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Abstract

In this paper we describe an interior point mathematical programming approach to inductive

inference� We list several versions of this problem and study in detail the formulation based

on hidden Boolean logic� We consider the problem of identifying a hidden Boolean function

F � f�� �gn � f�� �g using outputs obtained by applying a limited number of random inputs

to the hidden function� Given this input�output sample� we give a method to synthesize a

Boolean function that describes the sample� We pose the Boolean Function Synthesis Problem

as a particular type of Satis
ability Problem� The Satis
ability Problem is translated into

an integer programming feasibility problem� that is solved with an interior point algorithm

for integer programming� A similar integer programming implementation has been used in a

previous study to solve randomly generated instances of the Satis
ability Problem� In this paper

we introduce a new variant of this algorithm� where the Riemannian metric used for de
ning

the search region is dynamically modi
ed� Computational results on ��� ��� and �	�input�

��output functions are presented� Our implementation successfully identi
ed the majority of

hidden functions in the experiment�
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�� Introduction

In this paper	 we explore the application of a function minimization method	 based on continuous

mathematics to the problem of inductive inference	 which in its many forms appears to be an

inherently discrete problem� Inductive inference is the process of hypothesizing a general rule from

examples� This problem is of central importance in arti�cial intelligence and machine learning� A

survey on inductive inference systems is given in ���� Inductive inference involves the following steps



 Inferring rules from examples	 �nding compact abstract models of data or hidden patterns in

the data�


 Making predictions based on abstractions�


 By comparing predictions with actual results	 one can modify the abstraction� This is the

process of learning�


 Designing questions to generate new examples�

In this study	 we �rst focus on an aspect of this problem	 concerned with inferring rules from

examples or discovering patterns in data� For example	 given the sequence �� 
� �� �� � � �	 we may ask

"What comes next�# One could pick any number and justify it by �tting a fourth degree polynomial

through the � points� However	 the answer "��# is considered the most "intelligent#� That is

so because it is based on the �rst�order polynomial �n	 which is linear and hence simpler than a

fourth degree polynomial� The answer to an inductive inference problem is not unique� In inductive

inference	 one wants a simple explanation that �ts a given set of observations� Simpler answers are

considered better answers�

A recent body of literature has associated inductive inference with the notion of identi�cation in

the limit over the strings of a �nite alphabet� In this paper we use the classic notion of inductive

inference	 as in scienti�c discovery	 where rules are inferred from incomplete observations of the

data� We enphasize that the observations are from incomplete data sets	 di�ering from the notion

of deductive inference where a complete set in observed�

One therefore needs a way to measure simplicity� For example	 in �nite automaton inference	 the

number of states could be a measure of simplicity� In Boolean circuit inference	 the measure could

be the number of gates and wires� Inductive inference is in fact an optimization problem	 where one

wants to maximize simplicity	 or �nd a model no more complex than some speci�ed measure�

There are many ways to formalize this optimization problem� In this paper	 we study the most

basic Boolean model with single output� In this model there is a black box with n Boolean input

variables x�� � � � � xn and a single Boolean output variable y� The black box contains a hidden Boolean

function F 
 f�� �gn � f�� �g that maps inputs to outputs� Given a limited number of inputs and

corresponding outputs	 the question to be answered is
 Does there exist a logical circuit with no

more than K gates which matches this behavior� If so	 what is it�

Because the problem formulation belongs to the domain of discrete mathematics or logic does

not necessarily imply that the algorithm for attacking the problem must be restricted to concepts

from the same �elds� There are many ways of formulating a discrete problem as a continuous
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minimization problem	 but many lead to an excessive	 often exponential	 number of spurious local

minima	 i�e� those that are not global minima and hence do not correspond to the solution of the

original problem� In ����	 Karmarkar describes a class of potential functions with good topological

properties	 such as having connected level sets	 which has led to successful interior point methods

for several problems	 e�g� ����	 ���	 ����	 ����� Guided by these results	 we investigate the application

of a similar approach for inductive inference� For related work	 see e�g� ���	 ��� and �����

Before we continue	 we require some de�nitions� Consider the Boolean function F 
 f�� �gn �

f�� �g� An element of the domain of F is called a minterm of F � The set of minterms for which

F evaluates to � ��� is called the on�set �off�set�� An incompletely speci�ed Boolean function is

one for which jon�setj � joff�setj � �n� Table ��� incompletely speci�es a Boolean function with

� input variables x�� x�� x� and an output y� In that speci�cation	 on�set � f���� ���� ���g and

off�set � f���� ���g�

x� x� x� y

� � � �

� � � �

� � � �

� � � �

� � � �

Table ���
 An example

An algebraic expression for an incompletely speci�ed Boolean function F is a Boolean expression

�written with Boolean sums �or� and products �and�� that evaluates to � ��� for all minterms in

the on�set �off�set� and evaluates to either � or � for all other minterms� An algebraic expression

for F can always be written in sum�of�products �disjunctive normal� form� Each product term in

the algebraic sum�of�products expression is called a disjunct� Let P �
i and P �

i 	 respectively	 denote

the index set of � and � values of the i�th element of the on�set of F � The canonical expansion	

y �
X

i�on�set

�

�
Y
j�P�

i

xj 

Y
j�P�

i

xj

��
�

is a sum�of�products algebraic expression for F � The major drawback of the canonical expansion is

that it has jon�setj disjuncts	 each having n variables� The canonical expansion for the function of

Table ��� is

y � x�x�x� � x�x�x� � x�x�x�� �����

It requires � disjuncts�

Given an on�set and off�set of minterms	 the Boolean Function Synthesis Problem is to �nd an

algebraic sum�of�products expression for F having a speci�ed number of disjuncts� The correspond�

ing decision problem is np�complete ��� ���� The function of Table ��� can be expressed by a Boolean
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x� x� x� x� x� x� x	 x
 x� x�� x�� x�� x�� x�� x�� x�� x�	 x�
 x�� x�� y
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� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

