G ��� and

2∆2 � G � , respectively. Bothof thealgorithmsusereductiongraphtransformations.Thefirst
algorithmfindsateachiterationaminimalweightedreductiongraphGU of theinputgraph�
G� w� , i.e. a minimal reductiongraphsuchthatany of its reductiongraphsG� is equalto

GU . Sucha graphis necessarilybranchy, that is, it doesnot containany endpointsandits
setof linkpoints inducesan independentset(i.e. eachlinkpoint is eitheran isolatedself-
loopor it is connectedto two branchpoints).Notethattransformingagraphinto abranchy
graphtakesO

� � E � G ���D� time. Thealgorithmthenproceedsto find a cycleΓ in theminimal
weightedreductiongraphwith thesmallestnumberof verticesof lengthlessthanor equal
to 4log2 �V

�
G ��� . Next, thealgorithmsubtractsfrom theweightof eachvertex in V

�
Γ � the

minimumamongtheweightsof verticesin V
�
Γ � . Theverticeswhoseweightsbecomezero

areaddedto thebuilding feedbackvertex setV � anddeletedfromthegraph.Thesestepsare
iterateduntil thegraphis exhausted.It hasbeenprovedthatthis algorithmcanbeapplied
evenon planargraphsachieving a performanceratio lessthanor equalto 10. Thesecond
algorithmfor theweightedfeedbackvertex setproblemin its undirectedversionis based
onthepropertythateveryfeedbackvertex setV � of abranchygraphGU containsanumber
of verticeslessthanor equalto 2∆2 � G�W�V ��� . This is a greedyalgorithmthat achievesa
performanceratio lessthanor equalto 2∆2 � G � for any graphG. It startseachiterationi by
finding theminimal weightedreductiongraph

�
Hi � wHi � of thegraph

�
Hi K 1 � wHi X 1 � , where�

H0 � wH0 �S�
�
G� w� andby computingαi , the minimum weight amongthoseassociated

with the verticesof Hi . It thenproceedsby addingto the feedbackvertex setV � all the
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verticesin Hi having weightαi andremoving themfrom Hi . Thesestepsareiterateduntil
thereducedgraphHi becomesa forest.

For thefeedbackvertex setproblemin generalundirectedgraphs,two slightly different
2-approximationalgorithmsaredescribedin BeckerandGeiger[3] andby Bafna,Berman,
andFujito [1]. Thesealgorithmsimprove theapproximationalgorithmsof Bar-Yerudaet
al. [2], whoalsogivea reductionprocedurefrom the loopcutsetproblemto theminimum
weightedfeedbackvertex setproblem.Theproposedalgorithmsalsocanfind aloopcutset
which,underspecificconditionsexplainedin moredetailin Section5, is guaranteedin the
worstcaseto containlessthanfour timesthenumberof variablescontainedin aminimum
loop cutset. Subsequently, Becker andGeiger[4] appliedthe samereductionprocedure
from the loop cutsetproblemto the minimum weightedfeedbackvertex setproblemof
Bar-Yerudaet al. [2], but their resultis independentof any conditionandis guaranteedin
theworstcaseto containlessthantwice thenumberof variablescontainedin a minimum
loop cutset. Becker and Geiger [4] proposetwo approximationalgorithmsfor finding
the minimum feedbackvertex setV � in a vertex-weightedundirectedgraph

�
G� w� . The

simplestof themis a greedyalgorithm that startswith a graphG� , after removing from
theoriginalgraphG all verticesi � V

�
G� with degree∆G

�
i � equalto 0 or to 1 andthen,it

repeatedlychoosesto inserta vertex v in the feedbackvertex setV � , if the ratio between
v’sweightw

�
v� andits degree∆G�

�
v� in thecurrentreducedgraphG� is minimalacrossall

verticesin G� . Whenv is selected,it is removedfrom G� alongwith all its incidentedges
togetherwith all verticesof degreeequalto 0 or to 1 after thoseremovals. This stepis
iterateduntil thecurrentreducedgraphis exhausted.It is provedthattheperformanceratio
of thisalgorithmis boundedby 2log∆

�
G ��: 1,where∆

�
G ��� max

v  V ! G" ∆G
�
v � is thedegreeof

graphG. Thesecondalgorithmis a modifiedgreedyalgorithmhaving performanceratio
boundedby theconstant2. It consistsof two phases:

1. The first phaseproceedsas in the greedyalgorithm,but now, when a vertex v is
chosento beremovedfrom thegraphwith all its incidentedgesandto beinsertedin
thebuilding feedbackvertex setV 4 , theratio r

�
v � betweenits weightandits degree

is saved.After theremoval from thecurrentgraphof all verticeshaving degree0 or
1, alongwith their incidentedges,for every removededge

�
u1 � u2 � theratio r

�
v� is

subtractedfrom theweightof its endpointsu1 andu2.
2. Thesecondphase,ontheotherhand,is completelynew. It startsafterexhaustingthe

currentreducedgraph,i.e. whena feedbackvertex setV � is alreadyfound,andtries
to remove from V � redundantverticesvi by checkingif everycycle in G thatpasses
throughvi intersectswith V �Y,.� vi � .

By usinga Fibonacciheap,the complexity of the algorithmis O
�
m : nlogn � , where

m �Q� E � G ��� andn �T�V � G ��� . A vertex is identifiedandretrievedfrom sucha heap�V � G ���
times,with eachoperationtaking O

�
log �V � G ���D� time. The vertex weightsaredecreased

� E � G ��� timesat a constantamortizedcosteach.Moreover, thecomplexity of thesecond
phasedoesnot increasethetotalcomplexity of thealgorithm.

In [18], Chudak,Goemans,Hochbaum,andWilliamson showed how the algorithms
dueto BeckerandGeiger[3] andBafna,Berman,andFujito [1] canbeexplainedin terms
of the primal-dualmethodfor approximationalgorithmsthat areusedto obtainapproxi-
mationalgorithmsfor network designproblems.The primal-dualmethodstartswith an
integerprogrammingformulationof theproblemunderconsideration.It thensimultane-
ously builds a feasibleintegral solutionanda feasiblesolution to the dual of the linear
programmingrelaxation.If it canbeshown thatthevalueof thesetwo solutionsis within a
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factorof α, thenanα-approximationalgorithmis found.The integrality gapof aninteger
programis theworst-caseratiobetweentheoptimumvalueof theintegerprogramandthe
optimumvalueof its linear relaxation.Therefore,by applyingtheprimal-dualmethodit
is possibleto proof that the integrality gapof the integerprogramunderconsiderationis
bounded.In fact,Chudaketal.,aftergiving anew integerprogrammingformulationof the
feedbackvertex setproblem,provideda proof that its integrality gapis at most2. They
alsogave theproofsof somekey inequalitiesneededto prove theperformanceguarantee
of their new 2-approximationalgorithm,which is a simplificationof thealgorithmdueto
Bafnaetal. [1].

Theorem3. Let V � denoteany feedback vertex setof a graph G � �
V� E � , E Z� /0, let τ

denotethe cardinality of the smallestfeedback vertex set for G, and let E
�
S� denotethe

subsetof edgesthathavebothendpointsin S � V
�
G � , b

�
S���T� E � S���*G[� S��: 1. Then

∑
v  V �

@ ∆G
�
v �-G 1A<$ b

�
V
�
G ���(1)

∑
v  V �

∆G
�
v � $ b

�
V
�
G�
�+: τ �(2)

If everyvertex in G hasdegreeat leasttwo, andV � M is any minimal feedback vertex set
(i.e. % v � V � M � V � M ,�� v� is nota feedback vertex set),then

∑
v  V � M

∆G
�
v�/& 2

�
b
�
V
�
G ���+: τ �-G 2�(3)

Definition 10. A feedback vertex setV � is almostminimal if there is at mostonevertex
v � V � such thatV �Y,.� v� is a feedback vertex set.

