PIECEWISE LINEAR TIME SERIES ESTIMATION WITH GRASP
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ABSTRACT. This paperdescribes heuristicto build piecavise linear statisticalmodels
with multivariatethresholdspbasedon a GreedyRandomizedAdaptive SearchProcedure
(GRASP).GRASPIs aniteratve randomizedsamplingtechniquethathasbeenshavn to
quickly producegoodquality solutionsfor awide variety of optimizationproblems.In this
paperwe describea GRASPto sequentiallysplit an n-dimensionakpacein orderto build
apiecaviselineartime seriesmodel.

1. INTRODUCTION AND PROBLEM DESCRIPTION

A time seriesis a sequenc®f obsenationsof a certainphenomenorover time. The
main goal of moststatisticalforecastingtechniquess to analyzethe pastoutcomesof a
givenseriedn orderto predictits future behaior.

Historically, the mostfrequentlyusedapproache® time seriesmodelbuilding assume
thatthedataunderstudyaregeneratedrom alinearGaussiarstochastiproces$4]. How-
ever, it is well known thatreal-life systemsreusuallynonlinearandcertainfeaturessuch
aslimit-cycles,asymmetryamplitude-dependefitequeny responsegump phenomena,
and chaoscannotbe correctly capturedby linear statisticalmodels. Over the lastyears,
several nonlineartime seriesmodelshave beenproposedn the classicaltechnicallitera-
ture(se€g9] and[5] for acomprehensiereview). Onemodelthathasfoundalargenumber
of successfulpplicationds thethresholdautorgyressve model(TAR), proposedy Tong
[7] andTongandLim [10]. The TAR modelis a piecavise linear processvhosecentral
ideais to changethe parametersf a linear autorgressie modelaccordingto the value
of aknown variable,calledthe thresholdvariable If this variableis alaggedvalueof the
time seriesthemodelis calleda self-exciting thresholdautorgressie (SETAR) model.

In this paper we proposea heuristicto estimateSETAR modelswith multivariate
thresholds.This is a generalizatiorof the procedureglescribedn [10] and[11], where
the thresholdsare monovariate. The proposedmethodis basedon a semi-greedyalgo-
rithm, calledGreedyRandomizedbsearchAdaptive Procedurd GRASP) proposedy Feo
andResendé¢2, 3, 6].

The paperis organizedasfollows. Section2 givesa generaldescriptionof threshold
models.Section3 presentsheproposegrocedureSectiond describebriefly the GRASP
methodologyand presentsts applicationto our particularproblem. Section5 presents
somenumericakxamplesllustratingthe performancef the proposednodel. Concluding
remarksaremadein Section6.
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2. THRESHOLD AUTOREGRESSIVE MODELS

The thresholdautorgyressve modelwasfirst proposedoy Tong[7] andfurther devel-
opedby TongandLim [10] andTong[8]. The mainideaof the TAR modelis to describe
agivenstochastiqprocesdy a piecavise linearautorgressie model,wherethe determi-
nation of whethereachof the modelsis active or not depend=n the value of a known
variable.

A time seriesy; is athresholdprocessf it followsthe model
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Wheregt(j) is awhite noiseprocesswith zeromeanandfinite varianceo?)), andtheterms
(pé”,(p(lj),... ,@) arerealcoeficients. () (-) is anindicatorfunction, definedoy

1, if g €Ry;
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(@) {0, otherwise,

whereR; = (rj_1,rj] is a partitionof therealline R, definedby alinearly orderedsubset
of therealnumbers{ro,...,r}, suchthatrg <rq < ... <r, whererg = —co andr; = co.
Model (1) is composedy | autorgressie linearmodels,eachof which will be active or
not dependingon the valueof g:. The choiceof the thresholdvariable,q;, which deter
minesthe dynamicsof the processallows a numberof possiblesituations.An important
caseis wheng; is replacedby y: 4, wherethe modelbecomeghe self exciting threshold
autorgyressve model

(@)
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denotedoy theacrorym SETAR(l; p1,---, pi). Thescalard is known asthedelayparam-
eteror thelengthof thethreshold.

