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ABSTRACT. WedescribeFORTRAN subroutinesfor approximatelysolvingthefeedback
vertex and arc set problemson directedgraphsusing a GreedyRandomizedAdaptive
SearchProcedure(GRASP).Thealgorithmsaredescribedin detail. Implementationand
usageof the packageis outlinedandcomputationalexperimentsarereportedillustrating
solutionquality asa functionof runningtime. Thesourcecodecanbedownloadedfrom
theURL http://www.research.att.com/˜mgcr/src/gfsp.tar.gz .

1. INTRODUCTION

Let G � �
V� E � bea graphwith vertex setV andarcsetE. A pathP in G connecting

vertex u to vertex v is asequenceof arcse1 ��������� er in E, suchthatei
� �

vi � vi � 1 � , i � 1�������	� r
with v1

� u andvr � 1
� v. A cycleC in G is apathC � �

v1 �
������� vr � , with v1
� vr . A feedback

vertex (arc) setof G is a subsetof vertices(arcs)S � V ( S � E) suchthateachcycle in
G containsat leastonevertex (arc) in S. Let w be a function that assignsa nonnegative
weightto eachvertex (arc)of G. Thentheweightof a feedbackvertex (arc)setis thesum
of theweightsof its vertices(arcs),andaminimumfeedback vertex (arc) setof a weighted
graph(G,w) is a feedbackvertex (arc)setof G of minimumweight.

Thiskind of NP-hardproblemis alsoknownasthehitting cycleproblem, sinceonemust
hit everycycle in C. In additionto theminimumfeedback vertex (arc) setproblem, it also
generalizesa numberof problems,thesubsetminimumfeedback vertex (arc) setproblem
andthegraphbipartizationproblem, in whichonemustremovea minimum-weightsetof
verticessothattheremaininggraphis bipartite.

A generalNP-hardnessproof for all feedback setproblemsrestrictedto planargraphs
hasbeengivenin [12]. Theseresultsapplyto theplanarbipartizationproblem,theplanar
(directed,undirected,or subset)feedbackvertex setproblems,alreadyproved to be NP-
hard[7, 6]. Furthermore,it is NP-completefor planargraphswith no in-degreeor out-
degreeexceedingthree[7], generalgraphswith no in-degreeor out-degreeexceedingtwo
[7], andarc-directedgraphs[7].

Thefeedbackvertex (arc)setproblemhasfoundapplicationsin many fields,including
deadlockprevention[11], programverification[10], andBayesianinference[1]. There-
fore, it is naturalthatin thepastfew yearstherehavebeenintensiveeffortsonapproxima-
tion algorithmsfor thesekindsof problems.A recentsurvey of feedbacksetproblemscan
befoundin Festa,Pardalos,andResende[5].

Although the approximationalgorithmsguaranteea solutionof a certainquality, for
many practicalrealworld cases,heuristicmethodscanleadto bettersolutionsin a reason-
ableamountof CPU time. Onesuchheuristicis the greedyrandomizedadaptive search
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proceduregfvs( V� E,maxitr, S
 )
1 S
 � /0; V0 � V; E0 � E;
2 do k � 1�
������� maxitr �
3 V � V0; E � E0;
4 α � UNIF � 0� 1� ;
5 ConstructGreedyRand omi zed Sol uti on

�
V� E � α � S� ;

6 LocalSearch
�
V� E � S� ;

7 if ( � S����� S
������
8 S
 � S;
9 fi;
10 od;
end GRASP;

FIGURE 1. A GRASPalgorithmfor feedbackvertex set

procedure(GRASP)introducedby FeoandResende[4, 3] andusedby Pardalos,Qian,
andResende[9] to find approximatesolutionsof largeinstancesof thefeedbackvertex set
problem.