Definition 11. A cycleis semidisjointif it containsat mostonevertex of degreegreater
than2.

Theorem4. If everyvertex hasdegreeat least2 andthegraphdoesnot containsemidis-
joint cyclesor is itselfa cycle, andV � AM is anyminimalfeedback vertex set,then

∑
v  V � AM

@ ∆G
�
v�-G 1A & 2 b

�
V
�
G ���-G 1�(4)

Notethat theinequalities2 and3 imply

∑
v  V � M

∆G
�
v ��& 2 ∑

v V �
∆G
�
v �-G 2�(5)

while inequalities1 and4 imply

∑
v V � AM

@ ∆G
�
v�-G 1A & 2 ∑

v  V �
@ ∆G

�
v ��G 1A G 1�(6)

The conditionunderwhich the inequality4 holdsis satisfiedif the graphis 2-vertex-
connected.As Corollaryof inequality1, Chudaketal. provedthefollowing result:

Theorem5. LetV � beanyfeedbackvertex set.Then,for anyS � V
�
G � such thatE

�
S��Z� /0,

wehavethat

∑
v  V �]\ S

@ ∆S
�
v �-G 1A<$ � E � S���*G;� S��: 1 � b

�
S�7�(7)
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Inequalities3 and4 areneededto prove the performanceguaranteeof the proposed
approximationalgorithm,while 1 and2 areusedin thenew integerprogrammingformu-
lation. The standardcycle formulationof the problemis given in Subsection3.1. Even,
Naor, Schieber, andZosin [27] showedthat the integrality gapof that integerprogramis
Ω
�
logn � . The new integer programmingformulationgiven by Chudaket al. [18] is as

follows:

(IP)

min ∑
v  V ! G"

w
�
v � xv

s.t. ∑
v  S

�
∆S
�
v �-G 1 � xv $ b

�
S� S � V

�
G� : E

�
S�^Z� /0

xv �_� 0� 1� v � V
�
G���

Thelinearprogrammingrelaxationis:

(LP)

min ∑
v  V ! G"

w
�
v� xv

s.t. ∑
v  S

�
∆S
�
v �-G 1 � xv $ b

�
S� S � V

�
G � : E

�
S�^Z� /0

xv $ 0 v � V
�
G ���

andits dualis:

(D)

max∑
S

b
�
S� yS

s.t. ∑
S:v  S

�
∆S
�
v �-G 1 � yS & wv v � V

�
G�

yS $ 0 S � V
�
G� : E

�
S�^Z� /0 �

The algorithmproposedby Chudakat al. constructsa feasiblesolutionof the linear
programmingrelaxation(LP) andit is essentiallythealgorithmproposedby Bafnaet al.
In [1], Bafnaet al. developedanalgorithmthatstartswith a feedbackvertex setV ��� /0,
the feasibledualsolutiony � 0, andtheoriginal graphGU/� �

V U`� E U��R� �
V� E � . Givena

setV � , if it is not a feedbackvertex set, theremustexist a cycle in GU . The algorithm
first recursively removesfrom GU all verticeshaving degreeequalto oneandtheir incident
edgesand then choosessomeset S correspondingto a violated constraintof (IP). S is
calledtheviolatedset. To chooseS thealgorithmusesa subroutinecalledVIOLATION,
thatfirst looksfor a semidisjointcycle in GU . If it findssucha cycle, it letsScorrespond
to theverticesof thecycleandreturnsS. Otherwise,it returnsS � V U . Thealgorithmthen
increasesasmuchaspossiblethedualvariableyS, until somedualinequalitybecomestight
for somevertex in S, that is addedto V � andremovedfrom GU togetherwith its incident
edges.Thealgorithmcontinuesrepeatingthesestepsuntil V � is a feedbackvertex set. It
thengoesthroughtheverticesin V � in thereverseof theorderin whichthey wereaddedand
removesany extraneousvertices.Thesimpler2-approximationalgorithmof Chudaketal.
usesadifferentVIOLATION subroutine,thatavoidssearchingfor semidisjointcyclesby a
differentchoiceof S. Givenadecompositionof GU into its2-vertex-connectedcomponents,
theiralgorithmsetsS to beanendblock,sothatScontainsatmostonecutvertex.

Another2-approximationalgorithm is due to Vazirani [86], who also found a lower
boundon theoptimalsolutionfor specialvertex weight functions. Beforedescribinghis
algorithm,thefollowing definitionsareneeded.
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Definition 12. Let GF @ 2A i be the set of all binary vectors having i components.Then
the characteristic vector of a cycleC in G is a vector in GF @ 2A m, m �P� E � G ��� , whose
componentsareequalto 1, if they correspondto edgesin C, 0 otherwise.

Definition 13. Thecyclespaceof G is definedasthesubspaceof GF @ 2A m, spannedby the
characteristicvectorsof all cyclesin G.

Definition 14. Thecyclomaticnumbercyc
�
G � is thedimensionof thecyclespaceandit is

givenby
cyc

�
G���a� E � G���*G;�V � G����: k

�
G ���

wherek
�
G � denotesthenumberof connectedcomponentsof G.

The removal of an edgei from G decreasesits cyclomaticnumberby 1, unlessi is
a bridge, i.e. an edgewhoseremoval increasesthe numberof connectedcomponents.
Similarly, thedecreasein thecyclomaticnumbercausedby removing avertex v equalsthe
maximumnumberof edgesincidentto v thatcanbesuccessively removedsothatnoneof
themis abridgeat themomentof its removal.

Definition 15. Let δG
�
v � be the decreasein cyclomaticnumbercausedby removing the

vertex v fromG. A weightfunctionis cyclomaticif it assignsto each vertex v theweight
c 	 δG

�
v� , for somec L 0.

Sincetheremoval of a feedbackvertex setV � �b� v1 �I	�	
	�� vf � decreasesthecyclomatic
numberof G down to 0, then

cyc
�
G �+�

f

∑
i � 1

δGi X 1v
�
i ���

whereG0 is theoriginalgraphand,for i L 0, Gi � G ,�� v1 �
	
	�	�� vi � .
Sinceanon-bridgeedgein aninducedsubgraphcannotbeabridgein thelargergraph,for
eachvertex v thefollowing inequalitieshold

δGi

�
v �S& δG

�
v���

cyc
�
G�S& ∑

v  V �
δG
�
v ���

Therefore,if theweightfunctiondefinedontheverticesof G is cyclomatic,thenc 	 cyc
�
G�

is a lower boundon theoptimalsolutionanda straightforwardfactor2 algorithmfor cy-
clomaticweightsfunctionsis givenby thefollowing lemmas:

Lemma 1. If V � is a minimalfeedback vertex setof G, then

∑
v V �

δG
�
v �S& 2 	 cyc

�
G �7�

Lemma 2. LetwbeacyclomaticweightfunctiondefinedonV
�
G � andletV � beaminimum

feedback vertex setof G. Then

w
�
V � ��& µ

�
G� w �'�

In [86], Vaziranisolvesthe feedbackvertex setproblemalso in the caseof arbitrary
weights.Theproposed2-approximationalgorithmconsistsof two phases:adecomposition
phaseandanextensionphase.Duringthedecompositionphase,thealgorithmdecomposes
theoriginal graphG into a sequenceof inducedsubgraphs,Gk c Gk K 1 c 	
	�	 c G0 � G,
whereGk is acyclic. On theverticesof eachgraphGi , i C k, a weightfunctionis defined
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suchthatthesumof theweightsof a vertex amongthesesubgraphsis equalto its original
weight,i.e.