In [10], a grid searchto estimateSETAR models,basedon the Akaike’s information
criterion[1], wasproposed.In [11], Tsaydevelopeda graphicalprocedureanda statis-
tical testfor nonlinearityto estimatethe thresholds. Both methodologieconsideronly
thresholdsontrolledby a singlelaggedobsenationof thetime series.
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3. THE MULTIPLE THRESHOLD AUTOREGRESSIVE MODEL

3.1. Model Presentation. As statedin Section2, the dynamicsof a SETAR modelare
controlledby a partition of the realline R inducedby the parameters;. However, in a
more generalsituation, it will be interestingto considera partition of an n-dimensional
spacesayR". This paperproposes procedurdo estimateSETAR modelswith evolution
controlledby a partitionof amultidimensionakpacdanducedby h separatindnyperplanes.
Theproposednethodcanbeimmediatelygeneralizedo a dynamicregressiorframework.

Consideran n-dimensionaEuclideanspaceanda point x in thatspace.A hyperplane
is definedby

H={xeR"|w x=p}, 4)

wherew is ann-dimensionaparametewvectorandf is a scalamparameterfFigurel shavs
anexamplein R2. Thedirectionof w determineshe orientationof the hyperplaneandthe
scalarterm 3 determineghe positionof the hyperplanedn termsof its distancefrom the
origin.
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FIGURE 1. Hyperplanadefinedby w'x = B in R2.

A hyperplanenducesapartitionof the spacento two regionsdefinedby the halfspaces
H" = {xe R"|0'x > B} (5)
and
H ={xeR"|w'x < B}. (6)

With h hyperplanesan n-dimensionakpacewill be split into several polyhedralregions.
Eachregion is definedby the nonemptyintersectiorof the halfspace5) and(6) of each
hyperplane.

For agivenhyperplanegefinedby w and, denoteby I, g(x) anindicatorfunction

1, ifxeH";
log(X) =< ' 7
wp(X) {0, otherwise. @

Themainideaof the proposedroceduras to use(7) to createa multidimensionathresh-
old structure Suppos¢hatann-dimensionaspaces spannedby nlaggedvaluesof agiven
stochastigrocessy, sayx{ = [yt_1,---,Yt_n], andsupposeave have h functionsly; g, (),

i =1,...,h, eachof which definesa threshold.Now considera time-varyingtime series
modeldefinedas

0) | < i)
w=a" + Zlcp[ Yei +&. (8)
i=
Thetime evolution of the coeficientsqu) of (8) is givenby
() _ < -
@ :Zl)\ljlwi,&(xt)*yj J:O',”‘apa (9)
=
wherehij andyj, i =1,... ,handj =1,...,p, arereal coeficients. Equationg8) and(9)

represena time-varyingmodelwith a multivariatethresholdstructuredefinedby h sepa-
ratinghyperplanes.
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FIGURE 2. Thresholdboundarie®f model(10).

To illustrate,considerthefollowing example

_ )J02+08ya+e&, if lya1—W2f=02 (10)
0.2—0.4y;_1+¢, otherwise.

Clearly, equation(10) hastwo thresholds:onewheny;_1 — yt_» = 0.2 andanothemwhen
Vi_1— Y2 = —0.2. Figure2 shavs thethresholdboundariesThevalueof parametersy
andBi, i = 1,2, are: ] = w) =[1,-1], B1 = —0.2 and B, = 0.2. Equation(9) canbe
rewrittenas
_ =i if yi-1—W-2<-02;
o) = {Ag-y;, if —0.2<y 1-% 2<02 (11)
A1j+A2j —Yj, otherwise.

Thevaluesof parameterd;; andy; canbe easilydeterminedy matchingequationg11)
and(10).

3.2. Estimation of the Parameters. Equationq8) and(9) canbecastin matrix notation

Vo=@ Ve +&, (12)
wherey! = [1, Y1, Yt-2, ---, Ye_p|, and @ = [(q(o), oY, ..., (q(p)] Defining I =
[|0)1’[31(Xt), IO)zﬁz(Xt)J E) I%,Bh(xt)]:

)\01 )\02 )\Oh Yo
M1 A2 ... A Y1
A= A1 A2 ... Ao y=|Y2|,

)\pl 7\p2 Aph Yp
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equation(9) canberewrittenas

@ =Alf—y. (13)
Denoting® = [A, —y] andQ[ = [Iy, 1], wherel” = [1, 1, 1, ---, 1], equation(12)
N
becomes "
Vo= (0Q) yi +& =T Oy +&. (14)

Applying the vec! operatorto both sidesof equation(14), and using the property that
vec(ABC) = (CT @ A)vec(B), we obtain

ve= (v @Qf)vec(O") +&. (15)

Equation(15)is alinearregressiormodelto whichthe ordinaryleastsquaregstimator

canbeapplied,obtaining

N -1

Z(y?@QF)T W @)
i=

N

ec(®) = > (eal ) % (16)

Sometimesn practice the matrix | SN, (y{ ® QIT)T W ® QtT)] doesnot have anin-
verseanda pseudo-irerseshouldbe calculatedby a singularvaluedecompositioralgo-
rithm.