Table ���
 Speci�cation for a �� variable function with jon�setj � �
 and joff�setj � ���

expression having only � disjuncts	 since

y � x�x�x� � x�x�x� � x�x�x�

� x�x��x� � x�� � x�x�x�

� x�x� � x�x�x�� �����

A closer examination of Table ��� shows that the output is independent of input variable x� and the

function can be further simpli�ed to

y � x�x� � x�x�� �����

The synthesis of the function in Table ��� can be accomplished by inspection� For slightly larger

instances	 synthesis may not be so trivial� Consider the speci�cation in Table ���� An integer

programming formulation with ��� variables	 ���� constraints with 
��� nonzero elements in the

constraint matrix can be formulated to produce the following 
 term Boolean function for this

incomplete speci�cation	

y � x�x��x�� � x�x�x�� � x��x��x�� � x
x��x�
�

Note that no more than � variables are present in each term	 making this circuit easy to implement�

Also observe that � of the �� input variables �x�� x�� x�� x�� x	� x��� x��� x��� x�	� are irrelevant� We

will describe in this paper such a formulation and show how it can be solved� For this instance	 the

code used in this study took ����� cpu seconds on a vax �����

Our approach in this study is to randomly generate a limited number of inputs and apply

them to the hidden logic	 thus building an incomplete speci�cation of a Boolean function� For this



�� INTRODUCTION �

speci�cation a Boolean algebraic expression is synthesized� Besides the application of this study	 the

Boolean Function Synthesis Problem has applications in Programmable Logic Arrays �PLA�s�	 an

important type of digital integrated circuit design� A Boolean function in sum�of�products form can

be implemented on a two level and�or circuit� Figures ��� and ��� show the circuits for the Boolean

expressions given in ����� and �����	 respectively� The application of the techniques presented in this

paper to circuit design is the subject of future study�

The classical approach to tackle the Boolean Function Minimization Problem �where one wishes

to minimize the number of disjuncts in the sum�of�products form� was developed by Quine ���� ����

and McCluskey ��
�� To describe the idea behind this approach	 a few de�nitions are �rst needed� If

a product term evaluates to � for a given minterm	 it is said to contain that minterm� An implicant

of a function F is a product term that does not contain any minterm of the off�set of F � A product

term P is said to contain the product term Q if P evaluates to � for every minterm that Q evaluates

to �� A prime implicant of F is an implicant that is not contained in any other implicant of F �

The Quine�McCluskey method �rst generates all prime implicants �often an exponential number of

them ����� and then selects a minimumsubset of prime implicants that realizes the speci�cation� The

generation of the set of prime implicants can be carried out with standard techniques	 e�g� ����	 ����	

��
�� This minimum subset can be found by solving a set covering problem ���� Exact approaches are

limited to instances having few variables� For example	 the state�of�the�art code espresso�exact

���� took ��	����� vax ���� seconds to produce an optimal � product�term expression for the ��

variable	 �� minterm problem of Table ���� Because exact versions of the Quine�McCLuskey method

fail to handle large instances	 many heuristic approaches have been developed� These generally

generate an initial solution and improve it iteratively� They include mini ���	 presto �
�	 and

espresso�mv ���� espresso�mv is widely used in the circuit design industry�

In this paper we consider an interior point mathematical programming approach to the Boolean

Function Synthesis Problem and use this procedure for inductive inference� The synthesis problem

is formulated as a type of Satis�ability Problem that can be described as an integer programming

problem	 using a standard transformation� We apply the interior point algorithm for integer pro�

gramming described in ���� and ���� to synthesize Boolean functions� In particular	 we use an

implementation derived from the one described in ���	 that is suited for �nding a satis�able truth

assignment in instances of the Satis�ability Problem� The interior point algorithm is used to attempt

to �nd a feasible �� integer solution w to the following integer program


B�w � b

wj � ��� j � �� � � � � n� ���
�

where B� � �m�n	 b � �m	 and w � �n� In ��� it is shown how the Satis�ability Problem can be

formulated as an integer programming problem of this form� Let A �

�
B
��� I
��� � I

�
	 where I is an

n
 n identity matrix and let c� � �b�� �� � � � � ���

Starting with an interior point solution

w� �


w � �njA�w � c

�
�
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a trust region method	 similar to the one described in Mor�e and Sorensen ����	 is applied to the

nonconvex optimization problem

minimize log�n� w�w��
�

m

mX
k��

log�ck � a�k w��

At each iteration	 a quadratic approximation of the potential function

��w� � log�n� w�w��
�

m

mX
k��

log�ck � a�k w�

is optimized over an ellipsoid inscribed in the polytope de�ned by

w � �njA�w � c

�
�

and centered at the current iterate	 to produce a descent direction� The new iterate is determined

by moving in that direction by a �xed step length	 such that the new point is in the interior of the

ellipsoid� A rounding heuristic is applied to the fractional solution and feasibility of the rounded

solution is tested� A description of the rounding heuristic and initial interior point solution used in

this study can be found in ����

Traditionally	 optimization techniques implicitly use a Euclidean metric de�ned on the underly�

ing domain� For example	 the steepest descent direction for a function implicitly assumes a Euclidean

metric for measuring the steepness� However	 there exists a curved Riemannian space that is nat�

urally associated with interior point methods� In ����	 a Riemannian metric was introduced for

problems formulated with equality and nonnegativity constraints� In this paper	 we use a similar

metric for problems stated in all�inequality form� This Riemannian metric is used for de�ning the