GRASP[3] is an iterative samplingmethodfor finding approximatesolutionsto com-
binatorialoptimizationproblems.GRASPiterationsarerepeated,eachiterationfindingan
approximatesolutionto theproblem.Thebestsolutionfound,overall GRASPiterations,
is returnedby themethodastheGRASPsolution. EachGRASPiterationis madeup of
two phases:a constructionphaseanda localsearchphase,alsoknown asa local improve-
mentphase.During the constructionphasea feasiblesolutionis iteratively constructed.
Oneelementata time is randomlychosenfrom aRestrictedCandidateList (RCL), whose
elementsaresortedaccordingto somegreedycriterion,andis addedto thesolutionbegin
built. Therandomizationusedin thealgorithmmakesit unlikely thatthegreedychoiceis
alwaysselectedduringconstruction.Therefore,the constructionphasesolutionis rarely
thegreedysolution. In thesecondphase,theneighborhoodof theconstructedsolutionis
searchedfor animprovedsolution.

In thispaper, wedescribegfvs andgfas , two setsof FORTRAN subroutinesthatapply
GRASPto find approximatesolutionsof thefeedbackvertex setandthefeedbackarcset
problem,respectively. Thepaperis organizedasfollows. Thealgorithmsimplementedin
gfvs andgfas aredescribedin Section2.1andin Section2.2,respectively. In Section3,
we describethe designand implementationof gfvs and gfas , two setsof FORTRAN
subroutinesdistributedwith thepackages.Computationaltestingispresentedin Section5.

2. THE ALGORITHMS

In thissection,wedescribethegreedyrandomizedadaptivesearchproceduresfor feed-
backvertex setandfeedbackarcsetproblems.

2.1. A GRASPprocedurefor the feedbackvertex setproblem. TheGRASPalgorithm
for the feedbackvertex setproblemimplementedin gfvs is the procedureproposedby
Pardalos,Qian,andResende[9]. Thepseudo-codefor gfvs is shown in Figure1.

As sketchedin Section1, GRASPis a multi-startmethodcharacterizedby two phases:
a constructionphaseanda local searchphase.Themain loop of theGRASPconsistsof
lines 2–10. A solution is generatedin line 5 with a local searchtaking placein line 6,
while the bestsolutionfound is updatedin lines 7–9. During both the constructionand
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procedure in0out0
�
V� E � S�

1 for v � V �
2 if ( � in � v ��� � 0 or � out

�
v ��� � 0) �

3 S � S ��� v� ;
4 V � V ��� v� ;
5 E � E ��� � x� y � � E � x � v or y � v� ;
6 fi;
7 rof;
end in0out0 ;

FIGURE 2. Solutionpreservingreductionin0out0

procedure in1
�
V� E � out �

1 for v � V �
2 if ( � in � v ��� � 1) �
3 for

�
u� v �!� E �

4 V � V ��� v� ;
5 E � E ��� � u� w�!� E � w � out

�
v �����"� � v� w�#� E � w � out

�
v ��� ;

6 out
�
u � � out

�
u �$� out

�
v � ;

7 rof;
8 fi;
9 rof;
end in1 ;

FIGURE 3. Solutionpreservingreductionin1

procedureout1
�
V� E � in �

1 for v � V �
2 if ( � out

�
v ��� � 1) �

3 for
�
v� u �!� E �

4 V � V ��� v� ;
5 E � E �%� � w� v �!� E � w � in

�
v ���&�&� � w� v � � E � w � in

�
v ��� ;

6 in
�
v � � in

�
v �$� in

�
u � ;

7 rof;
8 fi;
9 rof;
end out1 ;

FIGURE 4. Solutionpreservingreductionout1

thelocal searchphasetheGRASPusessolutionpreservingreductiontechniques.In these
procedures,verticesandarcsareremoved from G in sucha way that the reducedgraph
andoriginalgraphhave thesamefeedbackvertex set.Foursolutionpreservingreductions
areused. Let S be a feedbackvertex (arc) setof G andfor eachvertex i � V let define
in
�
i � � � j � � j � i �!� E � andout

�
i � � � j � � i � j � � E � , thenthesolutionpreservingreductions

areshown in Figures2–5.
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procedure loop
�
V� E � S�

1 for
�
v� v ��� E �

2 S � S ��� v� ;
3 V � V ��� v� ;
4 E � E ��� � v� u �'� E or

�
u� v �&� E � ;

5 rof;
end loop ;

FIGURE 5. Solutionpreservingreductionloop

procedureReduceInstanceSize
�
V� E � S�

1 in0out0
�
V� E � S� ;

