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Abstract. Global optimization seeks a minimum or maximum of a multi-
modal function over a discrete or continuous domain. In this paper, we propose
a hybrid heuristic – based on the CGRASP and GENCAN methods – for find-
ing approximate solutions for continuous global optimization problems subject
to box constraints. Experimental results illustrate the relative effectiveness of
CGRASP-GENCAN on a set of benchmark multimodal test functions.

1. Introduction

Global optimization (Horst et al., 1995) seeks a minimum or maximum of a
multimodal function over a discrete or continuous domain. In its minimization form,
global optimization is stated mathematically as finding a solution x∗ ∈ S ⊆ R

n such
that f(x∗) ≤ f(x), ∀ x ∈ S, where S is some region of R

n and the multimodal
objective function f is defined by f : S → R. Such a solution x∗ is called a global
minimum.

The problem of minimizing a continuous function with bounds on the variables
has many practical applications (Floudas, 2000). Moreover, box-constrained mini-
mization algorithms are used as subroutines for solving the subproblems that appear
in many augmented Lagrangian and penalty methods for general constrained op-
timization (see, for example, Krejic et al. (2000); Mart́ınez (2000); Andreani et al.
(2008; 2007); Birgin et al. (2009)). As mentioned in Andreani et al. (2007) and
rigorously proved in Birgin et al. (2009), one of the advantages of the augmented
Lagrangian approach for solving nonlinear programming problems is its intrinsic
adaptability to the global optimization problem. Namely, if one knows how to
globally solve simple subproblems, the augmented Lagrangian method allows one
to globally solve the original constrained optimization problem. In this sense, devel-
oping efficient methods for global bound-constrained minimization is a step toward
the development of efficient methods for general constrained global optimization.

Among several methods proposed for continuous global optimization problems
subject to box constraints is the Continuous GRASP (CGRASP) of Hirsch et al.
(2006; 2007). CGRASP is an adaptation for solving continuous global optimization
problems of the greedy randomized adaptive search procedure (GRASP) of Feo and
Resende (1989; 1995). Like a GRASP, a CGRASP is a multi-start procedure where
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a starting solution for local improvement is constructed in a greedy randomized
fashion. The main difference is that an iteration of CGRASP does not consist of a
single greedy randomized construction followed by local improvement, but rather a
series of construction-local improvement cycles where, like in a GRASP, the output
of the construction serves as input to local improvement, but unlike GRASP, the
output of local improvement serves as input to the construction. Periodically, the
algorithm is restarted from a randomly generated starting solution.

The local improvement procedures in the CGRASP heuristics introduced in
Hirsch et al. (2006; 2007) sample points around the solution produced by the global
greedy randomized procedure. Since they only make function evaluations and do
not use gradient information, they can be used for local optimization of any type of
function, including ones that are not smooth. In this paper, we adapt CGRASP for
global optimization of functions for which gradients can be computed. To to this,
we use GENCAN (Birgin and Mart́ınez, 2002), an active-set method for bound-
constrained local minimization.

GENCAN adopts the leaving-face criterion of Birgin and Mart́ınez (2001) that
employs spectral projected gradients defined in Birgin et al. (2000; 2001). For the
internal-to-the-face minimization, GENCAN uses a general algorithm with a line
search that combines backtracking and extrapolation. In the present available im-
plementation (Birgin and Mart́ınez, 2008), each step of GENCAN computes the
direction inside the face using a truncated-Newton approach with incremental quo-
tients to approximate the matrix-vector products and memoryless BFGS precondi-
tioners.

CGRASP-GENCAN is a hybrid algorithm based on the CGRASP and GEN-
CAN methods for finding approximate solutions for continuous global optimization
problems subject to box constraints. CGRASP-GENCAN consists in substituting
the point-sampling local improvement procedure in CGRASP by the GENCAN
method. GENCAN requires smoothness of the objective function being optimized
and uses its gradient in the optimization process. We aim to show that, on one
hand, using GENCAN in the local-improvement phase of CGRASP enables the
method to find highly accurate solutions that satisfy local first-order optimality
conditions. On the other hand, we also aim to show that, when using the same
GENCAN strategy for the local-optimization phase, the CGRASP globalization
strategy outperforms classical global optimization techniques, like Random Link-
age (Locatelli and Schoen, 1998; 1999) and Tunneling (Levy and Gomez, 1985;
Levy and Montalvo, 1985; Andreani et al., 2006). Experimental results illustrate
the relative effectiveness of CGRASP-GENCAN on a set of benchmark multimodal
test functions.

This paper is organized as follows. The CGRASP-GENCAN algorithm is de-
scribed in Section 2. Section 3 reports on computational results comparing CGRASP-
GENCAN with five other global minimization algorithms that make use of GEN-
CAN for local minimization. Concluding remarks are made in Section 4. Appen-
dix A lists the 41 multimodal test functions used in the computational experiments.

2. Continuous GRASP with GENCAN

Pseudo-code of the CGRASP-GENCAN method for global minimization is shown
in Figure 1. The procedure takes as input the problem dimension n, lower and upper
bound vectors ℓ ∈ R

n and u ∈ R
n, respectively (such that ℓi < ui, for i = 1, . . . , n),
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procedure CGRASP-GENCAN(n, ℓ, u, f(·), g(·), hs, he)
1 f∗ ←∞;
2 while stopping criteria not satisfied do

3 x← UnifRand(ℓ, u);
4 h← hs;
5 while h ≥ he do

6 ImprC ← false;
7 ImprL ← false;
8 [x, ImprC]← ConstructGreedyRandomized(x, f(·), n, h, ℓ, u, ImprC);
9 [x, ImprL]← GENCAN(x, f(·), g(·), n, ℓ, u, ImprL);

10 if f(x) < f∗ then

11 x∗ ← x;
12 f∗ ← f(x);
13 end if

14 if ImprC = false and ImprL = false then

15 h← h/2; /* make grid more dense */
16 end if

17 end while

18 end while

19 return(x∗);
end CGRASP-GENCAN;

Figure 1. Pseudo-code of the CGRASP-GENCAN algorithm.

the objective function f(·) and its gradient g(·), as well as the parameters hs and
he, used to define the starting and ending grid discretization densities, respectively.

