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ABSTRACT. We study and compare preconditioners available for network interior point
methods. We derive upper bounds for the condition number of the preconditioned matrices
used in the solution of systems of linear equations defining the algorithm search directions.
The preconditioners are tested using PDNET, a state-of-the-art interior point code for the
minimum cost network flow problem. A computational comparison using a set of standard
problems improves the understanding of the effectiveness of preconditioners in network
interior point methods.

1. INTRODUCTION

A number of implementations of interior point methods for the minimum cost network
flow (MCNF) problem have been proposed [16, 19, 20]. These procedures show that interior
point methods may be competitive with the classical algorithms in several classes of the
MCNF problem. The efficiency of these codes is heavily dependent on the method used to
compute the search directions within the interior point algorithm framework.

Finding a search direction in interior point methods for linear programming involves
the solution of a system of linear equations. In the most common variants, this results in a
system of normal equations:

1) AGATX =Db,

where A is the m x n matrix of the coefficients and © is a n x n diagonal matrix of positive
elements. Either a direct factorization or an iterative method can be applied to solve (1). If
we assume that A has full row rank, then AGA T is a symmetric positive definite matrix. The
most commonly used direct and iterative approaches to solve this system are, respectively,
the Cholesky factorization and the preconditioned conjugate gradient (PCG) algorithm.

Even for some small scale MCNF problems, direct methods suffer from excessive mem-
ory requirements. This deficiency is illustrated in Figure 1 and Table 1 for a class of
transshipment problems on a grid. Let L denote the triangular factor of AGAT. Figure 1
displays the nonzero structures of the matrices AGAT and L+ LT after minimum degree
ordering, illustrating the large amount of fill-in that occurs during the factorization.

In the particular case of the MCNF problem, direct factorization methods are not com-
petitive with the pcG algorithm. Efficient preconditioning strategies for AGAT have been
devised, making the pcG method a powerful approach in this context. Table 1 com-
pares CPLEX and BAROPT (a state-of-the-art primal-dual interior point algorithm based
on Cholesky factorization) and PDNET (a network flow conjugate gradient based primal-
dual interior point algorithm). In this table, the label nodes indicates the number of nodes
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FIGURE 1. Sparsity patterns for AGAT and L+ LT

TABLE 1. CPLEX & PDNET statistics for transshipment on a grid

CPLEX PDNET
nodes nzlw dsw nz itrs time itrs cgitrs time
256 1705 62 87x10° 27 054 26 145 0.26
512 3505 209 4.8x10* 20 284 33 164 0.71
1024 7004 82 48x10* 44 538 33 137 1.59

2048 14048 113 1.3x105 54 1957 35 211 451
4096 28652 1654 2.2x10° 29 67461 38 237 1140
8192 57151 165 7.5x10° 61 21021 43 246 26.62
16384 112645 220 1.7x107 67 51408 41 254  61.38
32768 229872 15306 1.6x 10° 67 1697 501.10
65536 did not run 47 370 593.26

(the number of arcs is 8 x nodes), nzlw and nz denote the numbers of nonzero elements of
the lower triangular part of AGA T and factor L, respectively, dsw represents the size of the
dense window [1], itrs and time represent the number of interior-point iterations and the
CPU time in seconds taken by CPLEX and PDNET, respectively, and cgitrs represents the
total number of the conjugate gradient iterations required by PDNET. The experiment was
done on a Silicon Graphics Challenge (196 MHz MIPS R10000 processor).

Table 1 shows the rapidly increasing difficulty encountered by the direct factorization
method as the size of the network increases. Even for the small 4096 node instance, the
amount of fill-in is overwhelming. Standard techniques such as the use of a dense window
appear to be of little help. A conjugate gradient based method solves this same instance 60
times faster and is capable of solving much larger problems.

The key ingredients to construct an efficient conjugate gradient based interior point
code are the choice of stopping criterion and preconditioners for the pcG algorithm. The
stopping criterion should minimize the computational effort involved in computing search
directions that guarantee global convergence for the interior point algorithms. This is the
idea behind the truncated optimization methods [6, 7]. In [19], a truncated Newton interior
point method for linear programming is described. PDNET is an implementation of this
algorithm for the MCNF problem.

A preconditioning matrix M is used to indirectly solve (1) by a transformed system,

M 1AGA x =M1h.
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Without preconditioning, the efficiency and the convergence of the conjugate gradient
method depends on the distribution of the eigenvalues of AGAT. An appropriate start-
ing solution usually results in well conditioned system matrices for the initial iterations of
the interior point method. However, as the algorithm progresses, the values of the scaling
diagonal © spread and the conditioning of AGA T degrades rapidly. An effective precondi-
tioner must improve on the spectral properties of the original system matrix without adding
significant computational effort to the PCG algorithm.

Several families of preconditioners have been proposed for the PCG applied to network
interior point methods [16, 18, 21, 26]. In this paper, we review the diagonal [26], the
maximum spanning tree (MsST) [21], and the diagonally compensated maximum spanning
tree (DcMsT) [16] preconditioning procedures. We derive upper bounds for the condition
numbers of the preconditioned matrices obtained with these schemes. PDNET is used to
compare the behavior of these preconditioning techniques in the initial, intermediate and
final stages of the truncated Newton method.