Theproblemnow is to estimateparametersy andfj, i = 1,... ,h. As statedearlierin
this section theseparametersdefinea hyperplanen ann-dimensionakpacelf we have N
obsenationsof x;, we mustconsidehyperplaneshatseparaté¢heobsenedpoints.In fact,
weonly needto considethehyperplaneslefinedoy combination®f thosepoints.Sincein
ann- dimensionai;pacewe needn distinctpointsto defineahyperplaneHence jf wehave
N points,thereare (N oL possiblehyperplaneso search.Oneway would beto search
all the possiblecombinationf hyperplanesnd choosethe combinationthat minimizes
thesumof squareckerrors.Of course for mostpracticalproblemsthisis infeasible.In the
next sectionwe proposea procedurébasedon GRASPto choosehe setof h hyperplanes
with smallsumof squarederrors.

4. A GRASP FOR PIECEWISE LINEAR MODELS

A GRASPIs a multi-startiteratve randomizedgsamplingtechniquewith eachGRASP
iterationconsistingof two phasesa constructiorphaseanda local searctphase Thebest
overallsolutionis keptastheresult.

Theconstructiorphaseof GRASPIs essentiallya randomizedjyreedyalgorithm,where
afeasiblesolutionis iteratively constructedpneelementatatime. At eachconstructiorit-
eration thechoiceof thenext elemento beaddedo thesolutionis determinedy ordering
all candidateelementsn a candidatdist with respecto a greedyfunction. This function
measurethe(myopic)benefitof selectingeachelement.Theheuristicis adaptve because
thebenefitsassociateavith every elementareupdatedat eachiterationof the construction

1L et A bea (mx n) matrixwith (mx 1) columnsa;. Thevec operatortransformsA into an (mnx 1) vector
by stackingthe columnsof A.
2 denotesheKronecler product.Let A = (&) andB = (bjj) be(mx n) and(p x g) matricesyespectiely.
a;1B ... anB

The(mp x ng) matrixA®B = : . : is theKronecler productof A andB.
amB ... amnB
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proceduregrasp()

1 dok=1,---, Maxlter—

2 ConstructGreedyRandomizedSoluijon
3 LocalSearchy;

4 UpdateSolution};

5 end do;

6 retur n(BestSolutionBund);

end gr asp;

FIGURE 3. GRASPconstructiorprocedure.

phaseo reflectthe changedroughton by theselectiorof the previouselement.The prob-
abilistic componenbf a GRASPIs characterizedby randomlychoosingone of the best
candidatesn thelist, but not necessarilyhe top candidate. Thelist of bestcandidatess
calledthe restrictedcandidatelist (RCL). This choicetechniqueallows for differentso-
lutionsto be obtainedat eachGRASPiteration, but doesnot necessarilfcompromisehe
power of theadaptve greedycomponenbf the method.

As is the casefor mary deterministicmethodsthe solutionsgeneratedy a GRASP
constructionare not guaranteedo be locally optimal with respectto simple neighbor
hooddefinitions. Hence,it is almostalwaysbeneficialto apply a local searchto attempt
to improve eachconstructedsolution. Normally, a local optimizationproceduresuchas
a two-exchangeis employed. While suchprocedureganrequireexponentialtime from
anarbitrarystartingpoint, empirically their efficiengy significantlyimprovesastheinitial
solutionimproves. Throughthe useof customizeddatastructuresand carefulimplemen-
tation,anefficient constructiorphasecanbe createdvhich producegoodinitial solutions
for efficientlocal search.Theresultis thatoftenmary GRASPsolutionsaregeneratedn
the sameamountof time requiredfor thelocal optimizationprocedureo corvergefrom a
singlerandomstart. Furthermorethe bestof theseGRASPsolutionsis generallysignifi-
cantlybetterthanthe solutionobtainedby alocal searchfrom a randomstartingpoint.