search region� For a polytope de�ned by

w � �n j A�w � c

�
the associated Riemannian metric is given by gij�w�dwidwj	 where

gij�w� �
X
k

aikajk
d�k

and

dk � ck � a�k wk

is the k�th slack variable� In this metric	 an in�nitesimal ball centered at a strictly interior point w

is given by X
i�j

gij�w� dwi dwj � ���

An exact search over a ball in this Riemannian metric would have taken into account the variation

of the metric gij�w� within the ball� For a ball of �nite radius r	 working in this metric is compu�

tationally di�cult� Therefore	 we approximate gij�w� by a constant gij�w
��	 where w� is the center

of the ball	 and use it throughout the region� The resulting ball is given byX
i�j

gij�w
���w �w��i�w �w��j � r�� �����
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which is in fact an ellipsoid� A more accurate approximation is possible using higher order terms� In

this paper	 we report computational results obtained by using the approximation of the Riemannian

ball with the Euclidean ellipsoid�

An outline of the remainder of this paper is given next� In Section � we formulate the problem of

synthesis of Boolean functions as a Satis�ability Problem� In Section � we describe how the interior�

point algorithm augments the system of inequalities dynamically� This dynamic change of metric

has not been used in previous investigations of our algorithm� In Section 
 we present computational

results� Concluding remarks are made in Section ��
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Figure ���
 Circuit representation of Boolean expression y � x�x�x� � x�x�x� � x�x�x��

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
���

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������

�����
����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
������������������������������������������������������������������������������������������

�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
����
�����
�����
����
�����
����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����������������������������������������


 



 








��������������������������������������������������������������������
�����
����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
���������������������������������������������������������������������������������������������������������������������������������������������

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������������������������������������������������������������� y

x�

x�
�

�

�

Figure ���
 Circuit representation of Boolean expression y � x�x� � x�x��
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�� Satis�ability Problem formulation

In this Section	 we formulate the Boolean Function Synthesis Problem as a Satis�ability Problem� We

then use a standard transformation	 described in ���	 to derive the integer programming formulation

for the problem�

Before stating the Satis�ability Problem we need some de�nitions� Let z be a Boolean variable�

Boolean variables can be combined by the logical connectives or ���	 and ��� and not �z� to form

Boolean formulae� A variable or a single negation of the variable is called as literal� A Boolean

formula consisting of only literals combined by the � operator is called a clause� The Satis�ability

Problem �SAT� can now be stated�

SAT
 Given m clauses C�� � � � � Cm involving n variables z�� � � � � zn	 does the formula

C� � C� � � � � � Cm �����

evaluate to � for some input vector� If so	 we say that the formula is satis�able� Otherwise	 it is

said to be unsatis�able� To prove satis�ability	 it su�ces to produce an input vector that evaluates

expression ����� to ��

Let us consider the three layer Boolean circuit representation of a Boolean expression and use

that representation to aid our modeling� Figure ��� illustrates this Boolean circuit� We assume that

as input we are given the on�set and off�set of the Boolean function F that we wish to synthesize�

The function has n input variables x�� � � � � xn and a single output variable y and we require a sum�

of�products expression with K product terms� Let R � joff�setj be the number of minterms in the

off�set and A � jon�setj be the number of minterms in the on�set� The three layered circuit has

in the output layer an or gate with a single output y� This or gate takes its input from K and

gates in the middle layer� Each and gate in the middle layer takes as its input the output of the n

pairs of or gates from the input layer� Each of these n pairs of gates in the input layer corresponds

to an input variable� One gate has input in unnegated form �xi�	 while the other in negated �xi��

Finally	 each input layer or gate has two inputs� The one that corresponds to the unnegated input

variable has that variable and a decision variable s as inputs� The other has as input the negated

variable and another decision variable s�� We wish to construct a three layer logical circuit with K

and gates that realizes the given speci�cation�

We identify and gates as ��� � � � ��K� The output of all and gates is input into the output layer

or gate ��� The or gates from the input layer are �kji	 for j � �� � � � �K	 i � �� � � � � n and k � �� ��

Gate ��ji has as input xi and the decision variable s
�
ji with its output serving as input to gate �j�

Similarly	 gate ��ji has as input xi and the decision variable sji and its output is input to gate �j�

Decision variables sji and s�ji determine which literal �xi or xi	 if any� is part of the j�th dis�

junctive term	

sji �

�
� if xi is in the j�th disjunctive term

� if xi is not in the j�th disjunctive term

s�ji �

�
� if xi is in the j�th disjunctive term

� if xi is not in the j�th disjunctive term�
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Consequently	 sji and s�ji also determine the number of disjunctive terms� This unnatural choice of

values for s and s� allows the use of or gates in the input layer� Note that if xi is present in the

j�th product term	 the output of input gate ��ji is xi	 while if it is not in the term	 the output is �

and xi has no e�ect on the output of the middle layer and gate �j� A similar behavior is observed

for s� and x�

Since xi and xi cannot simultaneously be part of the j�th disjunctive term	 we have that

sji � s
�
ji� i � �� � � � � n� j � �� � � � �K �����

must be satis�ed� Note that if both xi and xi are in the j�th disjunctive term	 then sji � � and

s�ji � � and consequently sji � s
�
ji � ��

We group the remaining clauses into two classes	 corresponding to
 ��� off�set minterms& ���

on�set minterms� We �rst consider the case of off�set minterms� For every off�set minterm

r � �� � � � � R	 let Pr be the set of indices of x for which xi � � in the minterm	 and P r be the

set of indices of x for which xi � �� Since y � �	 then the output of every and gate must be ��

Consequently	 for every and gate �j� j � �� � � � �K	 at least one input must be �	 i�e�

�
�
i�Pr

�s�ji� � �
�
i�P r

�sji�� j � �� � � � �K� r � �� � � � � R �����

must be satis�ed�

We next consider the case corresponding to on�set minterms� In this case	 at least one output of

every and gate has value �� Let the output of and gate �j for minterm a be the Boolean variable

zaj � Consider now the input layer or gate pair �
�
ji and �

�
ji for minterm a� If xi � � in minterm

a	 then the output of ��ji will be � and the value of sji will be irrelevant� The output of �
�
ji is

s�ji� Similarly	 if xi � � in minterm a	 then the output of ��ji will be � and the value of s
�
ji will be

irrelevant� The output of ��ji is sji�

Consequently	 since the outputs of the or pair are combined by the and operator	 the resulting

value is sji if xi � � in minterm a or s�ji if xi � �� To model this	 de�ne


aji �

�
s�ji if xi � � in on�set minterm a

sji if xi � � in on�set minterm a�

Variables zaj and 

a
ji� j � �� � � � �K	 a � �� � � � � A	 must satisfy

zaj �
n	
i��


aji� ���
�

To guarantee that zaj � �	 for at least one gate �j	 we require that

K�
j��

zaj � a � �� � � � � A �����

be satis�ed� Furthermore	 to satisfy ���
� we must disallow zaj � � when	 for any i � �� � � � � n	


aji � �� This can be accomplished with the following clauses	


aji � �z
a
j � i � �� � � � � n� j � �� � � � �K� a � �� � � � � A� �����
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Summarizing	 in the Satis�ability Problem we wish to �nd Boolean values for sji	 s�ji and zaj 	

such that the following clauses all evaluate to ��

sji � s
�
ji � i � �� � � � � n� j � �� � � � �K �����

�
�
i�Pr

�s�ji� � �
�
i�P r

�sji�� j � �� � � � �K� r � �� � � � � R �����

K�
j��

zaj � a � �� � � � � A �����


aji � �z
a
j � i � �� � � � � n� j � �� � � � �K� a � �� � � � � A� ������

This Satis�ability Problem has ��n � A�K variables	 K�n�A � �� � R� � A clauses	 and K��n�� �

A� � nR� A� literals�

Proposition
 Satis�ability Problem ���������� is satis�able if K � A�

Proof
 The canonical expansion has A disjunctive terms and realizes the i�o speci�cation� �
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Figure ���
 ��layer Boolean circuit
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���� An example

We now formulate the Satis�ability Problem for the example of Table ���� We seek a � product�

x� x� x� y

� � � �

� � � �

� � � �

� � � �

� � � �

Table ���
 An example

term expression to realize this function� In this example	 n � �	 K � �	 R � �	 A � �	 P� � f�g	

P� � f�� �g	 P� � f�� �� �g	 and P� � �� The on�set � f���� ���� ���g and consequently 
�j� � s�j�	


�j� � sj�	 
�j� � s�j�	 

�
j� � s�j�	 


�
j� � sj�	 
�j� � sj�	 
�j� � sj�	 
�j� � s�j�	 


�
j� � s�j��

The Satis�ability Problem has �� variables	 �� clauses and �� literals� Clauses of type ����� are


s�� � s
�
��

s�� � s
�
��

s�� � s
�
��

s�� � s
�
��

s�� � s
�
��

s�� � s
�
��

Clauses of type ����� are


�s��� � �s�� � �s��

�s��� � �s�� � �s��

�s��� � �s
�
�� � �s

�
��

�s��� � �s
�
�� � �s

�
��

Clauses of type ����� are


z�� � z
�
�

z�� � z
�
�

z�� � z
�
�

Finally	 clauses of type ������ are


s��� � �z
�
�

s��� � �z
�
�
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s�� � �z
�
�

s��� � �z
�
�

s��� � �z
�
�

s�� � �z
�
�

s�� � �z
�
�

s�� � �z
�
�

s��� � �z
�
�

s�� � �z
�
�

s�� � �z
�
�

s��� � �z
�
�

s��� � �z
�
�

s�� � �z
�
�

s��� � �z
�
�

s��� � �z
�
�

s�� � �z
�
�

s��� � �z
�
�

The algebraic expression y � x�x� � x�x� that realizes the function in Table ��� corresponds to a

solution to the above Satis�ability Problem with s�� � s��� � s��� � s�� � �	 s
�
�� � s�� � s��� � s�� �

s��� � s�� � s��� � s�� � s��� � �	 z
�
� � z�� � z�� � �	 and z

�
� � z�� � z�� � ��
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���� Integer programming formulation

The Satis�ability Problem can be formulated as an integer programming feasibility problem� Let

C�� � � � � Cm denote the m clauses of a Satis�ability Problem with n variables z�� � � � � zn� Denote

IC � fi j zi is in clause Cg

JC � fi j zi is in clause Cg �

Associate with each Boolean literal zi	 the integer variable wi	 such that

wi �

�
� if zi � �

� if zi � ��

and with each Boolean literal zi the integer variable wi � � � wi� To satisfy each clause C	 it is

necessary that at least one literal with index in IC or in JC be set to �	 i�e�X
j�IC

wj �
X
j�JC

wj � �� C � C�� � � � � Cm�

Substituting for wi	 we getX
j�IC

wj �
X
j�JC

wj � �� jJCj� C � C�� � � � � Cm�

Applying the above transformation to the Satis�ability Problem formulated in Section �	 we get

the following integer programming feasibility problem
 Find ��� �� values for sji	 s�ji and zaj 	 for

i � �� � � � � n	 j � �� � � � �K	 a � �� � � � � A	 such that


sji � s�ji � �� i � �� � � � � n� j � �� � � � �KX
i�Pr

s�ji �
X
i�P r

sji � n� �� r � �� � � � � R� j � �� � � � �K

KX
j��

zaj � �� a � �� � � � � A

zaj � 
aji� i � �� � � � � n� j � �� � � � �K� a � �� � � � � A�
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�� Dynamic change of metric