2 in1
�
V� E � ;

3 out1
�
V� E � ;

4 loop
�
V� E � S� ;

5 for (at leastonereductionsucceeds)�
6 in0out0

�
V� E � S� ;

7 in1
�
V� E � ;

8 out1
�
V� E � ;

9 loop
�
V� E � S� ;

10 rof;
end ReduceInstanceSize ;

FIGURE 6. Solutionpreservingreductions

procedureConstructGreedyRand omi zed Sol uti on( V� E � α � S)
1 S � /0;
2 ReduceInstanceSize (V� E � S);
3 do k � 1�
������� n �
4 MakeRCL(α);
5 s � SelectIndex ();
6 S � S ��� s� ;
7 UpdateGraph (V� E);
8 ReduceInstanceSize (V� E � S);
9 od;
end ConstructGreedyRando miz edSolu ti on;

FIGURE 7. GRASPconstructionphasepseudo-code

The above reductionsare implementedin the procedureReduceInstanceSize , out-
lined in Figure6. For detailedanalysisof thesereductionprocedures,seealsoLevy and
Lowe[8].

To describetheconstructionphase,oneneedsto provideanadaptivegreedyfunction,a
constructionmechanismfor theRCL, anda probabilisticselectionprocedure.Thesethree
componentsform an iterative procedurethat constructsa solution,onevertex at a time,
biasedby theadaptive greedyfunction. During theconstructionphasea feasiblesolution
is iteratively constructed.Oneelementat a time is randomlychosenfrom a Restricted
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procedureLocalSearch (V� E � S)
1 flag � 1;
2 while (flag ) �
3 flag � 0;
4 for i � 1��(�(�(	�
� S�)�
5 V * � V �+� S ��� si ��� ;
6 E* � E �+� � v� w�!� E � v or w �,� S ��� si �	� ;
7 ReduceInstanceSize (V * � E* � S);
8 if (V * � /0) �
9 S � S ��� si � ;
10 flag � 1;
11 break;
12 fi;
13 rof;
14 elihw;
end LocalSearch ;

FIGURE 8. GRASPlocalsearchphasepseudo-code

CandidateList (RCL), whoseelementsaresortedaccordingto somegreedycriterion,and
is addedto the feedbackvertex setbeingbuilt andremoved from the graphwith all its
incidentarcs. Sincethe computedsolution, in general,may not be locally optimal with
respectto theadoptedneighborhooddefinition,the local searchphasetries to improve it.
Thesetwo phasesareiteratedandthebestsolutionfoundis keptasanapproximationof the
optimalsolution. Figure7 shows thepseudo-codefor theconstructionphaseof GRASP.
The main loop in lines 3–9 is repeatedat mostn times,asat mostn � �V � verticescan
be selectedto be insertedin the cutsetS. A restrictedcandidatelist (RCL) is computed
in line 4 throughtheprocedureMakeRCL. Following Pardalos,Qian,andResende[9], the
greedyfunctionusedin theconstructionprocedureis

G
�
v � � � in � v ���-�-� out

�
v ���.�

thatfavorsthebalancebetweenthein- andout-degreesof nodev. Let

G � min
v / V

G
�
v � and G � max

v / V
G
�
v ���

and let α (0 0 α 0 1) be a real numberchosenat random(in gfvs ) using the uniform
distribution. Thenarestrictedcandidatelist for thisproblemis thesetof vertices

RCL � � v � V � G �
v�!1 G 2 α � � G 3 G����(

Thevertex selectionin theline 5 of theGRASPconstructionphaseis random,restricted
to verticesbelongingto the RCL. In line 6 the feedbackvertex set is updatedto include
theselectedvertex s, which is removedfrom thegraphtogetherwith all its incidentarcsin
line 7. Thesolutionpreservingreductionsareappliedon thegraphin line 8.

Oncea cutsetS is generatedby theconstructionprocedure,local searcheliminatesits
redundantelements,resultingin a minimal cutset. The pseudo-codeof the local search
heuristicis presentedin Figure8, wheresi is the i-th elementof S.