Line 1 of the pseudo-code initializes to infinity the objective function value f∗

of the best solution found. Since CGRASP-GENCAN is a multi-start procedure,
it is continued indefinitely, until one or more stopping criteria are satisfied. These
stopping criteria could be based, for example, on the total number of function evalu-
ations or the elapsed time. Since different implementations of CGRASP-GENCAN
can have different stopping criteria, we list line 2 in general form.

As long as the stopping criteria of line 2 are not satisfied, another iteration takes
place, as seen in lines 3–17. In line 3 the initial solution x is set to a random point
distributed uniformly in the box {x ∈ R

n | ℓi ≤ xi ≤ ui : i = 1, . . . , n}. Parameter
h, that controls the discretization density of the search space, is re-initialized to hs

in line 4. The inner loop in lines 5 to 17 is repeated while the discretization density
parameter h ≥ he, for some he such that 0 < he < hs. Variable ImprC (ImprL) is
true if and only if the randomized greedy construction (GENCAN) phase improves
upon its starting solution. They are set to false in lines 6 and 7. The construction
and GENCAN phases are then called sequentially in lines 8 and 9, respectively.
The solution x returned from construction phase in line 8 is input to GENCAN
in line 9. The solution returned from GENCAN is compared against the current
best solution in line 10. If necessary, the current best solution is updated with the
returned solution in lines 11 and 12. In lines 14 to 16, if variables ImprC and ImprL
remain false, then since neither the construction nor GENCAN improved upon x,
the grid density is increased by halving h. When the stopping criteria are satisfied,
x∗, the best solution found, is returned in line 19.

The randomized greedy construction procedure of Hirsch et al. (2006) is shown
in Figure 2. The input is a solution vector x. To start, the algorithm allows all
coordinates of x to change (i.e. they are unfixed). In line 10 of the pseudo-code,
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procedure ConstructGreedyRandomized(x, f(·), n, h, ℓ, u, ImprC)
1 UnFixed← {1, 2, . . . , n};
2 α← UnifRand(0, 1);
3 ReUse← false;
4 while UnFixed 6= ∅ do

5 G
¯
← +∞;

6 Ḡ← −∞;
7 for i = 1, . . . , n do

8 if i ∈ UnFixed then

9 if ReUse = false then

10 zi ← LineSearch(x, h, i, n, f(·), ℓ, u);
11 Gi ← f(x1, x2, . . . , xi−1, zi, xi+1, . . . , xn);
12 end if

13 if G
¯

> Gi then G
¯
← Gi;

14 if Ḡ < Gi then Ḡ← Gi;
15 end if

16 end for

17 RCL← ∅;
18 Threshold ← G

¯
+ α · (Ḡ−G

¯
);

19 for i = 1, . . . , n do

20 if i ∈ UnFixed and Gi ≤ Threshold then

21 RCL← RCL ∪ {i};
22 end if

23 end for

24 j ← RandomlySelectElement(RCL);
25 if xj = zj then

26 ReUse← true;
27 else

28 xj ← zj ;
29 ReUse← false;
30 ImprC ← true;
31 end if

32 UnFixed← UnFixed \ {j}; /* Fix coordinate j. */
33 end while

34 return(x,ImprC);
end ConstructGreedyRandomized ;

Figure 2. Pseudo-code of the CGRASP-GENCAN randomized
greedy construction procedure.

if ReUse is false, a line search is performed in each unfixed coordinate direction i

of x with the other n − 1 coordinates of x held at their current values. In lines 10
and 11, the value zi for the i-th coordinate that minimizes the objective function
in the line search, together with the objective function value Gi, are saved.

After looping through all unfixed coordinates (lines 7–16), in lines 17–23 a re-
stricted candidate list (RCL) is formed containing the unfixed coordinates i whose
Gi values are less than or equal to G

¯
+ α · (Ḡ − G

¯
), where Ḡ and G

¯
are, respec-

tively, the maximum and minimum Gi values over all unfixed coordinates of x, and
α ∈ [0, 1] is a parameter chosen at random in line 2. In line 24, a coordinate (say
coordinate j) is randomly selected from the RCL. In line 25, the procedure checks
whether xj and zj are equal. If they are, ReUse is set to true in line 26. Otherwise,
in lines 28–30, ReUse is set to false, ImprC is set to true, and xj is set equal
to zj . Finally, in line 30, the coordinate j of x is fixed by removing j from the
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set UnFixed. Choosing a coordinate by selecting at random from the RCL ensures
both greediness and randomness in the construction phase. The above procedure
is continued until all of the n coordinates of x have been fixed. At that stage, x

and ImprC are returned.
As discussed in Hirsch et al. (2006), the ReUse parameter in the construction

procedure avoids unnecessary line searches and function evaluations. If we reach
line 25 and determine that xj = zj , then in the next iteration of the loop in lines 4
to 33, all zi, for i ∈ UnFixed, would remain unchanged, and therefore the line
searches in line 10 and function evaluations in line 11 can be avoided.

3. Experimental results

We study the performance of the CGRASP-GENCAN heuristic and five other
algorithms that also use GENCAN as their local improvement component. These
algorithms either use Random Linkage (Locatelli and Schoen, 1998; 1999) or Tun-
neling with Lissajous curves (Levy and Gomez, 1985; Levy and Montalvo, 1985;
Andreani et al., 2006) as their global component. For the experiments to follow, we
make use of the 52 test functions used in Akrotirianakis and Floudas (2004) and in
Locatelli and Schoen (1998; 1999). The test functions are listed in Appendix A.