∑
i:v  V ! Gi "

wi
�
v �+� w

�
v ���

Whenthedecompositionphaseterminates,V � k is aminimalfeedbackvertex setof Gk. The
algorithmproceedsthenexecutingthe extensionphase.For eachGi , i C k, it computes
a minimum feedbackvertex setV � i by addingto V � i  1 a minimal set of verticesfrom
V
�
Gi �-G V

�
Gi K 1 � . ThesetV � 0 is outputasa feedbackvertex setfor G.

Regardingthemaximumsizeof afeedbackvertex setV � in cubicgraphs,Speckenmeyer
[81] provedthat for a connectedundirectedcubicgraphG of ordern andgirth g (girth is
thelengthof a shortestcycle in G)

�V � ��&
�
g : 1 ��
4g G 2 � :

�
g G 1 ��
2g G 1 � �

Bondy, Hopkins,andStaton[5] provedthatfor aconnectedcubicgraphG of girth atleast4

�V � ��&Qd 1J 3 �V � G ��� e��
An improvementwasmadeby ZhengandLu, who in [92] foundthatif thegirth of G is at
least4 andif �V � G ���SZ� 8, then

�V � ��& M 1J 3 �V � G ��� N

andtheboundis sharp.Theseresultswereimprovedby Liu andZhao[58], includingthe
resultdueto ZhengandLu, resultingin

�V � ��& g
4
�
g G 1 � n :

�
g G 3 ��
2g G 2 �

for a largeclassof cubicgraphsof ordern $ 4 andgirth g.
For thesubsetfeedbackvertex problem,Even,Naor, Schieber, andZosin[27] showed

that it canbe approximatedin polynomialtime by a factorof min� 2 ∆
�
G ��� 8 log

� �V 4��5:
1 �'� O� logτ U���� , whereτ U denotesthe valueof the optimal fractionalsolution. In [27] the
authorsalsoproposeda technique,calledbootstrapping, thatenhancestheO

�
log �V 46�9� to a

factorof O
�
logτ U J β � , whereβ denotestheminimumweightof avertex. Thebootstrapping

techniqueiteratively usesagraphpartitioningalgorithm.Theoutputof eachiterationis by
itself asubsetfeedbackvertex setandis usedaspartof theinputof thenext iteration.After
O
�
log �V 46�D� iterations,thealgorithmproducesasoutputasubsetfeedbackvertex sethaving

weightat mostO
�
τ U logτ U�� . Even,Nor, andZosin [29] improvedthis resultproposinga

8-approximationalgorithm. Themain tool that they usedin developingtheir approxima-
tion algorithmandits analysisis a new versionof multicommodityflow, calledrelaxed
multicommodityflow, a hybrid of multicommodityflow andmultiterminalflow. In multi-
commodityflow, thearccapacityconstraintsapplyto thetotalflow of all thecommodities,
while in multiterminalflow, the arc capacityconstraintsapply to eachcommoditysepa-
rately. A relaxedmulticommodityflow is a multiterminalflow with additionalconstraints,
calledintercommodityconstraints.For eacharc,theauthorsconsideredthemaximumflow,
amongall thecommodities,which is shippedalongit. They requiredthat for eachvertex
v � V

�
G � thesumof themaximumflowsshippedalongits incidentarcsis boundedby four

timesthecapacityof v. By consideringthemulticommodityflow, theverticesfor which
theintercommodityconstraintsaretight play an importantrole from thepoint of view of
the connectivity of the graph. They arecalled intersatured vertices. The main resultof
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Evenetal. is a theoremthatboundstheweightof theverticesthatmustbeintersatured,so
asto realizeagivendemandvectorby thesumof demands.

3.3.2. Directedgraphs. In general,problemsonundirectedgraphsarerelatively easierto
handlethanproblemsondirectedgraphs,sincemoregraphtheorycanbeutilized. Not sur-
prisingly, theapproximationresultsobtainedsofar for theundirectedversionarestronger
thanthosefor thedirectedversion.In fact,noneof thealgorithmsreferredto in theprevi-
oussubsectionsapplyto thefeedbackvertex setproblemin directedgraphsand,in contrast
with theundirectedversion,noanalyticalresultsareknown for thedirectedcase.

A very recentdirectionof researchon approximationalgorithmsin the directedver-
sionfocuseson thecompleteequivalenceamongall feedbackset(and/orfeedbacksubset)
problemsandamongtheseandthedirectedminimumcapacitymulticut problemin circu-
lar networks. An exhaustive descriptionof the proceduresthat reduceany feedbackset
problemto any otheror any of themto thedirectedminimumcapacitymulticut problem
andvice versawill begivenin Subsection4.2. Thesereductionproceduresareformalized
andusedby Even,Naor, Schieber, andSudan[28] to obtainanapproximationalgorithm
for the subsetfeedbackarc setproblemof a weighteddirectedgraphG � �

V� E � , where
theinterestingcyclesto behit arecontainedin a setof specialverticesX � V

�
G � , where

� X �Y� k. The weight of the feedbackarc set found by their approximationalgorithmis
O
�
τ U log2 � X �9� , whereτ U is theweightof anoptimal fractionalfeedbackset. More detail

is providedin Subsection4.3. Nevertheless,their approachcanbeusedto solve any other
feedbacksetproblemaswell asthedirectedminimumcapacitymulticutproblem.

Evenet al. [28] alsoproposedanalgorithmfor approximatingtheminimumweighted
subsetvertex setproblemin theweightedanddirectedcase,leadingto a resultthatholds
for any otherfeedbacksetproblemaswell. Their approachis an algorithmicadaptation
of a theoreticalresult due to Seymour [75], who proved that the integrality gap in the
caseof the unweightedfeedbackvertex setproblemcanbe at mostO

�
logτ U loglogτ U�� ,

whereτ U is definedasabove. Evenet al. observe thatall existenceargumentscontained
in the proof of Seymour’s statementcanbe madeconstructive andthus,with somead-
ditional operations,analgorithmfor theunweightedfeedbackvertex setproblemhaving
anapproximationfactorof O

�
logτ U loglogτ U�� canbeobtained.Furthermodificationsof

thealgorithmleadto a polynomialtimeapproximationschemeapplicableto theweighted
problem. In O

� � E � G ����	��V � G ��� 2 � time the algorithmfinds a feedbackvertex set having
weightO

�
min� τ U logτ U loglogτ U*� τ U log �V � G ��� loglog �V � G���V�-� . All theobservationscon-

tainedin [28] improve the O
�
log2 �V � G ���9� -approximationalgorithmfor this casedue to

LeightonandRao[53].
In thecaseof directedplanargraphs,Stamm[83] presentedanO

� �V � G ��� log �V � G ���9� -ap-
proximationalgorithm,whoseperformanceguaranteeis boundedby themaximumdegree
of thegraphandanO

� �V � G ��� 2 � timeapproximationalgorithmwith performanceguarantee
nomorethanthenumberof cyclic facesin theplanarembeddingof thegraphminus1.

Cai, Deng,and Zang [10] obtaineda 2� 5-approximationalgorithmfor the minimum
feedbackvertex setproblemon tournaments,improving the previously known algorithm
with performanceguaranteeof 3 by Speckenmeyer [82]. Let H be the triangle-vertex
incidencematrix of a tournamentT andlet e betheall-onevector. In [10], necessaryand
sufficientconditionsareestablishedfor thelinearsystem� x � Hx $ e� x $ 0� to bea totally
dual integral system(TDI).

