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Abstra ct. This pap er presen ts a m ulti-p opulation biased random-k ey genetic algorithm (BRK GA)

for the Single Con tainer Loading Problem (CLP) where sev eral rectangular b o xes of di�eren t

sizes are loaded in to a single rectangular con tainer. The approac h uses a maximal-space rep-

resen tation to manage the free spaces in the con tainer. The prop osed algorithm h ybridizes a

no v el placemen t pro cedure with a m ulti-p opulation genetic algorithm based on random k eys.

The BRK GA is used to ev olv e the order in whic h the b o x t yp es are loaded in to the con tainer

and the corresp onding t yp e of la y er used in the placemen t pro cedure. A heuristic is used to de-

termine the maximal space where eac h b o x is placed. A no v el pro cedure is dev elop ed for joining

free spaces in the case where full supp ort from b elo w is required. The approac h is extensiv ely

tested on the complete set of test problem instances of Bisc ho� and Ratcli� (1995) and Da vies

and Bisc ho� (1999) and is compared with other approac hes. The test set consists of w eakly

to strongly heterogeneous instances. The exp erimen tal results v alidate the high qualit y of the

solutions as w ell as the e�ectiv eness of the prop osed heuristic.

1. Intr oduction

The Single Container L o ading Pr oblem (CLP) is a three-dimensional pac king problem in whic h

a large rectangular b o x (the con tainer) has to b e �lled with smaller rectangular b o xes of di�eren t

sizes. Figure 1.1 sho ws that CLPs can b e di�eren tiated according to the mix of b o x t yp es to

b e loaded. They v ary from the c ompletely homo gene ous case, where b o xes ha v e iden tical dimen-

sions and orien tations, to the str ongly heter o gene ous case, where b o xes of man y di�eren t sizes are

presen t. CLPs with relativ ely few b o x t yp es are often referred to as we akly heter o gene ous (Bisc ho�

and Ratcli�, 1995). A ccording to the t yp ology of Wäsc her et al. (2007) for cutting and pac king

problems, the heuristic for the CLP presen ted in this pap er falls in to the output maximization

assignmen t category and can b e applied to b oth the Single L ar ge Obje ct Plac ement Pr oblem (3D

rectangular SLOPP , w eakly heterogeneous) and the Single Knapsack Pr oblem (3D rectangular

SKP , strongly heterogeneous).
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W eakly heterogeneous CLP

Strongly heterogeneous CLP

Figure 1.1. W eakly and strongly heterogeneous CLPs

The CLP is NP-hard (Sc heithauer, 1992). T o date, heuristics ha v e b een the only viable alter-

nativ e to �nd optimal or near-optimal pac kings. Man y heuristic pro cedures ha v e b een prop osed

for solving the CLP . These include w all-building algorithms (George and Robinson, 1980, Loh and

Nee, 1992), suc h as tabu searc h (Bortfeldt and Gehring, 1998, Bortfeldt et al., 2003), GRASP

(Moura and Oliv eira, 2005, P arreno et al., 2008b), sim ulated annealing (Mac k et al., 2004), ge-

netic algorithms (Gehring and Bortfeldt, 1997), tree searc h metho ds (Morabito and Arenales, 1994,

T erno et al., 2000, Eley, 2002, Pisinger, 2002, Hi�, 2002, F anslau and Bortfeldt, 2009), and h ybrid

heuristics (Bortfeldt and Gehring, 2001). In some case, the heuristics include parallelization (Bort-

feldt and Gehring, 2002, Bortfeldt et al., 2003, Mac k et al., 2004). All of these heuristics in v olv e

some t yp e of neigh b orho o d structure in whic h it mo v es from one feasible solution to another. The

mo v es are usually applied on indirect represen tations of the solutions whic h c hange the order in

whic h b o xes are pac k ed rather than their ph ysical lo cation.

Other authors ha v e considered additional practical constrain ts. F or instance, Da vies and Bisc ho�

(1999), Eley (2002), and Gehring and Bortfeldt (1997) tak e in to accoun t the w eigh t distribution of
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cargo within a con tainer. Bisc ho� (2006) examines the impact of v arying the load-b earing strength.

Sev eral studies consider loading stabilit y , including Bortfeldt and Gehring (2001), Bortfeldt et al.

(2003), and T erno et al. (2000). Other con tainer-related factors, suc h as orien tation constrain ts

(Gehring and Bortfeldt, 2002) and the grouping of b o xes (Bisc ho� and Ratcli�, 1995, T ak ahara,

2005), ha v e also b een considered.

In this pap er, w e in tro duce a m ulti-p opulation biased random-k ey genetic algorithm (BRK GA)

for the CLP . The remainder of the pap er is organized as follo ws. In Section 2, w e formally de�ne

the problem In Section 3 w e in tro duce the new approac h, describing in detail the BRK GA, the

placemen t strategy , and a no v el pro cedure for joining maximal spaces. Finally , in Section 4, w e

rep ort on computational exp erimen ts, and in Section 5 mak e concluding remarks.