For any givencutset,thelocalsearchheuristiccheckswhethereachvertex of thecutset
is redundant.This is done,in lines2–10,by excludingeachvertex si from Sandapplying
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procedure fas2fvs
�
G � �

V� E � , G* � �
V * � E* ���

1 V * � E;
2 for eacharcei

� �
vi � v j �!� E �

3 if (thereexistsej
� �

v j � vk �!� E �!�
4 E* � E* �+� � ei � ej ��� ;
5 fi;
6 rof;
end fas2fvs ;

FIGURE 9. Procedureto reducea feedbackarcsetprobleminto a feed-
backvertex setproblem

TABLE 1. Thedistribution

makefile Makefile
drivers driver-gfvs.f driver-gfas.f

subroutines gfvs.f gfas.f
sampleinput sample.dat

sampleoutput sample-gfvs.out sample-gfas.out
instructions READ.ME

thereductionproceduresto theresultinggraph.If in agiveniteration,noreductionheuris-
tic canbe successfullyapplied,thenthe reducedgraphis cyclic andsi is not redundant.
Otherwise,the heuristicwill returnan emptyreducedgraph,indicating that vertex si is
redundantandcanbedroppedfrom thecurrentcutset.

2.2. A GRASP procedure for solving the feedback arc set problem. Feedbackver-
tex and feedbackarc set problemsare reducibleto eachother. In all reductions,there
is a one-to-onecorrespondencebetweenfeasiblesolutionsandtheir correspondingcosts.
Therefore,anapproximatesolutionto oneproblemcanbetranslatedinto anapproximate
solutionof thecorrespondingtranslatedproblem.To solve feedbackarcsetproblems,an
O
� � E �4� time procedure,dueto Even, Naor, Schieber, andSudan[2], is appliedto trans-

late the instanceof the feedbackarc setprobleminto an equivalentfeedbackvertex set
problem,whichcanbesolvedby gfvs .

Given a graphG � �
V� E � on which a feedbackarc set problemis defined,gfvs is

appliedto thegraphG* � �
V * � E* � definedby theprocedurefas2fvs describedin Figure9.

For eacharc in G thereis a correspondingvertex in G* . For eachpair of arcsin G for
which theheadof thefirst arc is the tail of thesecond,thereis anarc in G* whosetail is
thevertex correspondingto thefirst arc in G andwhoseheadis thevertex corresponding
to thesecondarc.

3. DESIGN AND IMPLEMENTATION OF THE SUBROUTINES

We followedseveraldesignguidelinesin the implementationof gfvs andgfas . The
codesarewritten in ANSI standardFORTRAN 77 andareintendedto run without mod-
ification on UNIX platforms(it shouldrun on otherenvironmentswithout modification).
Thereareno commonblocksin thecodesandall arraysandvariablesarepassedasparam-
eters.

Thedistributionconsistsof ninefiles whicharelistedin Table1.
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10 22

1 10 1 9 7 1 1 5 1 2 2 8 7 2 2 4
2 3 3 10 3 6 3 5 8 4 4 5 5 6 6 8
6 7 7 9 8 7 10 8 9 8 9 10

FIGURE 10. Inputfile of feedbacksetinstance.

GRASPfor Feedback Set Problem-------------- ---

itr = 1 cutset size = 2 ***

Execution terminated with no error.

GRASPsolution------------ --- --- --- --- --- --- ---

size of feedback vertex cutset: 2

iteration best cutset found: 1

seed at start of best iteration: 2065020212

smallest vertex cutset:

vertex: 6
vertex: 8

-------------------- --- --- --- --- --- --- --- --- ---

Stop - Program terminated.

GRASPfor Feedback Set Problem-------------- ---

itr = 1 cutset size = 4 ***
itr = 2 cutset size = 3 ***

Execution terminated with no error.

GRASPsolution------------ --- --- --- --- --- --- ---

size of feedback arc cutset: 3

iteration best cutset found: 2

seed at start of best iteration: 1347579962

smallest arc cutset:

arc: 5 6
arc: 8 7
arc: 2 3

-------------------- --- --- --- --- --- --- --- --- ---

Stop - Program terminated.