Before concluding this introduction, we present some notation and outline the remainder
of the paper. We denote a vector of ones by e. For x € R", we represent by X the n x n
diagonal matrix having the elements of x in the diagonal. The number of elements of the
set A is denoted by | #{|. For a square matrix B, A(B), A(B) and K(B) represent the smallest
eigenvalue, the largest eigenvalue and the condition number, respectively. diag(B) denotes
the diagonal matrix having the diagonal elements of B in the diagonal.

In Section 2 we describe the truncated Newton algorithm for the linear optimization
problem. In Section 3 the conjugate gradient algorithm is presented. In Section 4 we
exploit the special structure of the node-arc incidence matrix to derive an upper-bound for
the condition number of the normal equations matrix A@XAT . The effect of preconditioning
is explored in Section 5. The computational experience and the concluding remarks are
reported in sections 6 and 7, respectively.

2. THE TRUNCATED NEWTON ALGORITHM
The minimum cost network flow problem is a linear optimization problem of the form
) min {c'x | Ax = b; x+s = u; x,s > 0},

where A is an m x n matrix obtained from the node-arc incidence matrix after the redundant
constraints are removed, and b, u, x and s are the vectors of supply/demand at the nodes,
arc capacities, flow variables and primal slacks, respectively. The dual of (2) can be written
as:

©)] max {b'y—u'w|ATy—w+z=c; z,w> 0},

where y is the vector of dual variables and w and z are the vectors of dual slacks.
The Karush-Kuhn-Tucker conditions

Ax =b,
X+s=u,
Aly—w+z=c,
(4)
Xz=0,
Sw=0,
X,S,w,z >0,

are necessary and sufficient for (x,y, s, w,z) to be an optimal solution of the pair of problems
(2)-(3). Primal-dual variants of interior point methods solve (4) by following the central
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trajectory [15, 8] defined as

Ax=Dh,

X+S=u,

©) Aly—w+z=c,
Xz = e,

Sw = pe,

X,S,W,z >0,

where P > 0 is the trajectory parameter. At each iteration, the interior point algorithm sets
the value of the trajectory parameter and computes the Newton search direction used to
obtain the next iterate toward the central trajectory. Convergence to an optimal solution is
attained as p — 0.

The truncated dual feasible, primal infeasible variant described in [19] stems from the
work of Dembo et al. [6], Dembo and Steihaug [7] and [13]. Customary with minimum
cost network flow problems, we assume the existence of strictly interior dual solutions.
The iterates generated by the algorithm are required to satisfy the dual constraints and
strict positivity of primal and dual variables, but not the primal equality constraints.

Following the derivation by Kojima, Megiddo and Mizuno [13], let Bo, B1, B2, B3, yand
yp besuchthat0 <y<1,y,>0and0 < By < B1 < B2 < Bz < 1. Furthermore, let g and g
represent tolerances required for the optimal complementarity gap and primal feasibility,
respectively. The sequence of solutions produced by the interior point algorithm belong to
a given neighborhood of the central trajectory,

K ={(x,s,y,W,2) :
(6a) (X,8,Y,W,z) > 0,x+s=u,A'y—w+z=c,
(6b) Xizi > yu(x,s,w,z) (i=1,2,...,n),
(6¢) wisi > YU(X,s,w,2) (i=1,2,...,n),
(6d) W(x,s,w,2) > yp||Ax— Db or |[Ax—b]| < gp},
where the central trajectory parameter is defined as
H(x,s,w,z) = 81%.

In the definition of X, relation (6a) states the feasibility requirements for the algorithm
iterates. The inequalities in (6b) prevent the generated sequence from reaching the feasible
boundary before convergence. Relations (6¢-6d) exclude the possibility of convergence to
an infeasible complementary solution.

The algorithm starts with an interior, but possibly primal infeasible, solution in K. At
iteration k, it computes an approximate Newton direction with components AxK, Ay, Ask,
AwK and AZK, by solving the linear system

(72) ANXK = b — AXK K,
(7b) A+ Ask =0,
(7¢) ATAYK — AWK 4 Az =0,
(7d) 0%+ XKazk = e — XK ZKe,

(7€) WHKASK 4 SKAWK = e —WKSke,
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As indicated by (7a), the primal equality constraints are not satisfied by the current iter-
ate and the residual vector r reflects the inexact computation of the Newton direction,
satisfying

®) Il < Boll AX* —b].
Observe that setting Bg = 0 is equivalent to the replacement of (7a) by
AAXK = b — AXK,

resulting in the exact Newton method of Kojima, Megiddo and Mizuno [13].
The system of linear equations (7) can be rewritten in a more compact form. Let

© ok = (zk(xk)*1+wk(sk)71)f1
and
(10) b=—Ack (pk(x")*le —m(SHte—c+ ATy") + (b—AXN),

allowing the original system to be solved in two stages. First, Ay¥ is computed by solving
the linear system

(11) AGKATAYK = b+ r¥.
Recovering AxK, As¥, Awk and Az¥ can be achieved by simple affine expressions,
XK = QAT AV + OF (e (XF) te — e (SK) te —c + ATYX),
As€ = —AXK,
A = 7+ (XK)Te — ZK(X9)LAXK,
AWF = —wK i (89 Te —wk(sk)~lask

When applying an iterative method for solving (11), the computation of this search
direction amounts to solving inexactly the system of normal equations

(12) AG*ATAY* =b.