In this Section we consider the integer program where one wants to �nd w � f��� �gn such that

A�w � c� �����

where A� is an m 
 n real matrix and c a real m vector� We assume that ����� includes �n box

constraints of the type

�� � wj � �� j � �� � � � � n�

Let

I � fw � f��� �gn j A�w � cg

L � fw � �n j A�w � cg

S � fw � �n j A�w � cg

denote the sets of solutions of the integer program	 solutions of the linear programming relaxation of

the integer program	 and interior point solutions of the linear programming relaxation	 respectively�

In ����	 Karmarkar	 Resende and Ramakrishnan introduce an interior point algorithm for integer

programming	 based on �nding a local minimum of the potential function

��w� � log

�
n �w�wQm

k���ck � a�kw�
��m

�

by an iterative method� Given an interior solution w � S	 the denominator of the log term of ��w�

is the geometric mean of the slacks and is maximized at what is known as the center of the polytope

de�ned by L� Since �e � w � e	 where e � ��� � � � � ���	 the numerator is minimized at a �� vertex

of L� In ���� it is shown that if I �� �	 w� is a global minimum of this potential function if and only

if w� � I�

Let wk � S denote the current iterate� The next iterate wk
� is obtained by moving in a descent

direction %w from wk	 i�e� a direction such that ��wk
�� � ��wk � 	%w� � ��wk�	 where 	 is

an appropriate step length� Each iteration of our method is similar to the trust region approach

described in Mor�e and Sorensen ����	 except that the construction of the search region is based on

making good global approximations to the polytope	 instead of being based on local considerations

as in a trust region method� A descent direction %w of the potential function is found by searching

over a region that is an approximation	 like �����	 to the Riemannian ball� The Riemannian metric

is based on an augmented system of inequalities

A�w � c�

where A �

�
A
��� $A

�
	 A is the matrix corresponding to the original system of linear inequalities and $A

corresponds to the augmented part of A� The procedure for dynamic augmentation will be described

later� For a given matrix A	 the ellipsoidal approximation �as in ������ to the Riemannian ball is

given by

�%w��AD��
A A�%w � r��
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where DA � diag�c�� a�� w
k� � � � � cm � a�mw

k�� Hence	 the problem to be solved at each iteration is


minimize
�

�
�%w��H%w� h�%w �����

subject to
 �%w��AD��
A A�%w � r� � �� �����

where H and h� are the Hessian and gradient of ��w�	 respectively� Ye ���� has shown that ���������

can be solved in polynomial time� Our algorithm	 which is similar to Ye�s	 solves ��������� by solving

a series of systems of linear equations of the form

�H � �AD��
A A��%w � �h�

where � � � is a real scalar� This system arises from the �rst�order Karush�Kuhn�Tucker optimality

condition for ����������

To �nd a descent direction %w for the potential function	 the algorithm in this paper solves

minimize
�

�
�%w��H%w� h�%w ���
�

subject to
 �%w��AD��
A A�%w � r� � �� �����

where

DA �

�
DA �

� D �A

�
�

and D �A � diag�$c� � $a
�
� w

k� � � � � $cm� � $a�m�wk� are slacks with respect to the m� added constraints�

The system of equations that is to be solved has the form

�H � �AD��
A A��%w � �h� �����

Let f� � n�wk�wk� Substituting H and AD��
A A� in ����� we get

%w � �

�
�
�

f�
I �




f��
wkwk� �

�

m
AD��

A A� � �AD��
A A� � � $AD��

�A
$A�
���

h

� �

�
�
�

f�
I �




f��
wkwk� � �

�

m
� ��AD��

A A� � � $AD��
�A
$A�
���

h

As in ����	 let � � ����� �

m
��	 then

%w � �

�
�
�

f�
I �




f��
wkwk� �

�

�
AD��

A A� �
�

�
���

�

m
� $AD��

�A
$A�
���

h

� �

�
�
��

f�
I �


�

f��
wkwk� �AD��

A A� � ���
�

m
� $AD��

�A
$A�
���

�h

� �

�
�
��

f�
I �


�

f��
wkwk� �AD���

A A�
���

�h�

where

D���
A �

�
D��
A �

� �� � �
m �D

��
�A

�
�
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This system of linear equations has the same structure as the linear system solved in ���� and therefore

the same computational machinery used there can be used to solve this system� In Section 
	 we

report computational results of an interior point code that uses a diagonal preconditioned conjugate

gradient algorithm used in ��� to solve this system�

We conclude this section by describing the dynamic augmentation of the system of linear in�

equalities� Our objective is to modify the metric of the descent direction search so as to change

the region where the search for the descent direction of the potential function is carried out� The

potential function is not modi�ed	 as is the case in the restart procedure of ����	 and hence	 H and

h� are left unchanged� Let wk � S denote the current iterate	 an interior non�integral solution�

De�ne	 for j � �� � � � � n	

$aj �

�
�� if wk

j � �

�� otherwise�

Periodically	 we add the constraint

$a�w � $c � n� � �����

to the system of linear inequalities used to de�ne the ellipsoid in ������ Assuming $a �� I �otherwise

the algorithm terminates with w � $a as the solution�	 it is shown in ���� that constraint �����

excludes the infeasible solution $a	 but no other integer feasible solution� In the computational

results reported in Section 
 we add a constraint of this type every �� iterations of the interior point

algorithm� Another strategy is to add a constraint every time the interior solution changes orthant	

i�e� every time there is a change in the sign of a component of the interior solution�
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�� Computational results