FIGURE 11. Sampleoutputof driver gfvs.f anddriver gfas.f for
sampleinstance

4. USAGE OF THE SUBROUTINES

The subroutinesin files gfvs.f andgfas.f computean approximatesolutionof the
feedbackvertex andarc setproblems,respectively. Theuserinterfacewith themis sub-
routinegmpsg, which mustbe calledfrom a driver program. In additionto a numberof
auxiliaryarrays,thedriverpassesthefollowing representationof theinputgraph:

n: Numberof nodesin graph,
m: Numberof arcsin graph,
vtx1: Integerarraywherevtx1(i) is tail of arc i ,
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vtx2: Integerarraywherevtx2(i) is headof arc i ,

thefollowing arraydimensions:

maxv: Dimensionof numberof nodesdeclaredin thedrivers,
maxe: Dimensionof numberof arcsdeclaredin thedrivers.

Thesampledriverprogramsfor gfvs andgfas includedin thedistribution(driver-gfvs.f
anddriver-gfas.f , respectively) aresetfor problemsof dimension�V ��0 200nodesand
� E ��0 2000arcs.Theinput/outputparametersthatdefineFortraninput/outputdevicesare
setto thestandardvalues 576 � 5 and 578:9:; � 6. Theseparameterscanbesetby theuser
for problemsof differentdimensionor if analternateinputor outputdevice is required.

All variablesandarraysneededby subroutinesgfvs andgfas aredefinedin themain
programsin files driver-gfvs.f anddriver-gfas.f , respectively. Subroutinesreadp
andoutsol , alsoprovidedin thedriversareexamplesof codethatcanbeusedfor input
andoutput,respectively.

Five parametersthat control the executionof the algorithmneedto be setbeforethe
optimizationmoduleis called:alpha , therestrictedcandidatelist parameter, whosevalue
is eitherbetween0 and1, inclusively, or canbe set to a negative value to indicatethat
eachGRASPiterationusesadifferentrandomlygeneratedalpha value;look4 , astopping
parameterthatforcesGRASPto stopif acutsetof sizeat leastlook4 is found,is aninteger
thatmustsatisfy0 0=<:8:8$>:?@0A�V � for thefeedbackvertex setproblemor 0 0)<:8$8:>:?%0A� E �
for the feedbackarc setproblem;maxitr , the maximumnumberof GRASPiterations,
is an integer suchthat B:C:D�57;:EGF 0; prttyp , the outputoption parameter, is an integer
that is setto 0 (silent run, gfvs andgfas do not write anything),1 (gfvs andgfas print
out solution improvements),or 2 (gfvs and gfas print out the solution found in each
GRASPiteration);andseed , thepseudorandomnumbergeneratorseed,an integersuch
that 1 0IH7J:J:KL0 231 3 1. The default settingsfor alpha , look4 , maxitr , prttyp , and
seed are,respectively, 3 1, 0, 1024,1, and270001.

Thedriverprogramscall readp , which readstheinput dataandreturnsanerrorcondi-
tion errcnd . If J:E:E�M76:K � 0 is returnedby readp , thenthedriverscall the optimization
subroutineswhich attemptto find a smallcutsetof theinputgraph.Subroutinesgfvs and
gfas returnerrorconditionerrcnd indicatingthestatusof theoptimization.Error condi-
tion errcnd canhave thefollowing values:
J:E:E&MN6:K � 1 if a �V �OFPB:C$D:Q ;
J:E:E&MN6:K � 2 if a � E �OFPB:C$D:J ;
J:E:E&MN6:K � 3 if aninputnodeis lessthan1 or greaterthan �V � ;
J:E:E&MN6:K � 4 if <:8:8:>:?@� 0 or <:8$8:>:?%FR�V � for thefeedbackvertex setproblem;
J:E:E&MN6:K � 4 if <:8:8:>:?@� 0 or <:8$8:>:?%FR� E � for thefeedbackarcsetproblem;
J:E:E&MN6:K � 5 if B:C:D&57;$E%� 1;
J:E:E&MN6:K � 6 if S:E:;:;:T$SVU� 0� 1� 2;
J:E:E&MN6:K � 7 if H7J:J:K@� 1 or H7J:J$KWF 2147483647.