Definition 16. A rational linear system� x � Hx $ e� x $ 0� is calledtotally dual integral,
if theoptimizationproblemmax� yTb � yTA & cT � y $ 0� hasan integral optimumsolution
y for everyintegral vectorc for which themaximumis finite.
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It hasbeenshown thatany rationalpolyhedronP hasa TDI SystemP �Q� x : Ax & b �
representationwith A integral, andthat, if P is full-dimension,thereis a uniqueminimal
TDI SystemP �f� x : Ax & b� with A andb integral if andonly if P is integral. In [11]
theauthorshaveextendedthis approachto thefeedbackvertex setproblemsandthecycle
packingproblemin bipartite tournaments, wherea bipartitetournamentis anorientation
of a completebipartitegraph.For theaforementionedproblemsthey have foundstrongly
polynomialtimealgorithms,whichareaconsequenceof amin-maxrelaxationonpacking
andcoveringdirectedcycles.

3.4. Exact algorithms. In contrastto the numerousapproximationschemesthat have
beenstudied,relatively few exact algorithmsfor the feedbackvertex set problemhave
beenproposed.To our knowledge,thefirst algorithmto find anexactminimal cardinality
FVS is due to Smith andWalford [80]. Although it solves the problemin an arbitrary
directedgraphin exponentialrunningtime, it returnsan optimal solutionin polynomial
timefor certaintypesof graphs.Beforegiving its description,thefollowing definitionsare
needed.

Definition 17. A maximalstrongly connectedcomponentof a graph is abbreviated as
MSC.

Definition 18. A setof verticesSof graphG with thepropertythateach loopof G contains
at leastoneelementof S is calleda completeset. Thenumberof elementsin thesetS is
referredto asthesetmeasure � S� .
Definition 19. A completesetSof minimalsizeis calledan optimumsetandits measure
is definedastheindex of G denotedby I

�
G � .

ThealgorithmproposedbySmithandWalfordis basedonthefollowing ideaof partition
implication. Givena graphG, anarbitrarysubsetof verticesF may imply a 2-subgraph
partition

�
GF � GR � suchthat

1. Eachvertex of GF is containedin at leastoneloop in G andonly in loopsof G also
containinganelementof F . GR containsall remainingverticesof G;

2. If G is stronglyconnected,thenall elementsof any possiblesetF will bein GF ;
3. By removing from G all verticesin GF � F all loopsin G containinga vertex of GF

areeliminatedfrom from GF ;
4. Loopsin GF andloopsin GR areindependent,i.e. they do notcontainany common

vertex.

Theauthorsprovedthefollowing resultsusedby theiralgorithm.

Theorem6. If S1 � S2 �I	�	
	�� Sk areoptimalfeedback vertex setfor partitionsP1 � P2 �
	
	�	�� Pk of
graphG, andif thesetSgivenbyS �T2 k

i � 1Si is completefor G, it is alsooptimalfor G.

Theorem7. If I
�
GF �-�H� F � , thenF is a subsetof anoptimalfeedback vertex setof G.

Theorem8. Each elementof an optimumsetSmustbelongto at leastoneloop of G not
containinganyotherelementof S.

Therunningtimeof theSmith-Walfordalgorithmreportedin thefollowing dependson
thecardinalityof thepartitionsof thegraph.

INPUT : adigraphG
�
V� E � ;

OUTPUT: a minimumfeedbackvertex setfor G.
1) Find theMSCsubgraphsof thegraphundertest,storethemonpushdown stack;
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2) PoptopMSCfrom pushdown stack.If thestackwasempty, thenexit;
3) Generatenext trial F setfor MSC;
4) CalculateimpliedpartitionsGF andGR;
5) If I

�
GF �-�T� F � , thengo to 3);

6) MakeF partof minimal feedbackvertex set;
7) BreakGR subsetinto its MSCsubgraphs;
8) Storethemonthepushdown stackandgo to 2).

Laterexactalgorithmsof enumerativenatureoftenusedthegraphreductionprocedures
to speedup the process.Onestudyby Cheng[16] essentiallyuseddirect enumeration
plusreductionandreportedsatisfactorycomputationalresultsfor a setof partialscande-
sign test problems. Orenstein,Kohavi, andPomeranz[65] proposeda somewhat more
involvedexactenumerativeprocedurebasedon graphreductionandefficient graphparti-
tioning methods.In additionto the reductionproceduresdueto Levy et al., Orensteinet
al. developeda furthertypeof operationdesigneddoublereduction, which involvesedges
deletion:

DOUBLE(v,w):: If theverticesv andw form a 2-edgeddirectedcycle in thegraphG,
thenexceptfor

�
v� w� and

�
w� v � , removefrom G all edgesincludedin directedcycles

goingthroughbothv andw.

If v andw satisfythehypothesesof theDOUBLE reduction,thenat leastoneof them
mustbeincludedin thefeedbackvertex setandall cyclespassingthroughbothv andw will
becovered.Therefore,takinginto accountonly thesmallestcycle involving v andw will
have no influenceon theoptimumfeedbackvertex setsolution. Thealgorithmproposed
by Orensteinet al. hasbeendesignedfor identifying a minimumfeedbackvertex setin a
digital circuit. It is basedonthefollowing recursivesteps:

1. Building the topological graphassociatedwith theinputsequentialcircuit;

Definition 20. A digraphG � �
V� E � is calleda topological graphfor a circuit S if

each vertex in G representsa flip-flop,anda directededge
�
u� v � existsif andonly if

there is a path fromtheflip-flop u to theflip-flop v throughcombinatoriallogic. A
topological graphdoesnotcontainparallel edges.

2. Reductionoperations;
3. Partition: thisstepisexecutedafternomorereductionoperationscanbeapplied.The

graphG is partitionedinto subgraphs,which aresolvedseparatelyandrecursively
by usingthis3-stepprocedure.
Theauthorsproposedfour differentpartitiontechniques:
(a) Thepartitioninto MSC,alreadyproposedin [80];
(b) Thepartitioninto two independentsubgraphs.Thelocality of thecircuit is such

thatthecircuit canbedividedinto smallsubcircuitswith limited communication
amongthem;

(c) An extendedpartitionwhich usesloop locality. A digital circuit generallycon-
tainsmany non-nestedloops.Thispropertycausesthegenerationof two-edged
loopsafterreductionproceduresareperformedonthecorrespondingtopological
graph;

(d) Vertex eliminationfollowingaBranch-and-Boundprocedureis appliedwhenno
otherpartitionarepossible.

All partitionsabove describedcan be performedin polynomial time by using
variationsof depth-firstsearchand/orbreadth-firstsearch.

4. Merging: in thisstepthesolutionscomputedin step2 aremerged.
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The algorithmproposedby Orensteinet al. is efficient in randomgraphs,even if in
cliquesor graphsthatarealmostcliquesit hasanexponentialbehavior, sincethereduction
andpartitiontechniquescannotbeapplied.
Somewhatsurprising,theexactalgorithmfor feedbackvertex setbasedon mathematical
programmingformulation is quite few. Recently, Funke and Reinelt [31] considereda
specialvariantof feedbackproblems,namelytheproblemof finding a maximumweight
nodeinducedacyclic subdigraph. They discussedvalid and facetdefining inequalities
for theassociatedpolytopeanddevelopeda polyhedral-basedexactalgorithmpresenting
computationalresultsobtainedby applyingabranch-and-cutalgorithm.