In this Section	 we report on the computational testing of the integer programming algorithm de�

scribed in ���� and ��� with the modi�cation of Section � on randomly generated instances of a class

of inductive inference problems� As in ���	 we use rounding scheme B	 a greedy scheme based on the

ordering of the fractional values of the variables of the current interior solution	 and o�er no special

treatment for local minima� To o�er some insight as to how the interior point algorithm compares

with a standard Satis�ability algorithm we run an implementation of the Davis�Putnam algorithm

��� on the test problems� We use the C language implementation by Selman	 Mitchell and Levesque

�����

The experiment was conducted on a vax ���� running ��th Edition unixR�� The code is written

in fortran and C and was compiled on the f�� and cc compilers with the optimization !ag �O set�

Running times are measured with the system function times���

We consider the problem of inferring the logic in an n�input	 ��output "black box#	 with n �

�� ��� and ��� For each value of n we consider �ve black boxes� For each black box	 we record the

output corresponding to randomly generated input samples and build an incomplete truth table	

for which we attempt to synthesis a Boolean expression having a given number of product terms�

Tables 
��	 
�
 and 
�� show problem statistics� For each black box	 these tables display the hidden

logic	 identify the problem instance with a name ��A�	 �A�	 ���	 ��A�	 ��A�	 ���	��A�	 ��A�	 ����	

and display the number of random i�o samples generated	 the speci�ed number of product terms in

the synthesized expression �AND gates�	 and statistics for the corresponding Satis�ability Problem

�number of variables	 clauses and literals per clause�� Tables 
��	 
�� and 
�� show statistics for the

solution obtained with the integer programming algorithm	 the inferred logic and the accuracy of

the inferred logic� This accuracy �prediction accuracy� is measured by randomly generating ��	���

input samples and comparing outputs for the black box and the inferred logic�

Tables 
��	 
�� and 
�� show statistics for the Davis�Putnam algorithm�

We make the following observations regarding the computational testing�


 Satis�ability problems having from �� variables and ��� clauses	 up to �	��� variables and

�
	��� clauses were solved� Of the 
� problems	 �� were solved in less than one cpu minute�

Only � of the 
� problems required more than �� cpu minutes�


 On all instances tested	 the integer programming code synthesized algebraic expressions that

produced the correct output	 given as input the minterms in the incompletely speci�ed truth

table�


 Input�output sample sizes varied from �� to ����� Increasing sample size increases the Satis��

ability Problem size	 but generally increases prediction accuracy and frequently reduces CPU

time� For example	 problem �A� took �����s and 
� iterations with a sample size of ��	 while

�A
 �with same hidden logic as �A�� required only ����s and a single iteration with a sample

size of ����


 For all instance classes but one ���E�	 the algorithm correctly predicted the hidden logic� For

the instance where an exact prediction was not obtained	 the algorithm inferred logic with
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��� accuracy� Note that for this instance the algorithm produced an algebraic expression that

realizes the function described in the incomplete truth table� The expression produced had as

few terms as the hidden function� Increasing the number of input�output samples up to ����

did not improve the prediction accuracy� With truth tables having more than ���� input�

output examples	 the algorithm converged to local minima� However	 the number of violated

constraints of the integer solution corresponding to the local minima is small �less than ���

constraints out of over ��	����� Consequently	 the resulting circuit	 while not realizing the

given truth table	 may still be a good approximation to the hidden logic�


 The number of input�output samples required to achieve a good prediction accuracy was small�

All ��input hidden logic that was correctly predicted required no more than ��� samples	 except

�B	 that required ���� �� prediction accuracy was obtained with as few as �� samples� For

the ���input logic	 ��B	 ��C and ��E required 
�� input samples for an exact prediction	 while

��A and ��D required ��� and ���	 respectively� For the four ���input logic instances for which

exact predictions were obtained ���A�	 ��B
	 ��C
	 ��D��	 the required number of samples

was ���	 ���	 ���� and 
��	 respectively� In several instances	 as few as �� and ��� samples

su�ced to obtain predictions with over �� and �� accuracy	 respectively�


 As shown in Section �	 for a �xed number of input�output examples	 the number of variables

and clauses in the Satis�ability Problem grows linearly with Kn	 where K is the number of

gates and n is the number of inputs to the black box� For this reason	 we limited the number

of gates in the ���input instances to � or 
	 even though for the �� and ���input instances we

allowed circuits with as many as �� gates�


 Even though in many instances the number of product terms allowed was much higher than

the number present in the hidden logic	 the algorithm produced functions with duplicate and

covered terms	 resulting in expressions with few terms� For example	 for problem ��A� we

used K � ��	 but the algorithm synthesized an expression with only 
 terms� As mentioned in

the previous bullet item	 because of memory limitations	 we could not search for expressions

with a large number of product terms in the ���input instances�


 Tables 
��	 
�� and 
�� illustrate the di�culty encountered by the Davis�Putnam algorithm

to �nd satis�able assignments for the Satis�ability problems formulated in the computational

experiment� We limited the running time for each instance to �� cpu hours �
���� s�� In

that running time the Davis�Putnam code succeeded in �nding satis�able assignments only

for the smaller Satis�ability problems� It found assignments for all the ��input instances	 the

smallest �in the number of variables� of the ���input instances and � of the � smallest ���input

instances� It should be noted that since the ���input instances had larger values of K �AND

gates� than the ���input instances	 the Satis�ability problems corresponding to the ���input

instances are larger than those of the ���input instances�


 Since the bulk of the computational e�ort in this code corresponds to solving a system of linear

equations with the conjugate gradient method	 a parallel implementation of such procedure is

expected to speed up the solution process signi�cantly�
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instance i�o AND Satis�ability Problem