As an example,consideran instancewith 10 verticesand22 arcswhoseinput file is
shown in Figure10. Runningthe driver programsdriver gfvs.f anddriver gfas.f
usingthedefaultsettingsthis instanceproducestheoutputsshown in Theoutputslist each
iterationfor whichanimproving solutionwasfoundanddescribethebestsolutionsfound
by listing thecutsets.

5. COMPUTATIONAL RESULTS

In thissection,weillustratetheeffectivenessof thesubroutinesby runningthefeedback
setprocedureson a subsetof the testproblemsusedin [9]. Theexperimentwaslimited
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TABLE 2. Cutset elementsin incumbentsolution as a function of
GRASPiteration:FVSproblem

GRASPiteration
nodes arcs 2 8 32 128 512 2048
50 100 3 3 3 3 3 3
50 150 10 9 9 9 9 9
50 200 19 17 15 14 14 13
50 250 21 21 19 19 17 17
50 300 28 24 23 21 20 20
50 500 30 29 29 28 28 28
50 600 37 36 36 36 33 33
50 700 39 38 38 37 33 33
50 800 40 40 38 38 38 37
50 900 42 41 40 39 38 38
100 200 10 10 9 9 9 9
100 300 24 23 21 20 19 18
100 400 36 29 29 28 26 26
100 500 43 41 41 41 40 38
100 600 53 49 48 47 45 45
100 1000 57 57 56 56 55 55
100 1100 72 71 71 66 66 66
100 1200 75 73 72 71 68 68
100 1300 76 75 73 72 72 71
100 1400 79 78 75 74 73 71
500 1000 45 43 42 40 39 37
500 1500 124 119 114 107 106 105
500 2000 180 180 180 174 166 166
500 2500 234 229 229 221 221 220
500 3000 276 273 266 259 258 257
500 5000 370 356 354 350 341 341
500 5500 378 374 360 360 360 357
500 6000 383 383 377 376 372 371
500 6500 391 388 381 381 379 369
500 7000 408 394 388 383 383 383
1000 3000 244 237 233 233 230 224
1000 3500 319 307 301 296 290 290
1000 4000 357 354 354 348 340 340
1000 4500 428 407 407 407 405 400
1000 5000 469 469 456 456 456 450
1000 10000 733 726 714 714 712 712
1000 15000 817 804 804 803 803 798
1000 20000 860 853 849 847 841 841
1000 25000 889 881 881 877 872 868
1000 30000 912 897 897 892 892 892
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TABLE 3. Cutset elementsin incumbentsolution as a function of
GRASPiteration:FAS problem

feedbackarcset feedbackvertex set GRASPiteration
nodes arcs nodes arcs 2 8 32 128 512 2048
50 100 100 202 6 6 6 6 6 6
50 150 150 462 36 25 25 23 21 21
50 200 200 836 69 68 68 62 61 57
50 250 250 1224 105 100 90 90 90 82
50 300 300 1729 141 138 129 128 128 121
50 500 500 5024 366 355 344 343 332 321
50 600 600 7206 459 445 440 434 430 426
50 700 700 9782 562 540 536 531 517 517
50 800 800 12771 656 654 629 629 621 621
50 900 900 16109 751 739 735 734 726 714
100 200 200 397 16 16 15 14 14 14
100 300 300 908 73 63 63 56 54 49
100 300 400 1564 128 123 119 112 105 98
100 400 500 2419 209 208 204 199 194 184
100 500 600 3641 317 305 291 291 290 278
100 1000 1000 9997 710 710 702 702 696 678
100 1100 1100 12133 816 797 797 797 785 773
100 1200 1200 14482 923 901 899 892 879 878
100 1300 1300 16822 1017 994 992 992 972 972
100 1400 1400 19609 1127 1097 1093 1093 1073 1073
500 1000 1000 2034 90 87 79 79 75 73
500 1500 1500 4570 365 347 340 326 325 311
500 2000 2000 7999 725 704 704 690 690 684
500 2500 2500 12446 1180 1175 1133 1127 1114 1114
500 3000 3000 18034 1637 1637 1631 1595 1595 1590
1000 3000 3000 9233 686 686 686 686 677 677
1000 3500 3500 12254 1061 1047 1026 1021 1012 1007
1000 4000 4000 15997 1451 1399 1369 1369 1362 1362
1000 4500 4500 19945 1842 1784 1784 1779 1759 1759
1000 5000 5000 24739 2347 2273 2273 2238 2238 2238