3.5. Practical heuristics. Althoughtheapproximationalgorithmsguaranteeasolutionof
a certainquality, for many practicalreal world cases,heuristicmethodscanleadto bet-
ter solutionsin a reasonableamountof CPUtime. As GrötschelandLovász[38] pointed
out, fastconstructionheuristicscombinedwith local improvementtechniquestailoredfor
specialapplicationshave beenthe“workhorse”of combinatorialoptimizationin practice.
Over the years,a numberof metaheuristics,including geneticalgorithms,simulatedan-
nealing,greedyrandomizedadaptivesearchprocedures(GRASP),Lagrangeanrelaxation,
andothersweredevelopedwith successfulcomputationalperformanceona widerangeof
combinatorialoptimizationproblems.Interestingly, however, feedbackvertex setproblems
seemto beanexception.Sofar, relatively few practicalheuristicshavebeendevelopedfor
this family of problems,even fewer have reportedcomputationalresults. Furthermore,
mostof the heuristicsthat seemto be quite successfulcomputationallyaregreedytype
heuristicsor generalizedgreedytypeheuristics(e.g.GRASP).

Almost all the efficient heuristicsdevelopedso far employ the solution-preservedre-
ductionrulesstudiedby Levy andLowe [55], which werepresentedin Subsections3.2
and3.3.1.It hasbeenobservedin practicethatthis groupof heuristicsgreatlyreducesthe
cardinalityof thegraphnot only at thebeginningof the algorithm,but alsodynamically
duringtheexecutionof nodedeletiontypeheuristics.A recentline of researchonheuristic
approachesis dueto Pardalos,Qian,andResende[68] wherethreevariantsof thesocalled
GreedyRandomizedAdaptiveSearch Procedure (GRASP)metaheuristicareproposedfor
finding approximatesolutionsof large instancesof the feedbackvertex setproblemin a
digraph.GRASPis amultistartmethodcharacterizedby two phases:aconstructionphase
anda local searchphase,alsoknown asa local improvementphase.During theconstruc-
tion phasea feasiblesolutionis iteratively constructed.Oneelementat time is randomly
chosenfrom a RestrictedCandidateList (RCL), whoseelementsaresortedaccordingto
somegreedycriterion,andis addedto thebuilding feedbackvertex setandremovedfrom
thegraphwith all its incidentarcs. Sincethe computedsolution,in general,maynot be
locally optimalwith respectto theadoptedneighborhooddefinition,thelocalsearchphase
triesto improve it. Thesetwo phasesareiteratedandthebestsolutionfoundis keptasan
approximationof theoptimalsolution.

To improve theefficiency of themethod,Pardaloset al. incorporatedin eachiteration
of their algorithmsolution-preservinggraphreductiontechniquesin theirdirectedversion
andthatcanbeusedalsoto checkif adigraphis acyclic, returninganemptyreducedgraph
in caseof positiveanswer.

Theauthorsemployedthefollowing threegreedyfunctionsusedto selectthenodewith
themaximumG

�
i � values:

1. GA
�
i �+� in

�
i �+: out

�
i � ;

2. GB
�
i �+� in

�
i �-g out

�
i � ;

3. GC
�
i ��� max� in � i ��� out

�
i ��� .
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GreedyfunctionGA assignsequalweightto in- andout-degrees.GB favorsthebalancebe-
tweenin- andout-degrees.GC only considersthelargestvalueof thedegrees.As demon-
stratedin Pardaloset al., GB producedthebestcomputationalresults.GRASPwastested
on two randomlygeneratedproblemsets,finding theoptimalsolutionsto all theproblems
in thefirst set,wheretheoptimalvaluesareknown (computedby FunkeandReinelt[31]).
Furthermore,this GRASPdominatesthe puregreedyheuristicsin all the test instances
with comparablerunningtime. Fortransubroutinesfor finding approximatesolutionsof
thedirectedfeedbackvertex setproblemsuingGRASParegivenin Festa,Pardalos,and
Resende[30].

4. THE FEEDBACK ARC SET PROBLEM

Severalversionsof the feedbackvertex setproblemhave beendiscussedin Section3.
It is possibleto considertheir arc counterparts.More specifically, given a graphG ��
V� E � anda nonnegative weight functionw : E

�
G �1� R definedon thearcsof G, find

a minimum-weightsubsetof arcsE �R� E
�
G � thatmeetsevery cycle in a givencollection

C of cyclesin
�
G� w� . As in the vertex case,this leadsto the minimumfeedback arc set

problem(MWFAS) in bothdirectedandundirectedgraphs,theminimumweightedgraph
bipartizationproblemvia arcremovals,andsoon.

4.1. Mathematical model of the feedback arc set problem. Given an arc weighted
graph

�
G� w� , G � �

V� E � andthe setC of all cycles in G, the minimum weightedfeed-
backarcsetproblemcanbeformulatedasthefollowing integerprogrammingproblem:

(MFAS)

min ∑
e E ! G"

w
�
e� xe

s.t. ∑
e Γ

xe $ 1 % Γ � C

xe �h� 0� 1�i% e � E
�
G �'�

In its relaxation,theconstraintsxe �_� 0� 1� , % e � E
�
G � arereplacedby xe $ 0, % e � E

�
G � ,

obtaininga fractionalfeedbackarcset.
As with the feedbackvertex setproblem,the feedbackarc setproblemis a covering

problemandits (linearprogramming)dualis calleda packing problem.In thecaseof the
feedbackarcsetproblemthis meansassigninga dual variableto all interestingcyclesto
behit in thegivengraph,suchthat for eacharcthesumof thevariablescorrespondingto
theinterestingcyclespassingthroughthatarcis atmosttheweightof thearcitself.

4.2. Relation betweenthe feedback vertex set and the feedback arc set problems.
Feedbackarcsetproblemstendto beeasierthantheir vertex counterparts,especiallyfor
planargraphs.In thedirectedcasefeedbackvertex andfeedbackarcsetproblemsareeach
reducibleto oneanother. In all reductions,thereis a one-to-onecorrespondencebetween
feasiblesolutionsand their correspondingcosts. Therefore,an approximatesolution to
oneproblemcanbetranslatedto anapproximatesolutionof theotherproblemreducibleto
this problem.Becausemostof thereductionprocedurescanbeperformedin linear time,
theseproblemscanbe viewed asdifferentrepresentationsof the sameproblem. Hence,
asfeedbackvertex setsarereducedinto feedbackarcsetswith thesameweightandvice
versa,all of theseproblemsareequallyhardto approximate.

Even,Naor, Schieber, andSudan[28] showedhow to performreductionsamongfeed-
backsetproblemsandfeedbacksubsetproblemsandvice versa,preservingfeasiblesolu-
tionsandtheircosts.In thefollowing,wereportsomeof thesereductionprocedures,where
FVS andFAS denotethe feedbackvertex setproblemandthe feedbackarcsetproblem,
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respectively, andBLACKOUT-FVS denotesan extensionof the generalfeedbackvertex
setproblemalreadyreferredto in the Subsection3.3.1(seealso[2]). Recall that in the
blackout feedbackvertex setproblemanadditionalsubsetof blackout verticesB � V

�
G�

is givenandthattheobjective is to computea minimumfeedbackvertex setthatdoesnot
containverticesof B.

[FAS = FVS]: Given the graphG � �
V� E � , constructits directedline-graph G� ��

V � � E� � asfollows:
1. SetV � � G� �-� E

�
G � ;

2. An arc in E� � G� � connectsthe vertices
�
v1 � v2 �^� V � � G� � and

�
v3 � v4 �>�

V � � G� � if andonly if v2 � v3.
In theweightedversion,acorrespondenceamongtheweightsof thearcsof G and

theweightsof the“vertices”of thecorrespondinggraphG� is requiredasfollows:
3. Theweightof the“vertex”

�
v1 � v2 �1� V � � G� � is equalto theweightof thearc�

v1 � v2 ��� E
�
G � .