The relation in (8) provides a stopping criterion for the iterative method, while assuring
global convergence of the interior point method,

(13) IAG AT Ay —b]| < Bo||AX* —b].
After obtaining the search directions, the new iterate is computed as

kL yk +apAXk7
S B +apA5k,
Y =y + agay’,
wWEH = WK g Awk,
7 = K agnzk,

where distinct step sizes ap,aq € (0,1] are chosen in the primal and dual spaces. Still

in accordance with the derivation of Kojima, Megiddo and Mizuno [13], the step sizes
are computed in two stages. Initially, the algorithm computes a common step size which
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guarantees a reduction of the trajectory parameter and complementary slackness for the
next iterate, satisfying the global convergence requirements,

a=max{0<a<1: (xa),sa),y(a),w(a),a)) e X,
u(x (@), s(00), Y (a), w¥ (@), 24(a)) < (1—a(1—B2))uk},

where
x¥(a) =Xk + anxk,
s(a) = s“ + aAsk,
Y (0) = y* +any,
wh(a) = WK + aAwk,
2(a) = 2 + anz.

Subsequently, more effective primal and dual step sizes can be selected, as long as the new
iterate satisfies

(Xk+1,sk+1,yk+1,wk+1,Zk+1) € X,
M1 < (T—a(l—PBs)) Hk
Most practical implementations of this algorithm [14, 19] select large step sizes,
ap = pp max{a >0 x*+aAx >0, s*+ aAs* > 0},
ag = pg max{a > 0: W +adw* > 0, 2 +aAz* > 0},

with pp = pg = 0.9995. However, the algorithm described in this section cannot ensure
global convergence for this choice of step sizes.

Infeasible exact Newton methods possess global, polynomial and even super linear con-
vergence. Kojima, Megiddo and Mizuno [13] have shown that when g = 0, the algorithm
described in this section produces, in a finite number of iterations, a solution that either sat-
isfies the given optimality and feasibility tolerances or exceeds a prescribed upper bound
for its norm. In [27], Zhang presented an exact Newton interior point algorithm which
guarantees to return an approximate solution by assuming that the set of optimal solutions
is nonempty. This algorithm was also proved to have polynomial complexity. The conver-
gence theory of infeasible exact Newton methods is based on the fact that the generated
sequence of iterates satisfies the equality

(14) AXE —b = v (A — D),

where vy is positive and converges to zero as k — oo,

The inexact Newton method presented in this section was introduced by Portugal et al.
[19]. In this algorithm, the norm ||A(x¥ + AxK) — b|| measures the closeness between the
exact and the approximated Newton directions. The sequence generated by the algorithm
does not satisfy equality (14). Instead, the weaker condition

(15) [|AXK — bl| = v ||AX° —b]|

holds. A slight modification of the analysis presented in [13] establishes the following
convergence result for the truncated Newton method.
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Theorem 1. There is an iteration k where (x¥,s* yX wk z¥) is an approximate solution
satisfying

either p <g and [|AXK—b|| <gp,
or ||(WX,Z)|| — o as k— oo,

Proof. The proof differs from that presented in [13] for the exact Newton algorithm in
only one detail. Instead of satisfying equality (11a) of [13], the sequence generated by this
inexact Newton method satisfies

A+ ax) —b = (1 —a)(AxK —b) +ark,

where r¥ is such that
Pl < BollAX“ —b.
By taking this into consideration, we obtain for every a € [0, 1] that (see [13], page 271)

gp(ar) > (B1 —Po)e"a —na? if gp(0) > 0,
(L—a(l—Ro))|AX* —b]| < gy if gp(0) <O,
where
gp (@) =(x* + o) T (2* + aAZ) + (WK + aawk) T (s + ansk)+
Yp(L— o) [[AX* —b]].

Consequently, the primal and dual step sizes are bounded away from zero, that is, there
exists a o* > 0 such that a > a* holds for every k. O

It follows from this theorem that the algorithm converges to an approximate optimal
solution if the sequence of dual iterates is bounded. This assumption, commonly used
in the analysis of nonlinear programming algorithms, is reasonable when solving feasible
linear programs, especially in the case of network flows, where detection of infeasibility
is straightforward. Computational experience described in [18, 19] support this conjec-
ture. We have not been able to establish this result theoretically (see also [4]). Since dual
feasibility is assumed in our algorithm, the linear program has a finite optimal solution.