to half of the test problemshaving at least50 and at most 1000 verticeswith at most
30000arcs(a total of 40 instances).TheGRASPproceduresgfvs andgfas wereapplied
to eachinput graphto find approximatesolutionsto the feedbackvertex set (FVS) and
feedbackarcset(FAS)problems,respectively. Thedefaultparametersettingswereused,as
definedin thedriverfilesof thedistribution,i.e. C:<$S:X:C � 3 1, <:8$8:>:? � 0, B:C$D&57;:E � 2048,
S:E:;:;$T:S � 1, and H7J:J:K � 270001.

The experimentsweredoneon a Silicon GraphicsChallengecomputerwith 20 196
MHz MIPS R10000processorsand 6.1 Gb of main memory. The codewas compiled
on theSGI Fortrancompilerf77 usingtheflags-O3 -r4 -64 -static . Processeswere
limited to a singleprocessor. CPUtimesin secondswerecomputedby calling thesystem
routineetime() .
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FIGURE 12. FVS:denseandsparse50-nodegraphs
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FIGURE 13. FVS:denseandsparse100-nodegraphs

For eachproblemconsideredin theexperiment,Tables2 and3 show thesizeof feed-
backvertex cutsetof theincumbentsolutionasafunctionof GRASPiterations.In addition
to thesizeof theinputgraph,Table3 alsolists thesizeof thetransformedfeedbackvertex
setproblemthat is solvedto solve thefeedbackarcsetproblem.Theincumbentsolutions
at iterations2, 8, 32,128,512,and2048arelisted.Figures12–18show all incumbentsas
a functionof executiontime(in seconds).

ACKNOWLEDGMENTS

The authorswould like to thankTianbingQian for implementinga preliminaryver-
sion of gfvs . The researchof PaolaFestawassupportedin part by the Italian Ministry



12 P. FESTA, P. M. PARDALOS, AND M. G. C. RESENDE

340

350

360

370

380

390

400

410

1 10 100 1000 10000

in
cu

m
be

ntY

time (seconds)

P500-D41
P500-D42
P500-D43
P500-D44
P500-D45

0

50

100

150

200

250

300

0.1 1 10 100 1000 10000

in
cu

m
be

ntY

time (seconds)

P500-S51
P500-S52
P500-S53
P500-S54
P500-S55

FIGURE 14. FVS:denseandsparse500-nodegraphs

700

720

740

760

780

800

820

840

860

880

900

920

10 100 1000 10000 100000

in
cu

m
be

ntY

time (seconds)

P1000-D61
P1000-D62
P1000-D63
P1000-D64
P1000-D65

200

250

300

350

400

450

500

1 10 100 1000 10000

in
cu

m
be

ntY

time (seconds)

P1000-S71
P1000-S72
P1000-S73
P1000-S74
P1000-S75

FIGURE 15. FVS:denseandsparse1000-nodegraphs

of ScientificResearch(MURST) – ResearchProjectMOST 97. The researchof Panos
Pardaloswassupportedin part by DIMACS andby NationalScienceFoundationGrant
EIA98-72509.

REFERENCES

[1] R. Bar-Yehuda,D. Geiger, J. Naor, and R. M. Roth. Approximationalgorithmsfor the vertex feedback
set problemwith applicationsto constraintsatisfaction andBayesianinference.SIAM J. on Computing,
27:942–959,1998.

[2] G. Even, S. Naor, B. Schieber, andM. Sudan.Approximatingminimum feedbacksetsandmulticuts in
directedgraphs.Algorithmica, 20:151–174,1998.