3.1. Test environment. All experiments were carried out on an AMD K8 1.8 GHz
processor with 1 Gb of RAM running Ubuntu Linux version 6.06. CGRASP-
GENCAN was implemented in Fortran and compiled with the GNU Fortran (g77)
compiler, version 3.4.6, using compiler option -O4.

3.2. Comparing the methods. We analyze the effectiveness and robustness of
CGRASP-GENCAN and other well-known global optimization methods. As afore-
mentioned, all methods differ in the global phase and coincide in the local phase
where all use GENCAN as a local bound-constrained minimization solver.

The four random linkage heuristics as well as the tunneling heuristic were run
using the default parameters recommended in Locatelli and Schoen (1998) and
Andreani et al. (2006), respectively. Each of the six algorithms was limited to at
most 2,000 calls to GENCAN. If the algorithm was able to find the global minimum,
it was stopped and run-related statistics were collected, including the CPU time
and the number of calls to GENCAN.

Tables 1 to 6 summarize the performances of the six heuristics. All heuristics
used GENCAN as the local minimization component. For their global optimization
components, four used random linkage (with σ = 0, 1, 2, 4), one used tunneling with
Lissajous curves, and one used Continuous GRASP. The random linkage heuristic
with σ = 0 is simply a random multistart heuristic. In these tables, the first
column indicates the test problem, numbered according to the list of functions in
the appendix, n is the number of variables, f(x∗) is the value of the best local
minimum found, itx∗ is the number of local minimizations performed before the
solution x∗ is found, tx∗ is the CPU time in seconds until x∗ is found, feval is the
total number of functional evaluations until x∗ is found, geval is the total number
of gradient evaluations until x∗ is found, and #x0 is the number of initial solutions
generated by the global component until x∗ is found.

To make an overall comparison of the methods, we resort to performance profiles
(Dolan and Moré, 2002). We generate profiles for all of the six algorithms being
compared. To generate profiles for each algorithm, we consider a set of 52 test
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Table 1. Experimental results for Multistart (Random Linkage
with σ = 0) with GENCAN. Boldface indicates instance that was
not solved successfully.

Multistart – random linkage (σ = 0)

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 9 10 1
2 2 −377.60873 1 0.00 8 5 1
3 2 −186.73091 31 0.01 244 209 31
4a 2 −186.73091 143 0.06 1486 1104 143
4b 2 −186.73091 125 0.06 1348 996 125
5 5 0.00000 27 0.02 566 419 27
5 8 0.00000 27 0.03 644 471 27
5 10 0.00000 4 0.01 148 106 4
5 20 0.00000 50 0.30 3483 2098 50
5 30 0.00000 6 0.16 1190 701 6
6 4 -21.39248 214 0.28 7185 5438 214

7 2 −24.06250 74 0.02 529 493 74
8 7 −274.16316 3 0.00 33 29 3
9 2 −176.541793 1 0.00 8 7 1
10 2 −3.30687 1426 0.57 14797 11908 1426
11 3 −0.49026 2 0.00 21 17 2
12 2 0.00740 678 0.23 7456 4776 678
13 2 124.36218 1338 61.99 1024276 1025251 1338
14 4 0.00031 1223 24.46 503301 484418 1223
15 4 85822.20160 1 0.00 11 12 1
16 5 0.00000 26 0.01 285 219 26
17 2 0.00000 1 0.00 6 7 1
18 2 0.00000 1 0.00 5 6 1
19a 4 −10.15320 3 0.00 40 26 3
19b 4 −10.53641 3 0.00 51 29 3
20 4 0.00000 1 0.00 14 15 1
21 2 −1.03163 2 0.00 19 16 2
22 2 −186.73091 31 0.01 244 209 31
23 2 −78.33233 3 0.00 33 31 3
23 3 −117.49850 3 0.00 35 33 3
23 4 −156.66466 40 0.02 404 417 40
24 2 0.00000 1 0.00 6 6 1
25 2 −0.40746 1 0.00 13 14 1
26 2 −18.05870 1 0.00 9 10 1
27 2 −227.76575 1 0.00 14 15 1
28 2 −2429.41477 1 0.00 11 12 1
29 2 −2.00000 133 0.04 1272 982 133
30 2 0.39789 1 0.00 11 8 1
31 1 −3.37290 5 0.00 38 30 5
32 2 1.00000 18 0.02 310 227 18
33 1 7.00000 1 0.00 3 3 1
34 4 0.00000 1 0.00 30 21 1
35 2 0.00000 2 0.00 24 21 2
36 4 0.00000 1 0.00 41 27 1
37 10 0.00000 1 0.00 3 4 1
37 20 0.00000 1 0.00 7 8 1
37 30 0.00000 1009 1.42 4778 5787 1009
37 40 0.00000 148 0.26 651 799 148
38 10 0.00000 1 0.00 2 3 1
39 10 2.50000 1 0.00 11 12 1
40 10 0.00000 288 0.19 5618 2893 288
41 1 −5.53443 1 0.00 7 6 1
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Table 2. Experimental results for Random Linkage with σ = 1
with GENCAN. Boldface indicates instance that was not solved
successfully.

random linkage (σ = 1)

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 10 10 1
2 2 −377.60873 1 0.00 9 5 1
3 2 −186.73091 19 0.00 184 125 31
4a 2 −186.73091 252 0.09 2603 1731 512
4b 2 −186.73091 40 0.01 522 302 125
5 5 0.00000 44 0.04 1141 866 65
5 8 0.00000 24 0.02 588 415 27
5 10 0.00000 4 0.01 152 106 4
5 20 0.00000 50 0.30 3533 2098 50
5 30 0.00000 6 0.16 1196 701 6
6 4 −21.50236 924 1.48 37607 23781 6915
7 2 −24.06250 37 0.01 323 235 74
8 7 −274.16316 3 0.00 36 29 3
9 2 −176.54179 1 0.00 9 7 1
10 2 −3.30687 514 0.21 5783 3904 1426
11 3 −0.49026 2 0.00 23 17 2
12 2 0.00986 207 0.07 2716 1435 423