After the design of our algorithm, several attempts have been made to develop globally
convergent truncated interior-point methods for linear programs and other related prob-
lems [9, 17, 5, 4]. We have no intention in this paper to comment on the benefits and
drawbacks of these alternative techniques in practice. Instead, our main objective is to
provide bounds for the condition number of the matrices M—1(A@KAT) associated with the
system of normal equations (12), where © is given by (9), M is a preconditioning matrix
to be discussed later and A is a full-row rank node-arc incidence matrix. We believe that
the results included in this paper may also have an important impact on the solution of
linear network flow problems by these alternative interior-point techniques.

Another important property of the interior point algorithms is concerned with the limit
points of the iteration sequence. Let S denote the set of pairs of primal and dual optimal
solutions . Classical linear programming theory guarantees the existence of a strictly com-
plementary pair [22], which induces the optimal partition of the primal variables index set
{1,2,...,n} into

B={i:zi=0andw; =0V (x,y,5,W,2) € S},
L=A{i:xp=0andw; =0V (x,y,5,w,2) € S},
U={i:si=0andz;=0V (X,y,5,W,2) € S},
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procedure pcg(A, ©%, b)

1 Compute Ay, as a guess of AyK:
2 ro:=b—AGATAY,;

3 solve Mzg = rg;

4 poi=2o;

5 i:=0;

6  dostopping criterion not satisfied —
7 i .= AGFAT p;;

8 ai :=zri/p; ai;

9 Ay; 4 == Ay +aipi;

10 Fit1 := ri — 0id;

11 solve Mzj 1 = riy1;

12 Bi=z{ riy1/z 1i;

13 Pit1 = Ziy1 + Bipi;

14 i=i+1

15 od;

16 Ayk:= Ay,

end pcg;

FIGURE 2. The preconditioned conjugate gradient algorithm

where B indicates primal variables and corresponding slacks with strictly positive values,
L primal variables in the lower bound and ¢ primal variables in the upper bound. Equality
(14) can be used to prove that there exists a constant T such that the sequences of iterates
generated by infeasible exact Newton algorithms progressing inside neighborhoods of the
central path similar to set K satisfy, for all k sufficiently large [23], [25],

1
T<siox < Tand yip <z < %

(16) T<sk, 2k < = and yp < xEwk < % ificr,

ifi € B,

e

T<xwk< ? and yTp < sk, 72 < % ifi e .

Therefore, in degenerate cases, the limiting behavior of these trajectories guarantees the
identification of optimal primal and dual facets

We have not been able to establish a similar result for the truncated version of the algo-
rithm. Nevertheless, we observed that the generated iteration sequence satisfies conditions
(16) in practice. Our implementation of the truncated Newton method uses these conditions
for early detection of the optimal solution.

3. THE PRECONDITIONED CONJUGATE GRADIENT ALGORITHM

A fundamental feature of an interior point implementation is the method selected for
solving the linear system which determines the search direction at each iteration. As de-
scribed in Section 2, primal-dual interior point variants use the system of normal equations

(17) AGKATAY =D,
where @K and b are given by (9) and (10).
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In PDNET, the preconditioned conjugate gradient algorithm is used to solve this linear
system, using a stopping criterion based on the convergence properties of the truncated
algorithm as stated in (13). Our implementation of the pcG algorithm follows the pseudo-
code presented in Figure 2. This iterative solution method for linear systems attempts
to increase the rate of convergence of the standard conjugate gradient method [3, 10] by
transforming the original system in Equation 17 as follows:

M 1AGKAT AV = M~ 1h.
The preconditioning matrix M is symmetric and positive definite, sufficient conditions for
the pcG algorithm to inherit all convergence properties of the standard conjugate gradient
method. The aim of preconditioning is to produce a system matrix M—tA@XAT with more
favorable spectral properties than those of AGXAT. The result is improved efficiency of the
conjugate gradient algorithm by reducing the total number of iterations.

The usual strategies for building preconditioners consist of computing approximations
of either the system matrix or its inverse. In the second case, the linear systems in steps 3
and 11 of the pcG algorithm are replaced by the matrix-vector products zg := M~1rg and
Ziy1 := M~1ri, 1, respectively. Effective preconditioners reduce the iteration count of the
conjugate gradient algorithm but incur in the additional computational cost of constructing
either M or M—L. In addition, at each iteration of the PcG algorithm either solves the linear
system Mzj 1 = ri,1 Or computes zj.1 := M~1ri,1. The gain in the convergence speed
achieved with a preconditioning scheme must superior to the extra computational costs.

4. THE CONDITION NUMBER OF THE NORMAL EQUATIONS MATRIX

In this section, we exploit the special structure of the node-arc incidence matrix to
derive an upper-bound for the condition number of the normal equations matrix AGKAT
that depends on the size of the diagonal elements of the diagonal matrix ©X. By assuming
property (16), we further show that the condition numbers of the matrices AQXAT used by
the truncated interior-point methods are uniformly bounded in the last iterations provided
this algorithm converges to a primal nondegenerate solution. However, the boundedness
of the condition number is not guaranteed under a primal degenerate optimal solution.

We start by recalling some properties that will be useful to establish the main results of
this and next sections. We also omit the superscripts k for easier explanation.