Figure3 illustratesa genericGRASPIn pseudo-codeThe GRASPtakesasinput pa-
rameterdor settingthe maximumnumberof GRASPiterationsandthe seedfor theran-
domnumbergeneratar The GRASPiterationsarecarriedoutin lines 1-5. EachGRASP
iterationconsistsof the constructiorphasg(line 2), thelocal searchphasg(line 3) and, if
necessartheincumbentsolutionupdate(line 4).

Whenappliedto the piecavise linear time seriesmodelingproblem,the construction
phaseconsistsof sequentiallychoosinghyperplanesuntil the maximumnumberof hy-
perplaness reached.The greedyfunction proposedrdersthe possiblehyperplanesvith
respecto the sumof squarecderrorsof the fitted data. The local searchimplementedn
this GRASPIs a two-exchangeheuristic,wherea hyperplanghatis in the solutionis sub-
stitutedby anotherthatis notin the solution.Becausehe numberof possiblehyperplanes
cangrow very fastasa functionof the numberof obsened points,we build anouterloop
wherein eachouteriterationwe consideonly arandomsubsetf thepossiblenyperplanes.
Figure4 illustratesthe proceduren pseudo-code.

Themainprocedurdakesasinputparameteror settingthe maximumnumberof outer
loop andGRASPiterations the maximumnumberof hyperplanest eachouterloop iter-
ationandthe numberof hyperplanesn the solutionset. It is importantto stressthatthe
algorithmsupposeshatthe numberof separatindiyperplanesthe variableshatcompose
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proceduregpl ts()

1 BestSolutionBund=0LS;

2 dok=1, ---, MaxOuterlter—

3 PermuteDatal;

4 RandomSelectHyperplanés(
5 Grasp();

6 UpdateSolutiony;

7 end do;

8 return(BestSolutionBund);

end gpt | s;

FIGURE 4. Mainloop procedure.

procedureGrasp()

1 dok=1,.--, Maxlnnerlter—

2 SelecttAtRandom();

3 ConstructGreedyRandomizedSolution
4 LocalSearchj;

5 UpdateSolution(;

6 end do;

7 retur n(BestSolutionBund);

end G asp;

FIGURE 5. GRASPprocedure.

thevectorx; in (9) andtheorderp of theautorgressie model(8)areknown. After setting

thebestsolutionto theordinaryleastsquaresolution(OLS) (line 1), ateachouteriteration

(lines2-7),the procedurepermuteghe datasetsto avoid ary biasin therandomnumber

generatomandrandomlyselectsa subsetC of MaxHyperpossiblehyperplaneso be used

in the GRASPprocedure.ln line 6, if it is necessarythe solutionis updated.Figure(5)

shavsthe pseudo-codéor the GRASPprocedurdo the piecaviselinearmodelbuilding.
We next describethe eachoneof the componentén detail.

4.1. Construction Phase. In the constructiorphasesachpossiblehyperplands ordered
accordingo acostfunction. In thecontext of time seriesanalysisthechosercostfunction
is thesumof squarecerrors.To capturegheadaptve componentat eachtime a hyperplane
is chosertheremaininghyperplanesirereorderedo reflectthe benefitsof the selectiorof
theprevioushyperplanes.

Therandomcomponenbdf this GRASPsequentiallyselectsat randomthe hyperplanes
from the restrictedcandidatelist (RCL) until the maximum numberof hyperplaness
reached.Let a € [0,1] be a given parameteiand SSE (hp) the costof selectinga given
hyperplandrom the setof all possiblealternatvesC, thenthe RCL is definedas

RCL = {hpe C | SSE(hp) < hp+a(hp—hp)} (17)
wherehp = min{SSE (hp) | hp € C} andhp = max{SSE (hp) | hp € C}.

In thisimplementiorat eachinneriterationthe parameten is arandomlychoserfrom
auniformdistributionbetweerD and1, asseenn line 2 of Figure5. Figure6 illustratesthe
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procedure Const r uct G eedyRandoni zedSol uti on()
s=0;
dok=1,---, MaxHyperSolution—
hp = max{SSE (hp) | hp € C};
hp = min{SSE(hp) | hp € C};
RCL = {hpe C| SSE(hp) < hp+a(hp—hp)};
SelectHyperAtRandom(RCL); -
s=sU{hp};
AdaptCost();
end do;
end Const r uct G- eedyRandom zedSol uti on;

O©COO~NOO O, WL

FIGURE 6. Constructiorphase.

procedureLocal Sear ch()
1 do sis notlocally optimalin N(s) —

2 FindBetterSolutionf;
3 ReplaceHyperplaney(
4 end do;

end Local Sear ch;

FIGURE 7. Localsearctphase.

constructiorphaseof the GRASPusedin this paper The constructiomprocedureeceves
asparametershe maximumnumberof hyperplaneshat composehe solution,the RCL
parameteo andthe subsebf possiblehyperplanes.