A subsetof arcsF � E
�
G � is a feedbackarcsetfor G if andonly if it is a feedback

vertex setfor G� .
[FVS = FAS]: GiventhegraphG � �

V� E � , constructagraphG� � �
V � � E� � asfollows:

1. For everyv � V
�
G � insertin V � � G��� two verticesv1 andv2;

2. For everyv1 andv2 insertedin V � � G� � aftersplittinga vertex v � V
�
G � insertin

E � � G�'� anarc
�
v1 � v2 � , all thearcsthatenterv in G connectingthemto v1 in

G� , andall thearcsthatemanatefrom v in G emanatingthemfrom v2 in G� .
In thecaseof weightswealsohave:
3. For every arc e� ��@ � v1 � v2 �j� v � V

�
G � A , setw

�
e� �R� w

�
v � . All otherarcsin

E � � G� � have infinite weight.
This establishesa one-to-onecorrespondencebetweenthe finite weightedfeed-

backarcsetsof thenew graphG� andthefeedbackvertex setsof theoriginalgraph
G.

[BLA CKOUT-FVS = FVS]: A verysimplereductionprocedurecouldconsistof as-
signing infinite weight to eachblackout vertex. However, in somecasesa more
formal reductionamongthesetwo similar problemscouldbeneeded.Whatcanbe
doneis to bypasseachblackoutvertex in B. For eachblackoutvertex v � B:
1. Connectarcsbetweenevery two verticesthat have a pathof lengthtwo, con-

nectingthem,wherev is themiddlevertex;
2. Removetheblackoutvertex v from thegraph.

A subsetof verticesF � V
�
G� is a feedbackvertex setthatdoesnot containany

blackoutverticesfromB if andonly if it is afeedbackvertex setof thegraphobtained
by thereduction.

Notethatonly thereduction[BLA CKOUT-FVS = FVS] requiresmorethanlinear time
to beperformed.

4.3. Stateof the art of feedbackarc setproblems. In theliteratureof feedbacksetprob-
lemsmostof theproposedalgorithmsaredesignedto solvetheproblemin vertex-weighted
graphs.Oneof thepioneeringpaperson feedbackarcsetproblemsis dueto to Ramachan-
dran[73], whereit is provedthatfinding a minimumfeedbackarcsetin anarc-weighted
reducibleflow graphis asdifficult asfinding a minimumcut in a flow network. Thepro-
posedalgorithmhascomplexity O

�
m n2 log

� n2

m �
� , wherem �T� E � G ��� andn �T�V � G ��� . The
algorithmwasadaptedto solve theproblemin thevertex-weightedcase.Shamir’s linear
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time algorithm[76], usedfor the unit-weightedcase,cannotbe appliedto solve thearc-
weightedproblem,becauseany reductionbetweenarc andvertex setproblemsdoesnot
preservethereducibilityproperty.

GivenadirectedgraphG � �
V� E � , adijoin E� � E

�
G � is asetof arcssuchthatthegraph

G�5� �
V� B � , B � E 2k� � v� u �S� � u� v �0� E��� is stronglyconnected.Givennonnegativeweights

we, e � E
�
G � , the minimum-weightdijoin problemis to find the dijoin with minimum

weight. The feedbackarc setproblemin planardigraphsis reducibleto the problemof
finding a minimum-weightdijoin in thedualgraph,which is solvablein polynomialtime
[37]. Stamm[83] proposeda simple2-approximationalgorithmfor theminimumweight
dijoin problemby superposingtwo arborescences.It is interestingto observe that,when
translatedto thedualgraph,all theseproblemsleadto problemsof hitting certaincutsets
of thedualgraph,problemswhich canbeapproximatedwithin a ratio of 2 by theprimal-
dualmethod.GoemansandWilliamson[36] proposedaprimal-dualalgorithmthatfindsa
9
4-approximatesolutionto feedbacksetsproblemsin planargraphs.

Thefirstapproximationalgorithmfor thefeedbackarcsetproblemwasgivenbyLeighton
andRao[53]. Their approximationfactoris O

�
log2n � in theunweightedcase,wheren is

thenumberof verticesof the input graph. This boundwasobtainedby usinga O
�
logn �

approximationalgorithmfor a directedseparatorthat splits the graphinto two approx-
imately equally-sizedcomponents.This separatorcanbe found by approximatingspe-
cial cuts calledquotientcuts. This result was improved by Seymour [75], who gave a
O
�
lognloglogn � -approximationalgorithmthatsolvesthelinearrelaxationof thefeedback

arcsetmathematicalmodelandtheninterpretstheoptimalfractionalsolutionxU asalength
functiondefinedonthearcs.Systematically, in arecursivefashion,it usesthis lengthfunc-
tion to deletefrom thegraphG all arcsbetweenSandS̄. Notethatthelinearprogramcan
besolvedin polynomialtime by usingtheellipsoidor aninteriorpoint algorithm.Hence,
the quality of the boundin this approachdependson the way the graphis partitioned.
Seymourin [75] provedthefollowing lemma:

Lemma 3. For a given strongly connecteddigraph G � �
V� E � , supposethere exists a

feasiblesolutionx to the feedback arc setproblem. If φ is the valueof theoptimal frac-
tional solutionxU , then there exists a partition

�
S� S̄� such that, for someε, 0 C ε C 1,

the following conditionshold: If δ � S�1�i� � u� v �8� � u� v �>� E
�
G��� u � S� v � S̄� and

δ K � S�-�H� � v� u �1� � v� u ��� E
�
G ��� u � S� v � S̄� , then

∑
e E ! S"

w
�
e� x

�
e��& εφ(8)

∑
e E ! S̄"

w
�
e� x

�
e��& �

1 G ε � φ(9)

andeither

∑
e δl0! S"

w
�
e��& 20εφ log

� 1
ε
� loglogφ(10)

or

∑
e δX ! S"

w
�
e��& 20εφ log

� 1
ε
� loglogφ �(11)

Furthermore, thepartition
�
S� S̄� canbefoundin polynomialtime.
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The previous lemmaadmitsa constructive proof as hasbeenshown by Even, Naor,
Schieben,andSudan[28]. The algorithmproposedby Even et al. finds a feedbackarc
sethaving weight O

�
τ U log2 � X �9� , whereX is a specialsetof verticesdefiningthe cycles

to be hit andτ U is the weight of an optimal fractional feedbackset. They hadthe idea
of reducingthe problemto the directedminimum capacitymulticut problemin circular
networks andof adaptingthe undirectedsphere growing techniquedescribedin [34] to
directedcircularnetworks.They decomposedthegraphin thefollowing way. A fractional
andoptimalsolutionto thedirectedfeedbacksetprobleminducesadistancemetricon the
setof arcs(on thesetof vertices)E

�
G� . Theirapproximationalgorithmarbitrarilypicksa

vertex v � X andsolvestheshortestpathtreeproblemrootedatv with respectto themetric
inducedby thefractionalsolution. Theprocedurethatfindstheshortestpathtreedefines
layerswith respectto thesourcev. Eachlayeris adirectedcut thatpartitionsthegraphinto
two parts.Thenext stepof theapproximationalgorithmis to choosea directedcut andto
addthecut to thefeedbacksetconstructedsofar. Thealgorithmcontinuesrecursively in
eachpartandendswhenthegraphdoesnotcontainany interestingcycles.Thekey of the
algorithmis thechoiceof thecriterionto selectthedirectedcut thatpartitionsthegraph.
Evenetal. decidedto relatetheweightof thecut to thecostof thefractionalsolution.

More recently, Even,Naor, Schieber, andZosin[27] showedthat,for any weightfunc-
tion definedon thearcs,thesubsetfeedbackarcsetproblemcanbeapproximatedin poly-
nomialtimeby a factorof two. Theapproximationalgorithmconsistsof successive com-
putationsof minimumcuts. Its approximationfactoris estimatedby consideringthe ca-
pacitiesof minimumcutsasflow paths.Whennew minimumcutsarecomputed,previous
flow pathsareupdatedaccordingto thedecompositionof thegraphinducedby anoptimal
solution.