Proposition 1. Let B be a m x m symmetric matrix. Then

m m
' - < < <
,min biy zl Ibni| p <A(B) <A(B) < max by + th |bhi |

hAl

Proof. This is the well known Gerschgorin Theorem (see [3]). |

h=
hl

Proposition 2. Let B and C be symmetric matrices, and let \j(B) denote the it eigenvalue,
where we order the eigenvalues in an increasing order. Also, let A(C) and A(C) denote the
extreme eigenvalues of C. Then,

Ai(B) +A(C) < Ai(B+C) < Ai(B)+A(C).
Proof. This is a Corollary of the Courant-Fischer lemma (see [3]). O

Proposition 3. Let B be a symmetric positive semi-definite matrix and C be a symmetric
positive definite matrix. B

(i) If p1 is a number such that A(p;C —B) < 0, then A(C™!B) > p;.
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(i) If p is a number such that A(p,C —B) > 0, then A(C™1B) < p,.
Proof. See [3], page 404. O

Let G = (A, 4) denote the network associated to the MCNF problem, where A and

4 represent the set of nodes and the set of directed arcs, respectively. Each element (i, j)

of 4 corresponds to one column of A and vice-versa. The same correspondence between

elements of 2 and diagonal elements of © exists. Suppose that # is a subset of .2 and

let A, and ©,, be the corresponding submatrices of A and ©, respectively. The diagonal

Element [As©5A,Jn and the off-diagonal element [A;©,A, Jin of Ay ©4A,, are given
y

AsOsAsli= 5 8ij
(NEMNE]
and
—eij if 7 N H, #0
[Asr@urAgdin = < (i):(i.))Esn 24,
0 if #HNH =0

respectively, where #; represents the set of arcs in # incident to node | and 6;; denotes the
diagonal element of ©,, associated to arc (i, j).

Theorem 2. AN(A;©4A,,) < 2N(Oy)|H|.

Proof. We note that
m

(18) A5 @sAslit 2 Y [[Asy@sAslnil, | =1,....m.
h=1

hl
So, from Proposition 1 we obtain

MAO,AL) < 2 max {[AHGHA}[]”} — 2 max { S ei,-}
(i)

1<I<m 1<I<m
< 2N < 2A(
< 2M(Ou) max {|74]} < 2A(@y0)|21

as desired. O

Since we assume that A is a full row rank matrix, AGA " is positive definite and there
exists at least one basis of A. However, A}[GHAI[ is not positive definite for every sub-
set H of 4. A necessary and sufficient condition for the positive semi-definite matrix
A}[eﬂAL to be nonsingular is the existence of a set of arcs 7 C A such that G = (A, 7)
is a spanning tree.

Theorem 3. AH@HAL is positive definite and

A(©7)
m2

if and only if there exists T C # such that G = (A(, T) is a spanning tree.

AAsOuhy) >

)

Proof. The rank of A, equals the cardinality of 7', where 7 C A is the maximum cardi-
nality set such that G = (A(, T) does not contain any cycle [2]. If G = (A(, 7)) is not a span-
ning tree, then | 7| < m, A, ©,A, is singular and A(A,;©,A, ) =0. If G = (N, T) isa
spanning tree, then |'7| =mand A}[OHA;{ is positive definite. In this case, let 7 =H — 7.



PRECONDITIONERS FOR NETWORK INTERIOR POINT METHODS 1

Since A;T(:),}Ag and A7 (©7 —A(O7)I)A; are positive semi-definite matrices and the lat-
ter is singular, then from Proposition 2 we have
MAOsAy) > MATOTAL) +A(A7O7AL) > A(A7OLAL)
> MA7(O7 —A(©1)1)Az) +A(Or)A(ArA])
A(O7)
AAZTAL)

Now, A;l is @ matrix having nonzero elements equal to 1 or —1 [2]. So, according to

Proposition 1, A(A;"A") < m? This gives the above lower bound for A(A,©,A])
when A, ©,A, is nonsingular. O

The next result establishes an upper bound for the condition number of AGAT.

Corollary 1. Suppose that the elements of © represent weights associated to the arcs of 4
and let G = (A, 7) be a maximum spanning tree of G = (A,4) and 7T = 4 —T. Then

A(O7) AOg)
19 K(AGAT) < 2md +2m?(n—m T
19 (AOA) = 2m¥e,) T Mye,)
Proof. From Theorem 3 we have that
MaeaT) > 207
m

since AGA is positive definite. On the other hand, Proposition 2 and Theorem 2 give

MAGAT) < MArOrA7)+A(A7O7A])

< 2mA(Of)+2(n—m)A(O7).

Condition (19) is obtained by dividing the upper bound by the lower bound estimated for
the eigenvalues of AGAT. O

At the first iterations of the truncated Newton algorithm, we can manage to obtain ma-
trices AGAT well conditioned by choosing an appropriate starting point for this method.
As the algorithm progresses, the values of the diagonal elements of © spread and the con-
ditioning of AGAT degrades. At the final stages, it may happen that AGAT is very ill
conditioned.