4.2. Local Search. Foragivenproblem alocalsearchalgorithmworksin aiterativefash-
ion by successiely replacingthe currentsolutionby a bettersolutionin the neighborhood
of the currentsolutionwith respecto somecostfunction. It terminatesvhenthereis no
bettersolutionfoundin the neighborhood.

The local searchimplementedn this GRASPIs a 2-exchangelocal search,wherea
hyperplandhatit is in the solutionsetis replacedby anothetyperplanghatis notin the
solutionset.Figure7 shavsthe pseudo-codef thelocal searcihprocedureTheconsidered
neighborhood\(s) is thesetof all hyperplanen C thatarenotin the solutionsets.

5. EXPERIMENTAL RESULTS

In this section,we reportexperimentalresultswith animplementatiorof the GRASP
describedn this paper The experimentaveredoneusingsimulateddatasetswith known
optimal solution. The experimentswveredoneon a Silicon GraphicsChallengecomputer
(20 MIPS 196 MHz R10000processorsvith 6.144Gbytesof main memory). The algo-
rithms were programmedn MatLab® andtranslatednto C++ with the MatConf® com-
piler. We generated00obsenationsof four stochastiprocesses

Weranthe GRASPdescribedn Sectiord for eachof themodelswhereateachouterit-
erationwe randomlyselecta subsebf 250hyperplanesutof all thepossiblehyperplanes.

Shttp://ww.research. att.conl “ngcr/data/plts.tar. gz
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FIGURE 8. Time seriesgeneratedby (18).

The numberof outerandinner iterationswere,respectiely, 20 and5. We ranthe algo-
rithm using6 differentrandonmumbergeneratoseed$330000,330001,330002,330003,
330004 ,and330005).Theresultsaresummarizedn

Tablesl-3. Tablel shavssolutionquality. For eachmodelthetableshavsthevalueof
thebestsolutionfoundby ourprocedurethevalueof theknown optimalsolution(obtained
whenthe correctparametersf the modelareestimated)andthe percentageelative error
(differencebetweenbest solution and optimal solution divided by the optimal solution
times 100). Table 2 shaws for eachmodelthe minimum, maximum,and average(over
the six runs)numberof outerandinner iterations,as well as minimum, maximum,and
averagevaluesof the bestsolutionsfoundby our procedureTable3 shavs solutiontimes.
For eachmodelthe table shavs minimum, maximum,andaveragetimesto find the best
solution,andminimum, maximum,andaveragetotal runningtimes.

Thefirst generatedime seriesis very simple,definedas

. {0.95yt_1+ &, if Iyl >07; 18)
—0.95y;_1+&, otherwise.

The randomterm g is a normally distributed white noise processwith zero meanand
variance0.0625.Figure 8 shavs the simulateddata. In this casetherearetwo thresholds.
Onewheny;_; = 0.7 andanothewheny;_1 = —0.7. Asthethresholdsreunidimensional,
thetotal numberof possiblevaluesfor themequals500, the total numberof points. The
orderof model(18)is 1 andx; = y;_1.

Figure9 shaws the scattemplot of y; andy; versusy;_1. The proposedprocedurecor-
rectly identifiesthe positionof the thresholdof model(18). As shawvn in Tables1l-3 the
algorithmfindsthe optimalsolutionin few iterations.
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FIGURE 9. Scattemplot of y; versusy;_1 andy; versusy;_1. Thecircles
arethetruevaluesof y; andthe starsarethe estimatedi

Thesecondsimulatedmodelis
_ 0.2+ 0.8yi_1+&, Iif |yi—1—W—2/>02; (19)
0.2—0.4y; 1+¢&, otherwise,

whereg; is a normally distributedwhite noiseprocesswith zeromeanandvariance0.01.
Figure 10 shaows the simulateddata. In this casetherearetwo bidimensionathresholds.
Thefirst onewheny;_» —y;_1 = 0.2 andthe secondonewheny; > —y;_1 = —0.2. The
orderof themodelis 1 andx{ = [y;_1,¥;_2]. Thetotal numberof possiblehyperplaness
500!/2!498!= 124750.