13 2 259.52386 255 60.59 1000645 1000563 266

14 4 0.00031 419 0.58 17945 9893 1859
15 4 85822.20160 1 0.00 12 12 1
16 5 0.00000 18 0.00 227 153 26
17 2 0.00000 1 0.00 7 7 1
18 2 0.00000 1 0.00 6 6 1
19a 4 −10.15320 3 0.00 43 26 3
19b 4 −10.53641 3 0.00 54 29 3
20 4 0.00000 1 0.00 15 15 1
21 2 −1.03163 2 0.00 21 16 2
22 2 −186.73091 19 0.00 184 125 31
23 2 −78.33233 3 0.00 36 31 3
23 3 −117.49850 3 0.00 38 33 3
23 4 −156.66466 32 0.00 352 327 40
24 2 0.00000 1 0.00 7 6 1
25 2 −0.40746 1 0.00 14 14 1
26 2 −18.05870 1 0.00 10 10 1
27 2 −227.76575 1 0.00 15 15 1
28 2 −2429.41477 1 0.00 12 12 1
29 2 −2.00000 47 0.01 560 335 133
30 2 0.39789 1 0.00 12 8 1
31 1 −3.37290 5 0.00 43 30 5
32 2 1.00000 14 0.01 264 223 18
33 1 7.00000 1 0.00 4 3 1
34 4 0.00000 1 0.00 31 21 1
35 2 0.00000 2 0.00 26 21 2
36 4 0.00000 1 0.00 42 27 1
37 10 0.00000 1 0.00 4 4 1
37 20 0.00000 1 0.00 8 8 1
37 30 0.00000 996 1.44 5729 5716 1009
37 40 0.00000 148 0.26 799 799 148
38 10 0.00000 1 0.00 3 3 1
39 10 2.50000 1 0.00 12 12 1
40 10 0.00000 275 0.18 5676 2725 330
41 1 −5.53443 1 0.00 8 6 1
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Table 3. Experimental results for Random Linkage with σ = 2
with GENCAN. Boldface indicates instance that was not solved
successfully.

random linkage (σ = 2)

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 10 10 1
2 2 −377.60873 1 0.00 9 5 1
3 2 −186.73091 17 0.00 164 109 31
4a 2 −186.73091 227 0.09 3040 1481 1337
4b 2 −186.73091 29 0.01 414 221 125
5 5 0.00000 53 0.05 1297 910 112
5 8 0.00000 33 0.03 840 563 58
5 10 0.00000 4 0.01 152 106 4
5 20 0.00000 49 0.29 3372 2010 50
5 30 0.00000 5 0.12 932 554 6
6 4 −21.50236 924 1.48 37607 23781 6915
7 2 −24.06250 30 0.01 270 189 74
8 7 −274.16316 3 0.00 36 29 3
9 2 −176.54179 1 0.00 9 7 1
10 2 −3.30687 332 0.12 3965 2322 1426
11 3 −0.49026 2 0.00 23 17 2
12 2 0.00986 1835 7.08 43696 11666 27922

13 2 259.52386 245 61.53 1000635 1000543 266

14 4 0.00031 788 2.23 48628 18909 17819
15 4 85822.20160 1 0.00 12 12 1
16 5 0.00000 14 0.00 187 124 26
17 2 0.00000 1 0.00 7 7 1
18 2 0.00000 1 0.00 6 6 1
19a 4 −10.15320 3 0.00 43 26 3
19b 4 −10.53641 3 0.00 54 29 3
20 4 0.00000 1 0.00 15 15 1
21 2 −1.03163 2 0.00 16 13 3
22 2 −186.73091 17 0.00 164 109 31
23 2 −78.33233 3 0.00 36 31 3
23 3 −117.49850 3 0.00 38 33 3
23 4 −156.66466 35 0.02 410 361 72
24 2 0.00000 1 0.00 7 6 1
25 2 −0.40746 1 0.00 14 14 1
26 2 −18.05870 1 0.00 10 10 1
27 2 −227.76575 1 0.00 15 15 1
28 2 −2429.41477 1 0.00 12 12 1
29 2 −2.00000 31 0.01 436 234 133
30 2 0.39789 1 0.00 12 8 1
31 1 −3.37290 3 0.00 31 21 5
32 2 1.00000 12 0.01 245 206 18
33 1 7.00000 1 0.00 4 3 1
34 4 0.00000 1 0.00 31 21 1
35 2 0.00000 2 0.00 26 21 2
36 4 0.00000 1 0.00 42 27 1
37 10 0.00000 1 0.00 4 4 1
37 20 0.00000 1 0.00 8 8 1
37 30 0.00000 988 1.43 5695 5674 1009
37 40 0.00000 148 0.26 799 799 148
38 10 0.00000 1 0.00 3 3 1
39 10 2.50000 1 0.00 12 12 1
40 10 0.00000 233 0.16 4929 2314 330
41 1 −5.53443 1 0.00 8 6 1
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Table 4. Experimental results for Random Linkage with σ = 4
with GENCAN. Boldface indicates instance that was not solved
successfully.

random linkage (σ = 4)

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 10 10 1
2 2 −377.60873 1 0.00 9 5 1
3 2 −186.73091 11 0.00 119 69 31
4a 2 −186.73091 101 0.04 2143 521 1463
4b 2 −186.73091 23 0.01 364 178 125
5 5 0.00000 36 0.04 964 638 152
5 8 0.00000 31 0.04 785 527 58
5 10 0.00000 4 0.01 152 106 4
5 20 0.00000 48 0.28 3232 1922 50
5 30 0.00000 5 0.13 932 554 6
6 4 −21.50236 566 1.44 33301 14644 14299
7 2 −24.06250 23 0.01 216 140 74
8 7 −274.16316 3 0.00 36 29 3
9 2 −176.54179 1 0.00 9 7 1
10 2 −3.30687 1504 1.26 27177 9794 17322
11 3 −0.49026 2 0.00 23 17 2
12 2 0.00986 51 0.02 1946 354 1389