hidden logic id samples gates vars clauses lit�clause

y � x��x	 � �x�x� � x�x��x� �A� �� � �� ��� ��


�A� �� � ��� ��� ���

�A� �� � ��
 ���� ���

�A
 ��� � ��� ���� ���

y � �x��x�x� � �x�x
 � x� �B� �� � ��� ���
 ���

�B� ��� � ��� 
��� ���

�B� ��� �� ���� ����� ���

�B
 ��� � ���� ���
 ���

y � x� � x��x
 � x	 �C� �� �� ��� ���� ��


�C� ��� �� ��� ���� ���

y � �x� � �x� � �x��x	 �D� �� �� ��� ���� ���

�D� ��� �� ��� ��
� ���

y � x
 � x�x� � �x�x� �E� �� �� ��� ���� ��


�E� ��� �� ��� ���� ��


Table 
��
 Problem statistics
 ��input	 ��output variables

instance prediction

id iters CPU inferred logic accuracy

�A� � ��
�s y � x��x	 � �x�x� � �x��x� ���

�A� 
� �����s y � x��x	 � �x�x� � x��x� ���

�A� 
� �����s y � x��x	 � �x�x� � x�x� ���

�A
 � ����s y � x��x	 � �x�x� � x�x��x� exact

�B� � ����s y � x� � x
 ���

�B� �� �����s y � x� � x
 � �x�x��x�x� ���

�B� �� ������s y � x� � x
 � x��x�x��x	 ���

�B
 �� ������s y � x� � x
 � �x��x�x� exact

�C� � ����s y � x� � x	 ��


�C� �� �
���s y � x� � x	 � x��x
 exact

�D� �� ������s y � �x� � �x� � �x��x	 exact

�D� �� 
����s y � �x� � �x� � �x��x	 exact

�E� �� ������s y � x
 � x�x� � �x�x� exact

�E� � �����s y � x
 � x�x� � �x�x� exact

Table 
��
 Interior point solution statistics
 ��input	 ��output variables



�� COMPUTATIONAL RESULTS ��

instance

id CPU time

�A� ����s

�A� �����s

�A� �����s

�A
 
����s

�B� ����s

�B� ����s

�B� ����s

�B
 ��
�s

�C� ����s

�C� ����s

�D� ����s

�D� �����s

�E� 
���s

�E� ����s

Table 
��
 Davis�Putnam solution statistics
 ��input	 ��output variables

instance i�o AND Satis�ability Problem

hidden logic id samples gates vars clauses lit�clause

y � x��x�� � x�x��x� � x� � �x	 ��A� ��� �� ���� ����� ���

��A� ��� � ���� ����� ���

y � x�x��x�� � �x��x��� ��B� ��� � ���� �
��� ���

�x��x���x�� � x�x� ��B� 
�� 
 ���� ����� ���

y � x��x	x�� � x�x��x��� ��C� ��� �� ���� ��
�� ���

�x��x��x�� � �x�x
 ��C� 
�� 
 ��
 ����� ���

y � �x��x
�x��x�� � �x��x���x��� ��D� ��� �� ���� ����� ���

�x��x�� � x��x�x� ��D� 
�� 
 ��� ��
�� ���

y � x��x�x��x� � x�x��x	x
� ��E� ��� �� ��
� �
��� 
��

x��x���x���x�� � �x��x���x��x�� ��E� 
�� 
 ��� ���� 
��

Table 
�

 Problem statistics
 ���input	 ��output variables



�� COMPUTATIONAL RESULTS ��

instance prediction

id iters CPU inferred logic accuracy

��A� ��
 �������s y � x��x�� � x�x��x� � x� � �x	 exact

��A� �� ������s y � x��x�� � x�x��x� � x� � �x	 exact

��B� � �����s y � �x��x�� � x�x� � x�x��x��� ���

�x��x���x�� � �x�x�x��x��x��

��B� �� ������s y � x�x��x�� � �x��x��� exact

�x��x���x�� � x�x�

��C� ��� ������s y � �x�x��x� � x��x	x��� ���

x�x
x��x�� � �x�x
�

x��x��x
x��x��

��C� �� ������s y � x��x	x�� � x�x��x��� exact

�x��x��x�� � �x�x


��D� ��� ��
����s y � �x��x�� � �x��x���x��� exact

�x��x
�x��x�� � x��x�x�

��D� ��� �

���s y � �x��x�� � �x��x���x��� exact

�x��x
�x��x�� � x��x�x�

��E� ��� �����
�s y � x��x�x
x�x���x�� � x��x�x��x�� ���

�x��x���x��x�� � x��x��x���x���

x�x��x	x


��E� �� ������s y � x��x�x��x� � x�x��x	x
� exact

x��x���x���x�� � �x��x���x��x��

Table 
��
 Interior point solution statistics
 ���input	 ��output variables



�� COMPUTATIONAL RESULTS �


instance

id CPU time

��A� 	

��A� 	

��B� 	

��B� 	

��C� 	

��C� 	

��D� 	

��D� 	

��E� 	

��E� ��

����s

	 Did not �nd satis�able

assignment in 
����s�

Table 
��
 Davis�Putnam solution statistics
 ���input	 ��output variables

instance i�o AND Satis�ability Problem

hidden logic id samples gates vars clauses lit�clause

y � x��x�� � x��x�x�� � x���x��x�� ��A� ��� � 
�� ���� ���

y � x�x��x��x��x�� � x���x��x��� ��B� �� � ��� ���
 
��

x��x��x��x�� ��B� ��� � ��� ���� 
��

��B� ��� � �
� ���
 ���

��B
 ��� � ��� ���� ���

y � x��x��x��x�� � x��x��x��� ��C� �� � ��� ���� 
��

x�x�x���x��x�� ��C� ��� � �
� ���� ���

��C� ��� � ��� ���� ���

��C
 ���� � ��� ����� ���

y � x�x���x�� � x�x���x���x��� ��D� �� 
 ��� ���� ��


�x�x�x�� � �x��x���x��x�� ��D� ��� 
 
�
 ���� ���

��D� 
�� 
 ��
 ��
�� ���

y � x�x��x�� � x�x���x��� ��E� �� � ��� ���� ���

x��x�x��x	x���x�� ��E� ��� � ��� ��
� 
��

��E� ��� � ��� ���� 
��

��E
 ��� � ��� ���� ���

��E� 
�� � 
�� ���� ���

Table 
��
 Problem statistics
 ���input	 ��output variables



�� COMPUTATIONAL RESULTS ��

instance prediction

id iters CPU inferred logic accuracy

��A� 

 ������s y � x��x�� � x��x�x�� � x���x��x�� exact

��B� � ����s y � �x���x��x�� � x���x��x��� ���

x���x�	�x��x��

��B� �� �����s y � x��x��x��x�� � x���x��x��� ���

x�x��x���x��x��

��B� �� ������s y � x���x��x�� � x��x��x��x��� ���

x��x��x���x���x���x��

��B
 �� ����
�s y � x���x��x�� � x��x��x��x��� exact

x�x��x��x��x��

��C� �� �����s y � x�x��x�� � x��x	�x
x��� ���

x�x	x���x��

��C� � ����s y � x��x��x�� � x�x�
x��� ���

x�x�x	x���x�	�x��

��C� � �
���s y � x��x��x�� � x��x�
�x���x��x��� ���

x�x��x�
x���x���x��x��

��C
 � ��
���s y � x��x��x�� � x��x��x��x��� exact

x�x�x���x��x��

��D� 
� �����s y � �x��x�
�x�� � x���x�	�x��x�	� ��


�x�x�x�� � x��x���x���x��

��D� �� ������s y � x�x���x���x�� � x�x���x��� ���

�x�x�x�� � x���x���x���x��

��D� �
� �����
�s y � x�x���x�� � �x��x���x��x��� exact

�x�x�x�� � x�x���x���x��

��E� � ����s y � x�x���x�� � �x���x��x���x�� ���

��E� � ����s y � x�x���x�� � x�x�x���x��� ���

x�x��x��

��E� 
� ������s y � x�x���x�� � x��x�x��x	�x��� ���

x�x��x��

��E
 �� ������s y � x�x���x�� � x�x��x��� ���

x��x�x��x	�x���x��

��E� �� ������s y � x�x���x�� � x�x��x��� ���

x��x��x	x���x���x��

Table 
��
 Interior point solution statistics
 ���input	 ��output variables



�� COMPUTATIONAL RESULTS ��

instance

id CPU time

��A� 	

��B� ������s

��B� 	

��B� 	

��B
 	

��C� �����s

��C� ������s

��C� 	

��C
 	

��D� 	

��D� 	

��D� 	

��E� �
���s

��E� �

�
�s

��E� 	

��E
 	

��E� 	

	 Did not �nd satis�able

assignment in 
����s�

Table 
��
 Davis�Putnam solution statistics
 ���input	 ��output variables



�� CONCLUDING REMARKS ��

�� Concluding remarks

Inductive inference is an essential ingredient in systems that exhibit truly intelligent behavior� Since

intelligent answers to questions are often ranked by their simplicity	 optimization plays an important

role in e�ective inductive inference systems� In this paper	 we applied a method of continuous

function minimization to implement an inductive inference system�

This approach is based on an integer programming formulation for Boolean function synthesis�

The introduction of on�line cuts	 described in Section �	 enabled our implementation to solve a larger

number of problems than our previous implementation	 used in ����

The preliminary computational results presented in this study indicate the feasibility of this

approach to inductive inference� In forthcoming papers	 we will use similar methods to approach

other inference problems� These include


Multiple output Boolean model� This model is similar to the single output Boolean model	

except that the hidden function is of the form F 
 f�� �gn� f�� �gm	 i�e� it has m outputs�

Boolean model with correlated variables� This model has no input or output variables� Instead	

one is given generic Boolean variables and examples of variable values	 with the objective of inferring

a relationship between the variables�

Threshold gate model� Given a black box with a �xed network of threshold gates �in place of

Boolean gates� and a partial list of input�output examples	 the problem is to infer the weights so

that the input�output sample is duplicated by the inferred network�

Continuous inputs� All of the above models can be formulated with continuous inputs in place of

Boolean inputs�

Finite state machine model� A �nite state machine is de�ned by an input alphabet �	 a state

set S	 a start state s� � S	 a transition function ft and a set of accept states A � S� Let L � �� be

the language accepted by this �nite state machine	 where �� is the set of all strings formed from the

input alphabet �� Given two sets of strings U� T 	 where U � L and T � �� � L	 one wishes to pose

the question
 Does there exist a k�state deterministic �nite automaton whose behavior matches the

partially speci�ed �nite state machine�

Probabilistic model� In this model one is given n events E�� E�� � � � � En and a sample of states	

each indicating for each event	 if that event has occurred or not� One wishes to infer compact

relations between events	 such as E� � �E� �E�� �E�	 that hold with high probability�

Markov chain model� In this model	 a hidden Makov chain outputs elements from an output

alphabet with each state transition� This output is observed and one wishes to infer the matrix of

one�step transition probabilities�

Approximate model� In this model	 noise is present in the observation of the input and output of

the hidden logic in the black box� One wishes to infer this hidden logic so that with high probability

the inferred logic will reproduce the observed input�output patterns�
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