FORTRAN SUBROUTINESFOR FEEDBACK SET PROBLEMS 13

300

350

400

450

500

550

600

650

700

750

800

1 10 100 1000 10000 100000

in
cu

m
be

ntY

time (seconds)

P50-D1
P50-D2
P50-D3
P50-D4
P50-D5

0

20

40

60

80

100

120

140

160

0.01 0.1 1 10 100 1000

in
cu

m
be

ntY

time (seconds)

P50-S11
P50-S12
P50-S13
P50-S14
P50-S15

FIGURE 16. FAS: denseandsparse50-nodegraphs

650

700

750

800

850

900

950

1000

1050

1100

1150

1 10 100 1000 10000 100000

in
cu

m
be

ntY

time (seconds)

P100-D21
P100-D22
P100-D23
P100-D24
P100-D25

0

50

100

150

200

250

300

350

0.01 0.1 1 10 100 1000 10000

in
cu

m
be

ntY

time (seconds)

P100-S31
P100-S32
P100-S33
P100-S34
P100-S35

FIGURE 17. FAS: denseandsparse100-nodegraphs

[3] T. A. FeoandM. G. C. Resende.Greedyrandomizedadaptive searchprocedures.J. of GlobalOptimization,
6:109–133,1995.

[4] T.A. FeoandM.G.C.Resende.A probabilisticheuristicfor acomputationallydifficult setcoveringproblem.
OperationsResearch Letters, 8:67–71,1989.

[5] P. Festa,P. M. Pardalos,andM. G. C. Resende.Feedbacksetproblems.In Handbookof Combinatorial
Optimization, volume4. Kluwer AcademicPublishers,1999.

[6] M. R. Garey andD. S.Johnson.Computers andintractability – A guideto thetheoryof NP-completeness.
W.H. FreemanandCompany, 1979.

[7] R. M. Karp.Reducibilityamongcombinatorialproblems.In R. E. Miller andJ.W. Thatcher, editors,Com-
plexity Of ComputerComputations, pages85–103.PlenumPress,1972.

[8] H. Levy and L. Lowe. A contractionalgorithm for finding small cycle cutsets.Journal Of Algorithms,
9:470–493,1988.



14 P. FESTA, P. M. PARDALOS, AND M. G. C. RESENDE

0

200

400

600

800

1000

1200

1400

1600

1800

0.1 1 10 100 1000 10000 100000 1e+06

in
cu

m
be

ntY

time (seconds)

P500-S51
P500-S52
P500-S53
P500-S54
P500-S55

600

800

1000

1200

1400

1600

1800

2000

2200

2400

10 100 1000 10000 100000

in
cu

m
be

ntY

time (seconds)

P1000-S71
P1000-S72
P1000-S73
P1000-S74
P1000-S75

FIGURE 18. FAS: sparse500-nodeand1000-nodegraphs

[9] P. M. Pardalos,T. Qian,andM. G.C.Resende.A greedyrandomizedadaptivesearchprocedurefor feedback
vertex set.J. of CombinatorialOptimization, 2:399–412,1999.

[10] A. Shamir. A lineartimealgorithmfor findingminimumcutsetsin reducedgraphs.SIAMJournal onCom-
puting, 8:645–655,1979.

[11] C. Wang,E. Lloyd, and M. Soffa. Feedbackvertex setsand cyclically reduciblegraphs.Journal of the
Associationfor ComputingMachinery, 32:296–313,1985.

[12] M. Yannakakis.Nodeandegde-deletionNP-completeproblems.In Proceedingsof the10-thAnnualACM
SymposiumonTheoryof Computing, pages253–264.Associationof ComputingMachinery, 1978.

(P. Festa)MATHEMATICS AND COMPUTER SCIENCE DEPARTMENT, UNIVERSITY OF SALERNO, 84081
BARONISSI (SA), ITALY.

E-mail address, P. Festa:paofes@udsab.dia.unisa.it

(P. M. Pardalos)CENTER FOR APPLIED OPTIMIZATION, DEPARTMENT OF INDUSTRIAL AND SYSTEMS

ENGINEERING, UNIVERSITY OF FLORIDA , GAINESVILLE, FL 32611 USA.
E-mail address, P. M. Pardalos:pardalos@ufl.edu

(M. G. C. Resende)INFORMATION SCIENCES RESEARCH, AT& T LABS RESEARCH, FLORHAM PARK ,
NJ 07932 USA.

E-mail address, M. G. C. Resende:mgcr@research.att.com