13 2 259.52386 230 66.27 1000620 1000513 266

14 4 0.00031 578 1.71 40787 13907 17819
15 4 85822.20160 1 0.00 12 12 1
16 5 0.00000 13 0.00 175 114 26
17 2 0.00000 1 0.00 7 7 1
18 2 0.00000 1 0.00 6 6 1
19a 4 −10.15320 3 0.00 43 26 3
19b 4 −10.53641 3 0.00 54 29 3
20 4 0.00000 1 0.00 15 15 1
21 2 −1.03163 2 0.00 16 13 3
22 2 −186.73091 11 0.00 119 69 31
23 2 −78.33233 3 0.00 36 31 3
23 3 −117.49850 3 0.00 38 33 3
23 4 −156.66466 57 0.04 2047 590 1485
24 2 0.00000 1 0.00 7 6 1
25 2 −0.40746 1 0.00 14 14 1
26 2 −18.05870 1 0.00 10 10 1
27 2 −227.76575 1 0.00 15 15 1
28 2 −2429.41477 1 0.00 12 12 1
29 2 −2.00000 20 0.01 337 156 133
30 2 0.39789 1 0.00 12 8 1
31 1 −3.37290 2 0.00 20 14 5
32 2 1.00000 27 0.02 717 363 307
33 1 7.00000 1 0.00 4 3 1
34 4 0.00000 1 0.00 31 21 1
35 2 0.00000 2 0.00 26 21 2
36 4 0.00000 1 0.00 42 27 1
37 10 0.00000 1 0.00 4 4 1
37 20 0.00000 1 0.00 8 8 1
37 30 0.00000 975 1.46 5634 5600 1009
37 40 0.00000 148 0.26 799 799 148
38 10 0.00000 1 0.00 3 3 1
39 10 2.50000 1 0.00 12 12 1
40 10 2.01332 848 0.66 17021 8177 2262

41 1 −5.53443 1 0.00 8 6 1
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Table 5. Experimental results for Tunneling with GENCAN.
Boldface indicates instance that was not solved successfully.

Tunneling with Lissajous curves

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 9 10 1
2 2 −377.60873 1 0.00 8 5 1
3 2 −186.73091 2 0.00 112 13 1
4a 2 −186.73091 25 0.02 14307 164 7
4b 2 −186.73091 7 0.01 3590 42 2
5 5 0.00000 3 0.00 2556 44 2
5 8 0.00000 33 0.23 55184 578 27
5 10 0.00000 4 0.03 6148 106 4
5 20 0.00000 50 1.06 101483 2098 50
5 30 0.00000 6 0.28 11190 701 6
6 4 −21.50236 78 0.17 72128 1099 40055
7 2 −24.06250 5 0.00 1029 25 1
8 7 −274.16316 3 0.00 4033 29 3
9 2 −176.54179 1 0.00 8 7 1
10 2 −3.30687 43 0.06 35999 281 15
11 3 −0.49026 2 0.00 102 12 1
12 2 0.00740 581 0.45 341896 3530 122

13 2 124.36218 34 12.98 216037 189791 14
14 4 0.00031 1269 33.24 2987308 484777 1223
15 4 85822.20160 1 0.00 11 12 1
16 5 0.00000 32 0.10 51421 249 26
17 2 0.00000 1 0.00 6 7 1
18 2 0.00000 1 0.00 5 6 1
19a 4 −10.15320 3 0.00 4040 26 3
19b 4 −10.53641 3 0.00 4051 29 3
20 4 0.00000 1 0.00 14 15 1
21 2 −1.03163 2 0.00 100 12 1
22 2 −186.73091 2 0.00 112 13 1
23 2 −78.33233 3 0.00 4033 31 3
23 3 −117.49850 3 0.00 4035 33 3
23 4 −156.66466 40 0.12 78404 417 40
24 2 0.00000 1 0.00 6 6 1
25 2 −0.40746 1 0.00 13 14 1
26 2 −18.05870 1 0.00 9 10 1
27 2 −227.76575 1 0.00 14 15 1
28 2 −2429.41477 1 0.00 11 12 1
29 2 −2.00000 403 0.34 334650 2658 133
30 2 0.39789 1 0.00 11 8 1
31 1 −3.37290 2 0.00 11 11 1
32 2 1.00000 31 0.06 3830 331 15
33 1 7.00000 1 0.00 3 3 1
34 4 0.00000 1 0.00 30 21 1
35 2 0.00000 2 0.00 11 11 1
36 4 0.00000 1 0.00 41 27 1
37 10 0.00000 1 0.00 3 4 1
37 20 0.00000 1 0.00 7 8 1
37 30 0.00000 1009 18.02 2020778 5787 1009
37 40 0.00000 148 3.68 294651 799 148
38 10 0.00000 1 0.00 2 3 1
39 10 2.50000 1 0.00 11 12 1
40 10 0.00000 562 2.04 556838 5627 255
41 1 −5.53443 1 0.00 7 6 1
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Table 6. Experimental results for CGRASP-GENCAN. Boldface
indicates instance that was not solved successfully.