As discussed in Section 2, we assume that there exists a constant T such that the condi-
tions in (16) hold when p becomes small.

Corollary 2. Suppose that conditions (16) hold with g small. Then, at the later iterations
of the truncated Newton method

T +Tp 11+ if [B] =m
22

(20) K(AGAT) < {1, 11, if |3 >m
Tl(ﬁﬁ—%ﬂ—rz if |B| < m,

NI

where the constants 11 and T, are given by

1 1
=2ml— d =2m*(n—m)—.
191 m e and T, m-(n m)YT4
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Proof. Since

o= (zx1+ws )

where Z, X, W and S are diagonal matrices with diagonal elements zjj, X;j, wij and s;j
respectively, then it immediately follows from the conditions (16) that

1
— << < -
0 S A(©3) <A(Og) < yi22u and
1 = 1
T r <AOruu) SMOLuu) < .
VT YT
Furthermore for small and positive i we have
! = ﬁ 2 < ﬁ and
onte M1+ M
1 1 2 < 1
e A I - T

Now the conditions (20) follow from (19) by setting 7 = B, 7 C B and 7 D ‘B, respec-
tively. |

We note that |B| =m, |B] < m and |B| > m correspond to the cases of primal and
dual nondegeneracy, dual degeneracy and primal degeneracy respectively. It follows from
this theorem that under the assumption (16) the condition number of AGA™ is uniformly
bounded at the last iterations of the algorithm provided the optimal solution is primal non-
degenerate, confirming in a more formal approach the analysis presented in [11].The upper
bound found for k(A@A ) when the primal and dual optimal solution are unique, is smaller
than that obtained when dual degeneracy is present, since in the first case the second term
in (20) vanishes as p — 0. If the problem is primal degenerate, then the right-hand side
of (20) converges to infinity as g — 0. In this case, AGAT is usually poorly conditioned
when p becomes small. In certain implementations of interior point methods for linear
programming where Cholesky factorization is used to compute the search directions sev-
eral schemes are used to overcome this problem, namely, procedures to handle negative
and zero pivots encountered during the factorization process [24]. In the conjugate gra-
dient based interior point algorithm we propose for the MCNF problem, preconditioning
schemes for the matrix AGA T are used. As we show in the next section, we can manage to
reduce to 1 the first term in (20) by using spanning tree based preconditioning techniques.

5. CONDITION NUMBER OF THE PRECONDITIONED MATRIX

As discussed in Section 3, the system of normal equations (12) is solved with the
preconditioned conjugate gradient method. Implementations of interior point methods
[16, 19, 26] recommend a combination of diagonal, maximum spanning tree (MST) and
diagonallly compensated maximum spanning tree(DCMST) preconditioners. The success
of these strategies depends on the boundedness of the condition number of the precondi-
tioned matrix M~1(A©,AT). In this section, we derive condition number upper bounds for
systems using each one of the these preconditioners. The theoretical results support our
preconditioning strategy, as described in [19].

The diagonal preconditioner

M = diag(AGA ")
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was first used by Yeh [26] in the context of interior point algorithms for network flows.
The cost of constructing M~ is O(n) additions and O(m) divisions. The cost of com-
puting zj;1 = M~1ri, 1 is O(m) multiplications. The next result gives an upper bound for
K(M~AGAT).

Theorem 4. Let G = (A(,T) be a maximum spanning tree of G = (A, 4), T=a4-T
and M = diag(AGAT). Then,

- A(©O7) A(©7)
21 k(M1AGAT) <2m* =L 4 om?(n—m)——Z<.
@ ( )= 2o T Wyey)
Proof. Since 2M —AGAT is positive semi-definite, then
A2M—AGAT) >0
and, by Proposition 3, B
AM1AGAT) <2.
Now, let
0 1
1= ——= .
AOq) A©7)
m*3en + M ("M
From Propositions 1, 2 and Theorem 3 we have
)\_<le —A@AT) < piA(M) —A(AGAT)
= = N(E
< oA (@y) + pr(n - mn(©7) - 2O g
Thus, é is an upper bound for the condition number of M—1AGAT. |

It is interesting to note that the upper-bound achieved for the preconditioned matrix
M~1(AGAT) coincides with that of the matrix AGAT. This result is not surprising. Com-
putational experience described in [20] has shown that the diagonal preconditioner is effec-
tive at the first stages of the interior point algorithms when AGA " is itself well conditioned.
However, as the algorithms progress, it performs similarly to the identity matrix precondi-
tioner.