5. APPLICATIONS

Feedbacksetproblemswereoriginally formulatedin theareaof combinatorialcircuit
design,wherecyclescanpotentiallycausea problemcalleda “racing condition”, where
somecircuit nodemayreceivenew inputsbeforeit stabilizes[43]. To avoid sucha condi-
tion, a (clocked)registeris placedat eachcycle in thecircuit. However, thedelayin the
circuit speedis proportionalto thenumberof registersplacedalonga path.Therefore,the
objectiveis to minimizethenumberof nodes(registers)to beplacedsothatthetotaldelay
canbeminimized.

Anotherapplicationof thefeedbacksetproblemis in deadlockpreventionin computer
systems[59, 78]. Consideranoperatingsystemwhich schedulesdifferentprocesseswith
requestsondifferentresources,whichneedto useexclusively beforebeingreleasedby the
process.A directedgraphmodelingtheseresourcerequirementsis tohaveanodei for each
processi anda directedarce

�
i � j � denotesprocessi requestsa resourcealreadyallocated

to processj. Therefore,if thereis a directedcycle in sucha graph,a deadlockoccurs
andevery processin thecycle will wait for therequestedresourceandnever releasesthe
resourcesalreadyallocatedto it. To breaksuchcycles,onecanremove someprocesses
from thegraphandput themin awaitingqueue.It is clearthattheobjectiveis to minimize
thenumberof removedprocesses.

In recentyears,therehavebeenintensiveresearcheffortsin theVLSI testingcommunity
on thefeedbackvertex setproblemdueto thefollowing application[9, 49, 52]. A circuit
canbe modeledby a directedgraphwhoseverticesrepresentgatescomputingBoolean
functionsandthedirectedarcsrepresentwires that connectgates.In this case,finding a
minimumfeedbackarcsethelpsto reducethehardwareoverheadrequiredfor testingthe
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circuit by usingscan-designtechniques.Oneproblemwith this architectureis thecostof
additionalhardware. To reducethis overhead,partial scanmethodshave beenproposed,
whichonly scanasubsetof flip-flopsin thetestedcircuit. Thisway, thehardwareoverhead
of thescan-designcanbesignificantlyreduced.

Luccio [61] describesapplicationsof the feedbackvertex setproblemin synchronous
systems[69, 70]. Typically, a synchronoussystemcanbemodeledby a network, whose
verticescanbecoloredwhiteor blackandateachstepavertex changesits coloraccording
to the majority of its neighborsimplying that it is receiving the correctinformation. In
a “monotone”synchronoussystemonly white verticescanchangetheir color. It canbe
easilyseenthatin atoroidalmeshafeedbackvertex setof blackverticescausesall vertices
to becomeblack after somestepsand that a minimum feedbackvertex set is an initial
configurationof minimumcardinalitythatstabilizesthesystem.

Two notableapplicationsof theunweightedfeedbackvertex setproblemin artificial in-
telligencearetheconstraint satisfactionproblemandBayesianinference. Theapplication
in theconstraint satisfactionproblemis dueto Dechter[23] andDechterandPearl[22]. A
setof variable � x1 � x2 �
	�	
	�� xn � is given,whereeachvariablexi belongsto a finite domain
Di . For every i C j a constraintsubsetRi j � Di � D j is constructed,definingpairsof val-
uesallowablefor thepairof variables

�
xi � x j � . Theobjective is to find ann-tupleof values�

v1 � v2 �
	�	
	�� vn � to beassignedto � x1 � x2 �I	�	�	�� xn � , suchthatall theconstraintsRi j aresatis-
fied. With eachinstanceof theprobleman undirectedgraphG canbe associatedwhose
verticesarethevariables� x1 � x2 �
	
	�	�� xn � andwhosearcsetcontainsthearc

�
xi � x j � if and

only if Ri j c Di � D j . G is calledaconstraint networkandrepresentsaconstraint satisfac-
tion problem. It canbeeasilysolvedby applyinga backtrackingmethod,that repeatedly
assignsvaluesto the variablesin an orderpreviously definedand backtrackswhenever
reachinga deadend. This exponentialmethodcanbe improved, leadingto anotherex-
ponentialtechnique,but in thesizeof a feedbackvertex setof theconstraintnetwork. It
first findsa feedbackvertex setof theconstraintnetwork andthenarrangesthevariables
so thatvariablesin the feedbackvertex setprecedeall othervariables.Thebacktracking
procedureis applied,andassoonasvaluesof thevariablesin thefeedbackvertex setare
determined,a polynomialtime algorithmsolvestheconstraintsatisfactionproblemin the
remainingforest. In caseof successa solutionis found. Otherwise,a new backtracking
phaseoccurs.

Theapplicationof thefeedbackvertex setproblemto Bayesianinferenceis dueto Bar-
Yeruda,Geiger, Naor, andRoth[2]. They reducedtheweightedloopcutsetproblemto the
weightedblackout-feedbackvertex setproblemin a directedgraphG andgave a 2∆2 � G � -
approximationalgorithmfor solvingany of thesetwo problems,where∆

�
G� is thedegree

of G. Thisalgorithmreducedthecomputationalcomplexity of Bayesianinference.Givena
probabilitydistributionP

�
u1 � u2 �I	�	�	�� un � , whereui belongsto afinite domainDi , adirected

acyclic graphG is calleda Bayesiannetworkof P if thereis a one-to-onecorrespondence
between� u1 � u2 �
	
	�	�� un � andV

�
G � suchthat eachui is associatedwith the vertex i for

which thefollowing holds:

P
�
u1 � u2 �I	�	
	�� un �-�

n

∏
i � 1

P
�
ui � ui1 � ui2 �
	
	�	�� ui ji

���

where i1 � i2 �
	�	
	�� i ji are the tail verticesof the edgesin G whoseheadis i. The updat-
ing problem is that of finding for eachvalue of i the probability P

�
ui � � v1 � µ1 ��� � v2 �

µ2 ���
	
	�	�� � vl � µl ��� given that the values � µ1 � µ2 �
	
	�	�� µl � are assignedto somevariables
� v1 � v2 �
	�	
	�� vl � among� u1 � u2 �
	
	�	�� un � . Pearl[71] solvedthis problemasfollows. A trail
t in a Bayesiannetwork G is a subgraphwhoseunderlyinggraphis a simple path. A
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vertex b is a sink with respectto a trail t if thereexist two consecutive arcs
�
a � b � and�

b � c � on t. The arc t is said to be “active” by a setof verticesZ if every sink with
respectto t eitherbelongsto Z or hasa descendantin Z, andevery othervertex of t does
not belongto Z. Pearl’s algorithmfirst selectsa setof verticesS suchthat any pairsof
verticesin G areconnectedby at mostoneactive trail t � S 2 T, whereZ is any subset
of vertices. Then,for eachcombinationof valueassignmentsto the variablesbelonging
to S, a proceduregiven in [50] is applied. This solves the updatingproblemby view-
ing eachvertex asaprocessorrepeatedlysendingmessagesto eachof its adjacentvertices.
Whenequilibriumis reached,eachvertex i containstheconditionalprobabilitydistribution
P
�
ui � � v1 � µ1 ��� � v2 � µ2 �'�I	�	�	�� � vl � µl ��� . At theendall theobtainedresultsarecombined.

This technique,calledtheconditioningmethod, is exponentialin thesizeof S. Bar-Yeruda
et al. showedthatS is a loop cutsetof theBayesiannetwork andhenceis computableby
applyingtheiralgorithms.