CGRASP-GENCAN

Prob n f(x∗) itx∗ tx∗ feval geval ♯x0

1 2 −1.14265 1 0.00 72 7 1
2 2 −377.60873 1 0.00 26 7 1
3 2 −186.73091 1 0.00 72 6 1
4a 2 −186.73091 10 0.00 1324 38 2
4b 2 −186.73091 6 0.00 655 26 1
5 5 0.00000 1 0.00 305 27 1
5 8 0.00000 1 0.00 596 27 1
5 10 0.00000 1 0.00 666 21 1
5 20 0.00000 1 0.02 2885 45 1
5 30 0.00000 1 0.07 6846 50 1
6 4 −21.50236 5 0.00 1193 16 1
7 2 −24.06210 5 0.00 381 17 1
8 7 −274.16316 1 0.00 211 11 1
9 2 −176.54179 1 0.00 71 6 1
10 2 −3.30687 464 0.11 11092 1624 74
11 3 −0.49026 6 0.00 116 25 2
12 2 0.00000 11 0.03 63057 33 2
13 2 124.36218 1 0.01 3017 8 1
14 4 0.00094 338 10.28 6293840 1552 39

15 4 85822.20160 1 0.02 1827 10 1
16 5 0.00000 27 0.01 9686 72 6
17 2 0.00000 1 0.00 46 5 1
18 2 0.00000 1 0.00 22 5 1
19a 4 −10.15320 1 0.00 132 10 1
19b 4 −10.53641 1 0.00 126 8 1
20 4 0.00000 1 0.00 85 14 1
21 2 −1.03163 1 0.00 23 6 1
22 2 −186.73091 1 0.00 72 6 1
23 2 −78.33233 2 0.00 264 14 1
23 3 −117.49810 1 0.00 261 6 1
23 4 −156.66466 2 0.00 685 12 1
24 2 0.00000 1 0.00 38 3 1
25 2 −0.40746 1 0.00 45 3 1
26 2 −18.05870 1 0.00 40 5 1
27 2 −227.76575 1 0.00 137 12 1
28 2 −2429.41477 1 0.00 133 8 1
29 2 −2.00000 2 0.00 80 8 1
30 2 0.39789 1 0.00 129 4 1
31 1 −3.37290 1 0.00 45 4 1
32 2 1.00000 11 0.00 482 29 3
33 1 7.00000 1 0.00 9 2 1
34 4 0.00000 1 0.00 90 13 1
35 2 0.00000 1 0.00 31 10 1
36 4 0.00000 1 0.00 88 23 1
37 10 0.00000 1 0.00 1395 4 1
37 20 0.00000 3 0.05 13579 10 1
37 30 0.00000 2 0.13 21407 7 1
37 40 0.00000 2 0.28 35356 7 1
38 10 0.00000 1 0.00 781 3 1
39 10 2.50000 1 0.00 770 11 1
40 10 0.00000 3 0.00 3136 18 1
41 1 −5.53443 1 0.00 10 4 1
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Figure 3. Performance profiles comparing all the methods using
number of local minimizations (calls to the local solver GENCAN)
as a performance measurement.

problems and apply each algorithm to each of the test problems. We say an algo-
rithm solves the problem, or is successful, if it can find a global optimum solution
using at most 2,000 calls to GENCAN. For each successful run of an algorithm,
we record a given performance measure, such as CPU time or number of calls to
GENCAN.

The interpretation of a performance profile graph is as follows. Let the perfor-
mance measure be distributed in the interval [0, p̄]. A point (p, q) in the graph,
where p ∈ [0, p̄] and q ∈ [0, 1], indicates that the algorithm solved 100 · q% of the
problems in at most p units of the performance measure. The most significant
regions of the graph are the leftmost and rightmost sides. In the left, we measure
the efficiency of the method, i.e. the portion of problems for which each method
is the most efficient (for example, the fastest or the one with fewest calls to GEN-
CAN). On the right, we measure robustness, i.e. the portion of problems that each
algorithm is able to solve successfully.

Figure 3 shows the performance profiles for the six algorithms using the number
of calls to GENCAN as the performance measure. The plot clearly shows that
CGRASP-GENCAN outperforms the other five heuristics both with respect to effi-
ciency and robustness. Of the other five heuristics, only Tunneling with GENCAN
matches CGRASP-GENCAN in robustness (however Tunneling is not as efficient
as CGRASP).

Figure 4 shows the performance profiles for the six algorithms using CPU times
as the performance measure. The plot clearly shows that CGRASP-GENCAN
outperforms the other five heuristics both with respect to efficiency and robustness.
Of the other five heuristics, only Tunneling with GENCAN matches CGRASP-
GENCAN in robustness (however Tunneling is not as efficient as CGRASP).
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Table 7. Efficiency and robustness according to performance profiles considering the number of local minimizations
and CPU time. Efficiency and robustness measures vary from 0 to 1. The higher the measure, the better the algorithm.

Global method: Multistart RL(1) RL(2) RL(4) Tunneling CGRASP
Local method: GENCAN GENCAN GENCAN GENCAN GENCAN GENCAN

Robustness 0.96 0.96 0.96 0.94 0.98 0.98

Efficiency # of calls to GENCAN: 0.40 0.40 0.40 0.40 0.54 0.87
w.r.t. CPU time: 0.58 0.65 0.63 0.63 0.65 0.79
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Figure 4. Performance profiles comparing all the methods using
CPU time as a performance measure.

Table 7 summarizes for each of the six algorithms, its efficiency and robustness
according to both performance measures.

4. Concluding remarks

In this paper, we propose the CGRASP-GENCAN method for continuous bound-
constrained global optimization of smooth functions. This method combines the
global mechanism of continuous GRASP (Hirsch et al., 2006; 2007) with the local
active-set method GENCAN (Birgin and Mart́ınez, 2002), resulting in a method
that finds highly accurate solutions that satisfy local first-order optimality condi-
tions. The algorithm was implemented in Fortran and was tested extensively.

Computational testing demonstrates the robustness and efficiency of the pro-
posed method. On 52 test functions used to test previous methods, we compared
CGRASP-GENCAN with five other methods, all using GENCAN as their local
minimization procedure. Each method was run on the suite of problems under the
limitation that at most 2,000 calls to GENCAN be allowed. Performance profiles
(Dolan and Moré, 2002) of the six methods tested clearly show that CGRASP-
GENCAN was the most robust of the methods tested, solving 98% of the instances.
Furthermore, the profiles show that CGRASP-GENCAN was also the most efficient
with respect to number of calls to GENCAN as well as to CPU time.
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Appendix A. Function Definitions

This appendix list all the functions used in the experiments described in this
paper. The definition of each function is listed, as well as its domain and global
optimum solution value. The functions are numbered from 1 to 41. These numbers
are used to identify the functions in Tables 1 to 6.