The lack of effectiveness of the diagonal preconditioner at the intermediate and final
iterations of the interior point methods motivated the search for other preconditioning
schemes. The maximum spanning tree (MST) preconditioner was introduced by Resende
and Veiga [21]. It has the form

M =A;OLAL,

where G = (A(,T) is a maximum spanning tree of G = (A(,4) with edge weights ©.
Contrary to the diagonal preconditioner, this preconditioning matrix takes advantage of the
structure of the optimal solution of the MCNF problem. Constructing M involves computing
G = (N, 7T) and inverting ©4 ((9:[l is explicitly computed in order to perform multipli-
cations instead of divisions when the linear systems Mz; 1 = rj;1 are solved in the PCG
algorithm). In [21], the Kruskal algorithm is used to compute an approximate maximum
spanning tree, while in [19] an exact maximum spanning tree is obtained by employing
an implementation of Prim’s algorithm with a Fibonacci heap data structure. The running
time for this last method is O (n+mlog(m)). The cost of solving Mz;.1 = ri;1 is O(m)
additions and multiplications.
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In [16], Mehrotra and Wang proposed the diagonally compensated maximum spanning
tree (DCMST) preconditioner

M =A7O7A;+D, with D=qdiag(A;O;AL),

where G = (A(,T) is a maximum spanning tree of G = (A, 4) T =A4—7,and @is a
nonnegative parameter. We further notice that the MST preconditioner is a special case of
this last one when @ = 0. Next, we establish an upper-bound for the condition number of
the preconditioned matrix when M is the DCMST preconditioner.

Theorem 5. Let g_: (AL, 'T) be amaximum spanning tree of G = (A, 4) and T=a-7.
Define

M =A;07A) 4D,

where
D = @diag(A;0;A}) with 0<@<2.
Then,
1+ m? AD) AO-
KM tAGAT) < min{ 23] {11 4 om?(n —m) (©7)]
1+m2 20 A(Or)
22) A_(@fr)
l+m2 A(D) N7
M@T) 1+m(n_m))\(67)
14 4 20 A(Og)
2mA(©;) =
Proof. Let
) 1
1= (D)
14m2 56,
and
NO- NO-
. 1+2m2(n—m)AEG;; S 1+m(n—m)AEe§;
- A(D) ’ - 1 AD)
14+m?56.5 1+ 2w a(@y)

We first note that 0 < p; < 1. Furthermore, it follows from the definition of the matrix
D and 0 < @< 2 that A(D) < 2(n—m)A(©;) and this guarantees that p,p; > 1. From
Proposition 2, Theorem 3 and the positive semi-definiteness of A;©,A, we have

ApiM—AGAT) =X ((p1~ )AsOsA] +piD —A;0;AL )

< (p1—1)A(A7O7AL) + p1A(D)

< (p1 —1)% +p1A(D)
_ (7_\(;)27) +)\_(D)> 01— Mr?;[) _o
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On the other hand, from Proposition 2 and Theorems 2 and 3 we obtain

AGM-AGAT) = A((6~1)A7@7A] +6:D —A;0;AL)

> (B2~ DAA7O7AL) +B2A(D) —NA;©7AL)
> (60297 Ay 20 -mes)
_ A(I?‘T) +)\( )) [52_

(M5 +20-miNen) ) <o

Now, it is well known that each element of A;lA;[ equals either 0, 1 or —1 [2]. This
implies that
(i) O<[A/AZALAZlu<n—m, I=1...m,
(i) —(n—m)<[AFAZALA In<n—m Lh=1_.mI#h
Consequently, )\_(AglA(}AgAF}T) < m(n—m) according to Proposition 1. Furthermore,
A (P2~ 1O +P2A; DA, A 'A;0;ATALT)

> (b2~ DMOr) + poA (A, DA, ) A (A A;0;AZA, )
1
A(A;D-1AL)

> (67~ DMOy) + 52 o) — A(@p)m(n—m)

> (P27~ DAOr) + Pa ~MON (A ATALALT)

A(D =
> (Mo + 52 ) 52 (o) + Koz mn-m) ~o.
Thus, A(pzM —AGAT) > 0. According to Proposition 3, % and % are upper bounds for

the condition number of M—1AGAT. O

Consider now the MST preconditioner. Since @= 0 in this case, then A(D) = A(D) = 0.
Furthermore 2m? > m for all m > 1 and this leads to

(©7)
(©7)
It is interesting to further note that this upper bound is smaller than the one for the

DCMST independently of the choice of @ > 0. In fact, as A(D) < A(D) for any ¢ > 0 and
- < m? for any m > 1, then

(23) K(M~tAGAT) < 1+m(n—m)

[>

A(©7)
A(O7)

where up is the upper-bound provided by (22).

As before, if we assume that the conditions (16) hold, it is possible to show that the
condition number of M~%(A@AT) is uniformly bounded in the last stages of the algorithm
for both the MST and DcMST preconditioners. This is shown in the next theorem.

1+m(n—m)

<up
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Corollary 3. Suppose that conditions (16) hold with p small. Let g_: (AL, T) be a maxi-
mum spanning tree of G = (A(,4) and T = 24— 7. Define

M =A;07A) 4D,

where
D = @diag(A;07A}) with 0<@<2.
Then, at the later iterations of the truncated Newton method

I+ —rtr + Tt if|Bl=m
N )
kK(M~TAGAT) < 2w .
1+11+1 if |B| >m
1+11+1 it [B] <m,

where 1
_ 2 — o3
11 = (@m +m)YT4 and T = @m°.