Figure 11 shaws the estimatedchyperplanedy the proposedprocedure.As shavn in
Tablesl-3 theresultsarevery good.

Thethird simulatednodelis describedas

05+08y-1+¢&, ify2<0andy2—¥-1>0;
05-08y 1+&, ifyr2<O0andy >—y 1<0;
—0540.8y; 145, ifyo>0andy »—y 1>0;
0.5—-0.8yt—1+ &, otherwise.

Vi (20)

Therandomtermin (20)is anormallydistributedzeromeanwhite noisewith unit variance.
The dynamicsof model (20) is controlledby two hyperplanesdefinedby y;_» = 0 and
Vi—2—Yi—1 = 0. Figuresl2 and13 shaw, respectiely, thesimulateddataandtheestimated
hyperplanes.
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FIGURE 10. Time serieggeneratedby (19).
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FIGURE 11. Scattemlot of y; versusy;_1 with thetrue (solid line) and
estimateddashedine) separatindwyperplanes.

Thelastsimulatedmodelis describedhs

0.5+ 0.8yt_1+&, if i3—W%-2<0andy; 2—V_1>0;
05-08yt 1+&, ifyys—w2<0andy 2—y% 1<0;
—05+0.8yt-1+&, ify3—Ww2>0andy 2—y-1>0;
0.5—-0.8yi_1+&, otherwise,

Wi (21)
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FIGURE 12. Time serieggeneratedby (20).
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FIGURE 13. Scattemlot of y; versusy;_1 with thetrue (solid line) and
estimateddashedine) separatindiyperplanes.

whereg; is azeromeannormallydistributedwhite noisewith unit variance As in thepre-
viouscasethedynamicsof model(21)is controlledby two separatindgnyperplanesefined
byyvi 3—yi 2=0andy;_2—Vy_1=0. In this casextT = [Vi—1,Yt—2, ¥t—3]. Thesimulated
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FIGURE 14. Time serieggeneratedby (21).

TABLE 1. Experimentalesults:Solutionquality.

Model | Bestsoln | Optimalsoln | % error
I 31.05 31.05 0
Il 4.99 4.92 1.43
I 497.60 488.40 1.88
Y 549.79 534.85 2.79

TABLE 2. Experimentatesults:lterationsandbestsolutions.

Model Iterations Bestsolution

min | max avg min max avg

I (8,1)| (16,4)| (10,2) | 31.05| 31.05| 31.05
1l (2,1)| (18,1)| (9.70,1) | 4.99 5.43 5.23
[ (7,1)| (20,1)| (12.50,1)| 497.60| 514.77| 506.83
v (1,1)| (17,1)| (9.17,1) | 549.79| 560.70| 554.48

time seriesis illustratedin Figure14. Figure 15 shavs the scattemlot of the sequence;
generatedy the optimal solutionandthe sequencgeneratedy the bestsolutionfound.
Exceptfor afew points,the estimatedolutioncorrectlycaptureghethresholdstructureof
themodel.As shavn in Tablesl-3 andin Figure15, theresultsarevery encouraging.

6. CONCLUSION

This paperpresentsa new approactto modelingthresholdporocessedasedn alinear
modelwith time-varying parametersWe shaw thatthis formulationis closelyrelatedto
the SETAR modelswith the advantagethatit incorporatedinear multivariatethresholds.
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FIGURE 15. Scatterplot of the estimated; versushe optimaly.

TABLE 3. Experimentatesults:Solutiontimes.

Model Timeto best(secs) Totaltime (secs)

min max avg min max avg

I 9.16 | 676.17 | 423.23| 870.00 | 918.00 | 902.10
Il 35.54| 1451.29| 770.55| 1689.00| 1724.40| 1752.20
11 51.38| 853.60 | 514.92| 862.80 | 928.20 | 890.90
v 9.69 | 721.45 ]| 368.17| 858.60 | 909.00 | 879.60

A GRASPhasbeendevelopedto estimatethe parameter®f the model. Experimental
resultsshav that the proposedalgorithm performswell in estimatingthe locationsand
orientationsof the separatinghyperplanes.However, the procedurenas not designedo
estimateneitherthe numberof hyperplanesior the thresholdvariables. An interesting
extensionof the proposedalgorithmwould beto find the optimal numberof hyperplanes
andthethresholdvariables.
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