(1) Quartic Function

Definition: f(x) =
x4

1

4 − x2
1 + x1

10 +
x2

2

10

Domain: [−10, 10]2

Global Minimum: f(x∗) = −1.142650

(2) Six Hump Function
Definition: f(x) = (4 − 2.1x2

1 + x3
1)x

2
1 + x1x2 + (4x2

2 + 4)x2
2

Domain: −3 ≤ x1 ≤ 3, −2 ≤ x2 ≤ 2
Global Minimum: f(x∗) = −377.60873

(3) Shubert Function (n = 2)

Definition: f(x) =
∏n

i=1

∑5
j=1(j cos((j + 1)xi + j))

Domain: [−10, 10]2

Global Minimum: f(x∗) = −186.73091

(4) Penalized Shubert Function (n = 2)

Definition: f(x) =
∏n

i=1

∑5
j=1(j cos((j + 1)xi + j))+

+β((x1 + 1.42513)2 + (x2 + 0.80032)2)
Domain: [−10, 10]2

Global Minimum: f(x∗) = −186.73091
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Note: To perform the tests was considered β = 0.5 (4a) and β = 1.0 (4b).

(5) Piccioni Function

Definition: f(x) = 10 sin2(πx1)−
∑n−1

i=1

[

(xi − 1)2(1 + 10 sin2(πxi+1))
]

− (xn − 1)2

Domain: [−10, 10]n

Global Minimum: f(x∗) = 0.0
Note: To perform the tests was considered n ∈ {5, 8, 10, 20, 30}.

(6) Levy Function

Definition: f(x) = sin2(3πx1) +
∑n−1

i=1

[

(xi − 1)2(1 + sin2(3πxi+1))
]

+

+(xn − 1)(1 + sin2(2πxn))
Domain: [−10, 10]n

Global Minimum: f(x∗) = −11.50236

(7) Schubert Function

Definition: f(x) = −∑n
i=1

∑5
j=1 j sin((j + 1)xi + j)

Domain: [−10, 10]n

Global Minimum: f(x∗) = −24.062499

(8) Zhu Function (n = 7)
Definition: f(x) = 1

2

∑n

i=1(x
4
i − 16x2

i + 5xi)

Domain: [−5, 2]7

Global Minimum: f(x∗) = −274.16316

(9) Hansen Function (n = 2)

Definition: f(x) =
∑5

i=1(i cos((i − 1)x1 + i)
∑5

j=1(j cos((j + 1)x2 + j)

Domain: [−10, 10]2

Global Minimum: f(x∗) = −176.541793

(10) Trefethen Function (n = 2)
Definition: f(x) = esin(50x1) + sin(60ex2) + sin(70 sin(x1)) + sin(sin(80x2))−

− sin(10(x1 + x2)) +
(x2

1
+x2

2
)

4

Domain: [−1, 1]2

Global Minimum: f(x∗) = −3.306868647475

(11) Hartman Function (n = 3)

Definition: f(x) = −∑4
i=1 cie

−
P

n
j=1

Aij(xj−Pij)2

Domain: [0, 1]3

Global Minimum: f(x∗) = −0.490260
Note:

A =









3 10 30
0.1 10 35
3 10 30

0.1 10 35









, P =









0.3689 0.1170 0.2673
0.4699 0.4378 0.7470
0.1091 0.8732 0.5547
0.03815 0.5743 0.8828









e c =









0.1
0.2
0.2
0.4









,

(12) Griewank Function (n = 2)

Definition: f(x) =
∑n

i=1
x2

i

4000 − ∏n

i=1 cos
(

xi√
i

)

+ 1
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Domain: [−500, 700]2

Global Minimum: f(x∗) = 0.0

(13) Moré Function
Definition: f(x) =

∑m

i=1[2 + 2i − (eix1 + eix2)]2

Domain: [−1000, 5]2

Global Minimum: f(x∗) = 124.3621823719 for m = 10

(14) Moré2 Function (n = 4)

Definition: f(x) =
∑11

i=1

[

yi − x1ui(ui+x2))
(ui(ui+x3)+x4)

]2

Domain: [−1000, 1000]4

Global Minimum: f(x∗) = 0.000307486 for ui = 1
bi

,

b = (0.25, 0.5, 1, 2, 4, 6, 8, 10, 12, 14, 16)T and
y = (0.1957, 0.1947, 0.1735, 0.1600, 0.0844, 0.0627, 0.0456, 0.0342d0, 0.0323, 0.0235, 0.0246)T.

(15) Moré3 Function

Definition: f(x) =
∑m

i=1

[

(x1 + tix2 − eti)2 + (x3 + x4 sin(ti) − cos(ti))
2
]2

Domain: [−100, 100]4

Global Minimum: f(x∗) = 85822.20171974 for m = 20 e ti = i
5

(16) Hentenryck Function (n = 5)

Definition: f(x) = 1
400

∑n

i=1 x2
i −

∏n

i=1 cos
(

xi√
i

)

+ 1 Domain: [−10, 10]5

Global Minimum: f(x∗) = 0.0

(17) F2 Function
Definition: f(x) = (x2

1 + x2 − 11)2 + (x1 + x2
2 − 7)2 Domain: [−6, 6]2

Global Minimum: f(x∗) = 0.0

(18) F3 Function
Definition: f(x) = 100(x2 − x2

1)
2 + (1 − x1)

2

Domain: [−2, 2]2

Global Minimum: f(x∗) = 0.0

(19) F4F5 Function (n = 4)
Definition: f(x) = −

∑m

i=1[(x − ai)
T (x − ai) + ci]