Proof. From Theorem 5 we have

AgaT . AD) YR
K(MTTABA ') < (1+m(m 1)A(@T)> <1+m(n m)MGT)).
By the definition of D and (18) it follows that )\_(D) <@n-— m))\_(@(f) Hence
K(MTAGAT) < <1+(pmz(n—m))\ggj§ <1+m(n—m);gg>
< Tt O+

The upper bounds are obtained by using this inequality an the same arguments of Corol-
lary 2. O

This last result shows that, even in the presence of primal degeneracy, the condition
number of M~1A@AT is uniformly bounded after p becomes small. Furthermore, when
the problem is nondegenerate, K(M~1AGAT) — 1 as u — 0. This nice property of the
MST and DCMST preconditioners at the later stages of the interior point methods has been
confirmed in practice.

6. COMPUTATIONAL EXPERIENCE

In this section, we illustrate the theoretical results presented in this paper with examples
solving linear systems with five different preconditioners: diagonal, maximum spanning
tree (MST), and diagonally compensated maximum spanning tree (DCMST) using three
values for the parameter @ (.1, 1, and 10).

Each preconditioner was tested on six instances taken from the First DIMACS Imple-
mentation Challenge [12] that were solved with PDNET in [19]: a 512-node instance from
the Grid-Density-8 class, a 512-node instance from the Grid-Density-16 class, a 514-node
instance from the Grid-Long class, a 514-node instance from the Grid-Wide class, a 1024-
node instance from the Mesh-1 class, and a 512-node instance from the Netgen-Lo class.
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For each instance, the preconditioners were used to solve three linear systems. The first
system corresponds to an early interior point iteration (iteration 1). The second system
is that of an intermediate iteration (iteration 15). The third system is of a late iteration
(iteration 30). For each problem, a set of linear systems was generated by running PDNET
with the default settings in [19]. In this way, identical systems were solved with each of
the preconditioners. The conjugate gradient method stops when the norm of the residual
satisfies a predetermined tolerance (we use the tolerance 10-19). A limit of 1000 conjugate
gradient iterations was imposed, with the purpose of detecting numerical difficulties.

Figures 9, 10, and 11 show the residual as a function of the conjugate gradient iteration
for the 512-node instance from the Grid-Density-8 class and Figures 12, 13, and 14 show
the residual as a function of the conjugate gradient iteration for the 512-node instance
from the Grid-Density-16 class. On these six linear systems, the maximum spanning tree
preconditioner is the only preconditioner to lower the residual monotonically. Diagonal
compensation of the maximum spanning tree preconditioner degrades performance. Pure
diagonal preconditioning can only solve the instances from iteration 1.

Figures 15, 16, and 17 show the residual as a function of the conjugate gradient iter-
ation for the 514-node instance from the Grid-Long class. Figures 18, 19, and 20 show
the residual as a function of the conjugate gradient iteration for the 514-node instance
from the Grid-Wide class. Figures 3, 4, and 5 show the residual as a function of the con-
jugate gradient iteration for the 1024-node instance from the Mesh- 1 class. On these
instances, diagonal compensation appears to help more on the cases for which the diagonal
preconditioner is able to solve the system, i.e. the iteration 1 systems. When the diago-
nal preconditioner fails to solve the system, diagonal compensation degrades performance.
Again, on eight of these nine instances, the only preconditioner able to decrease the resid-
ual monotonically is the maximum spanning tree. The only exception is on the iteration 30
Mesh-1 instance. The nonmonotone convergence patterns of the diagonally compensated
preconditioners mimic those of the diagonal preconditioner.

Figures 6, 7, and 8 show the residual as a function of the conjugate gradient iteration for
the 512-node instance from the Netflo-Lo class. The behavior of the diagonally compen-
sated preconditioners when the diagonal preconditioner is able to solve the linear system
is similar to the previous cases. Again, on these three instances, the only preconditioner
able to monotonically decrease the residual is the maximum spanning tree. Oddly, even
when the diagonal preconditioner fails to solve the system (iteration 30 instance), diagonal
compensation appears to help.

7. CONCLUDING REMARKS

As suggested by the theoretical bounds developed for the system matrix condition num-
ber, the MST preconditioner dominates the diagonal preconditioner in practice. However,
countering the theoretical relationships of the condition number upper bounds, the bcMST
preconditioner is sometimes slightly more effective than MsST.

The computational experiments suggest that the effectiveness of the bcMST precondi-
tioner depends strongly on the behavior of the diagonal preconditioner applied to the same
linear system. In those cases where a PCG with a diagonal preconditioner is able to solve
the linear system, a diagonal compensation appears to improve the performance of the
maximum spanning tree preconditioner. For the instances considered, the diagonal pre-
conditioner was only effective during the early interior point iterations and only for some
instances.
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FIGURE 3. Convergence of PCG on 1024-node nesh- 1 instance on in-
terior point iteration 1.

The MST preconditioner appears to be the most robust. It was the only preconditioner to
monotonically reduced the residual on all linear systems considered. This fact, along with
the strong dependence of the DCMST preconditioners on the suitability of the diagonal pre-
conditioner, leads us to conclude that the loss of robustness of the bcMsT preconditioners
outweighs any gains that may be achieved with these preconditioners.
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