Theapproximationalgorithmsfor theweightedfeedbackvertex setproblemhaveappli-
cationsin areasof computerscienceotherthanareasof artificial intelligence.Theleading
inferenceBayesianalgorithmis thecliquetreealgorithm[51] andShachteretal. [77] have
shown that the weightof the largestclique is boundedby the weightof the union of the
loopcutsetandthelargestparentsetof a vertex in aBayesiannetwork.

Even,Naor, Schieber, andSudan[28] showedthaton a specialnetwork calledcircular
networkany feedbackvertex setproblemis equivalentto anotherimportantNP-hardcom-
binatorialoptimizationproblem,calledthedirectedmulticutproblem, definedby Hu [41]
asfollows. Givena capacitatednetwork anda setof k source-sinkpairs,find a minimum
capacitysetof edgeswhoseremoval disconnectsall the source-sinkpairs. The relation
betweenfeedbacksetproblemsandmulticut problemswaspointedout by Leightonand
Rao[53]. Evenet al. [28] describeda simpleprocedurethat reducesan instanceof the
feedbackarcsubsetproblemto an instanceof theminimummulticut problemin circular
networks,which arenetworkssuchthat for eachsource-sinkpair

�
si � ti � aninfinite capac-

ity edgeti � si is defined.The approximationalgorithmsfor the feedbacksetproblems
proposedin [28], anddiscussedin Subsection3.3.2,havebeendevelopedby theauthorsto
improvethestateof theartof ratiosof approximationalgorithmsfor thedirectedmulticut
problem.

In a very recentpaperby PachterandKim [66], a connectionbetweenthefeedbackarc
setproblemandtheforcingproblemin squaregridshasbeenestablished.GivenagraphG
admittingaperfectmatchingM, theforcingnumberof M is thesmallestnumberof arcsin a
subsetS c M, suchthatSis in nootherperfectmatching.A subsetShaving thispropertyis
saidto forceM. Theconceptof forcingarisesin combinatorialchemistry[47, 48] leading
to extensive studyof forcing in hexagonalsystems[15, 39, 56]. Pachteret al. [66] solved
theforcingproblemin specialsquaregridgraphsdenotedby Rn � P2n � P2n, where � is the
CartesiangraphproductandP2n is thepathon 2n vertices.They useda resultof Lucchesi
and Younger[60] statingthat, for a finite planardirectedgraph,a minimum feedback
sethascardinalityequalto that of a maximumdisjoint collectionof directedcycles. A
directedgraphG hasthe cycle-packing property if the maximumsizeof a collectionof
edgedisjoint cyclesequalstheminimumsizeof a feedbackset. This propertystill holds
for anundirectedgraphif everyorientationof theedgesresultsin adirectedgraphwith the
cycle-packingproperty. Startingfrom a perfectmatchingM of a bipartitegraphG having
the cycle-packingproperty, Pachteret al. constructeda directedgraphD

�
M � having the

samevertex setof G partitionedinto two setsA andB andwhosearcsetcontainsanarce
directedfrom A to B if e � M, from B to A otherwise.They provedthat thereis a one-to-
onecorrespondencebetweenalternatingcyclesin M anddirectedcyclesin D

�
M � andthat
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for every feedbacksetin D
�
M � thereis a forcingsetin M of thesamecardinalityandvice

versa.
Somerecentpapersdueto Isaak[42] andCharonet al. [14] examinedtournaments

problemsas a generalizationof the feedbackarc set problemfor digraphs. A (round-
robin) tournamentT � �

X � U � is acompleteasymmetricgraphsuchthatfor everyx� y � X
thereis a uniquearc

�
x� y � or

�
y� x � . A weightedtournamentis a tournamentfor which a

weightfunctionw is definedonU with valuesfrom thepositivesetof naturalnumbers.A
classicalNP-hardtournamentproblemis the following: Givena weightedtournamentT,
find aminimumweightedsetof arcsof T suchthatreversingthesearcsmakesT transitive.
Considerany digraphD � �

X � V � astournamentT � �
X � U � , with V c U weightedby w.

The weightsw aredefinedon U by w
�
u �R� 1 if u � V andw

�
u �B� 0 if u � U , V. Any

optimal solutionof the feedbackarc setproblemon D givesan optimal solution to the
tournamentproblemonD andviceversa.

6. FUTURE DIRECTIONS

Despitethe largebodyof work on feedbackvertex set,many interestingproblemsre-
mainto beanswered.

Recentadvancesin approximationalgorithmsseemto pushtheboundarycloserto the
limit. For undirectedfeedbackvertex set, the worst casebound2 cannotbe improved
unlessthevertex cover problemcanapproximatedwithin a boundlessthan2, which has
beenconjecturedby Hochbaum[40] to be NP-complete.The picture is still lessclear
for the directedcase,wheredespitethe arduousefforts of several researchers,the best
known approximationboundis still O

�
lognloglogn � , and no approximationalgorithm

with constantratio boundhasbeenreported.Yannakakis[88] conjecturedthat thereis a
gapbetweentheapproximationof thedirectedandtheundirectedcasesfor feedbackvertex
set. This remainsthe biggestopenquestionin the approximationof feedbackvertex set
problems.

Traditionally, themajor tool usedto attackfeedbackvertex sethasbeengraphtheory,
whereastheapplicationof mathematicalprogrammingis relatively limited. Recently, Goe-
mansandWilliams usea primal-dualformulationto modelandestablishuniform worst
caseboundsfor awiderangeof node-deletionproblems.They establishedaboundof 9J 4.
However, it is still inferior to thebestknown bound,andGoemansandWilliamsonposed
theopenquestionof whethertheboundby aprimal-dualmethodcanmatchthebestbound
of 2 for undirectedgraphs.Funke andReinelt[31] developeda polyhedralbasedinteger
programmingalgorithmto exactlysolvethefeedbackvertex setproblem.Giventhepower
of mathematicalprogrammingto othercombinatorialoptimizationproblems,it appears
thatmuchwork needsto bedonealongthis direction,bothwith regardto approximation
andexactalgorithms.

On the specially-structuredpolynomiallysolvablecases,Levy andLowe’s result[55]
seemsto pushthestudyalongthis line to the limit, at leastfor flow typegraphs.Recent
applicationsin partial scandesignreport successfulapplicationsof the even somewhat
bruteforceexactenumerationmethods.All of thesemethodsareusedin conjunctionwith
problemreductiontechniques,which is quiteuniqueto feedbackvertex set. It would be
interestingto furtherinvestigatetheimpactof thesereductiontechniqueson thecomputa-
tionalcomplexity of exactor approximatealgorithms.In addition,it mayalsobepossible
to identify new classesof polynomiallysolvablefeedbacksetproblems(e.g. in VLSI de-
signandcircuit testing).
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In contrastto theapproximationliterature,computationalstudiesof feedbackvertex set
problemsseemto bestill in their embryonicstage.No modernmetaheuristics,exceptthe
GRASPprocedurerecentlydevelopedby Pardalos,Qian,andResende[68] haveeverbeen
appliedto the feedbackvertex setproblem. The dimensionsof the generalproblemthat
canbehandledarestill quitelimited. It seemsthatthisareaof computationalresearchhas
thegreatestpotentialfor progressandimpactin thecomingyears.It is alsoworth noting
that,sincedetectingcyclesis a relatively expensiveoperation,thelocalsearchof feedback
vertex setappearsto be evenmoredifficult thanothernotoriouscombinatorialproblems
likethetravelingsalespersonor setcoveringproblems.Thedesignof efficient localsearch
procedureswill alsobea key to theeffectivecomputationalprocedurefor feedbackvertex
set.
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