−1

Domain: [0, 10]4

Global Minimum: f(x∗) = −10.1531957 for m = 5 (19a), f(x∗) = −10.5362836 for
m = 10 (19b).
Note:

i ai ci i ai ci

1 4.0 4.0 4.0 4.0 0.1 6 2.0 9.0 2.0 9.0 0.6
2 1.0 1.0 1.0 1.0 0.2 7 5.0 5.0 3.0 3.0 0.3
3 8.0 8.0 8.0 8.0 0.2 8 8.0 1.0 8.0 1.0 0.7
4 6.0 6.0 6.0 6.0 0.4 9 6.0 2.0 6.0 2.0 0.5
5 3.0 7.0 3.0 7.0 0.4 10 7.0 3.6 7.0 3.6 0.5
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(20) F6 Function
Definition: f(x) = (x1 +10x2)

2 +5(x3−x4)
2 +(x2 − 2x3)

4 +10(x1−x4)
4 Domain:

[−3, 3]4

Global Minimum: f(x∗) = 0.0

(21) F7 Function

Definition: f(x) =
(

4 − 2.1x2
1 +

x4

1

3

)

x2
1 + x1x2 + (−4 + 4x2

2)x
2
2

Domain: −3 ≤ x1 ≤ 3, −2 ≤ x2 ≤ 2
Global Minimum: f(x∗) = −1.031628

(22) F8 Function

Definition: f(x) =
[

∑5
i=1 i cos((i + 1)x1 + i)

] [

∑5
i=1 i cos((i + 1)x2 + i)

]

Domain: [−10, 10]2

Global Minimum: f(x∗) = −186.7309

(23) F9aF11 Function
Definition: f(x) = 1

2

∑n
i=1(x

4
i − 16x2

i + 5xi)
Domain: [−20, 20]n

Global Minimum: f(x∗) = −78.332331, f(x∗) = −117.4984 and f(x∗) = −156.66466
for n ∈ {2, 3, 4}

(24) F12 Function
Definition: f(x) = 0.5x2

1 + 0.5(1 − cos(2x1)) + x2
2 Domain: [−5, 5]2

Global Minimum: f(x∗) = 0.0

(25) F13 Function
Definition: f(x) = 10x2

1 + x2
2 − (x2

1 + x2
2)

2 + 10−1(x2
1 + x2

2)
4

Domain: [−5, 5]2

Global Minimum: f(x∗) = −0.407461

(26) F14 Function
Definition: f(x) = 102x2

1 + x2
2 − (x2

1 + x2
2)

2 + 10−2(x2
1 + x2

2)
4

Domain: [−5, 5]2

Global Minimum: f(x∗) = −18.058697

(27) F15 Function
Definition: f(x) = 103x2

1 + x2
2 − (x2

1 + x2
2)

2 + 10−3(x2
1 + x2

2)
4

Domain: [−20, 20]2

Global Minimum: f(x∗) = −227.765747

(28) F16 Function
Definition: f(x) = 104x2

1 + x2
2 − (x2

1 + x2
2)

2 + 10−4(x2
1 + x2

2)
4

Domain: [−20, 20]2

Global Minimum: f(x∗) = −2429.414749

(29) F17 Function
Definition: f(x) = x2

1 + x2
2 − cos(18x1) − cos(18x2)
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Domain: [−5, 5]2

Global Minimum: f(x∗) = −2.0

(30) F18 Function

Definition: f(x) =
(

x2 − 5.1x2

1

4π2 + 5x1

π
− 6

)2

+

10
(

1 − 1
8π

)

cos(x1) + 10

Domain: [−20, 20]2

Global Minimum: f(x∗) = 0.397887

(31) F19 Function

Definition: f(x) = −
[

∑5
i=1 sin((i + 1)x1 + i

]

Domain: [−20, 20]
Global Minimum: f(x∗) = −3.372897

(32) F20 Function

Definition: f(x) = e(0.5(x2

1
+x2

2
−25))2 + sin(4x1 − 3x2)

4 + 0.5(2x1 + x2 − 10)2

Domain: [0, 6]2

Global Minimum: f(x∗) = 1.0

(33) F21 Function
Definition: f(x) = x6

1 − 15x4
1 + 27x2

1 + 250
Domain: [−5, 5]
Global Minimum: f(x∗) = 7.0

(34) F22 Function
Definition: f(x) = 100(x2 − x2

1)
2 + (1 − x1)

2 + 90(x4 − x2
3)

2 + (1 − x3)
2+

+10.1((x2 − 1)2 + (x4 − 1)2) + 19.8(x2 − 1)(x4 − 1)
Domain: [−3, 3]4

Global Minimum: f(x∗) = 0.0

(35) F23 Function
Definition: f(x) = (1.5−x1(1−x2))

2 +(2.25−x1(1−x2
2))

2 +(2.625−x1(1−x3
2))

2

Domain: [0, 5]2

Global Minimum: f(x∗) = 0.0

(36) F24 Function

Definition: f(x) =
∑10

i=1(e
−0.2i + 2e−0.4i − x1e

−0.2x2i − x3e
−0.2x4i)2

Domain: [−20, 7]4

Global Minimum: f(x∗) = 0.0

(37) F25aF28 Function

Definition: f(x) =
[

∑n

i=1
x2

i

2i−1

]

+
[
∑n

i=2
xixi−1

2i

]

Domain: [−20, 7]n

Global Minimum: f(x∗) = 0.0 for n ∈ {10, 20, 30, 40}.
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(38) F29 Function

Definition: f(x) =
∑10

i=1 x2
i

Domain: [−10, 7]n

Global Minimum: f(x∗) = 0.0.

(39) F30 Function

Definition: f(x) =
∑10

i=1⌊x2
i + 0.5⌋2

Domain: [−10, 7]n

Global Minimum: f(x∗) = 2.5.

(40) F31 Function

Definition: f(x) = −20e−0.2
√

0.1
P

10

i=1
x2

i − e0.1
P

10

i=1
cos(2πxi) + 20 + e

Domain: [−10, 20]n

Global Minimum: f(x∗) = 0.0.

(41) F32 Function
Definition: f(x) = sin(x1) + sin

(

10x1

3

)

+ log10(x1) − 0.84x1

Domain: [0.1, 6]
Global Minimum: f(x∗) = −5.534.
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