2. The pr oblem

The single con tainer loading problem addressed in this pap er can b e applied to an y mix of b o x

t yp es (i.e. from w eakly to strongly heterogeneous sets of b o x t yp es). Some practical constrain ts are

tak en in to accoun t. The problem ma y b e stated as follo ws: A giv en 3D rectangular con tainer C is to

b e loaded with a subset of a giv en set of rectangular b o xes in suc h a w a y that all b o xes are feasibly

placed, the pac k ed v olume is maximized, and the constrain ts are met. A b o x is considered to b e

feasibly placed if it is arranged in suc h a w a y that it is parallel to the side w alls of the con tainer,

do es not o v erlap with another b o x, and lies completely inside the con tainer. The dimensions of

the rectangular con tainer C are giv en as L (length), W (width), and H (heigh t). The b o xes to b e

loaded are categorized in to K b o x t yp es dep ending on their dimensions. F or eac h b o x t yp e k , there

are Nk b o xes with a length, width, and heigh t of, resp ectiv ely , lk , wk , and hk , for k = 1 ; 2; :::; K .

A dditional constrain ts, tak en from the large n um b er of constrain ts found in practice (cf. Bisc ho�

and Ratcli� (1995)) are also considered. They are:

� C1 - Orientation c onstr aint: Originally eac h b o x can b e arranged in the con tainer in a

maxim um of six r otation variants . Ho w ev er, for eac h b o x, up to �v e rotation v arian ts ma y

b e prohibited b y means of an orien tation constrain t. F or example, some b o xes require that

one side b e alw a ys on top.

� C2 - Stability c onstr aint: T o guaran tee load stabilit y , the b ottom sides of all b o xes not

placed directly on the con tainer �o or m ust b e completely supp orted b y the top sides of

one or more b o xes.

3. Biased random-key genetic algorithm

W e b egin this section with an o v erview of the solution pro cess. This is follo w ed b y a discussion of

the biased random-k ey genetic algorithm, including detailed descriptions of the solution enco ding

and deco ding, ev olutionary pro cess, �tness function, and parallel implemen tation.

3.1. Ov erview. The new approac h is based on a constructiv e heuristic algorithm whic h uses

layers of b o xes that ma y tak e the shap e of a set columns or a set of ro ws. A la y er is a rectangular

arrangemen t of b o xes of the same t yp e, in ro ws and columns, �lling one side of an empt y space

(see Figure 3.8). The managemen t of the feasible placemen t p ositions is based on a list of empt y

maximal-sp ac es as describ ed in Lai and Chan (1997). An 3D empt y space in the con tainer is

maximal if it is not con tained in an y other other space in the con tainer. Eac h time a la y er is

placed in an empt y maximal-space, new empt y maximal-spaces are generated. The new approac h

prop osed in this pap er com bines a m ulti-p opulation biased random-k ey genetic algorithm, a new

placemen t strategy , and a no v el pro cedure to join maximal-spaces ha ving the same base lev el.

The role of the genetic algorithm is to ev olv e the enco ded solutions, or chr omosomes , whic h

represen t the b ox typ e p acking se quenc e ( BTPS ) and the t yp e of la y er used to place eac h b o x t yp e.

F or eac h c hromosome, the follo wing phases are applied to deco de the c hromosome:

(1) De c o ding of the b ox typ e p acking se quenc e . This �rst phase deco des part of the c hromosome

in to the BTPS . i.e. the sequence in whic h the b o x t yp es are pac k ed in to the con tainer.

(2) De c o ding of layer typ es . The second phase deco des part of the c hromosome in to the v ector

of la y er t yp es ( VL T ) used the b y the placemen t pro cedure to select the t yp e of la y er used

to pac k b o xes in to the con tainer.
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(3) Plac ement pro cedure. The third phase mak es use of the BTPS de�ned in phase 1 and the

VL T obtained in phase 2 and constructs a pac king of the b o xes. In this phase, w e dev elop

a no v el pro cedure, MaxJoin , whic h joins maximal-spaces ha ving the same base lev el. This

is done so the supp orting area of the maximal-spaces is increased, increasing therefore the

p ossibly of satisfying constrain t C2 .

(4) Fitness evaluation . The �nal phase computes the p ercen tage v olume pac k ed, the �tness

measure (qualit y measure) of the solution.

Figure 3.1 illustrates the sequence of steps applied to eac h c hromosome generated b y the BRK GA.

Generate 
Box Type Packing Sequence

PhaseChromosome

E
vo

lu
ti

on
ar

y 
P

ro
ce

ss
 o

f 
th

e 
G

en
et

ic
 A

lg
o

ri
th

m

Placement Strategy

Feedback Quali ty of Chromosome
(% Volume Packed)

Compute Fitness

Generate Layer Types

Decoding of the
Box Type Packing Sequence (BTPS)

Use BTPS, VLT and the MaxJoin procedure
to obtain a packing of the rectangles

Compute % Volume Packed

Storage of Vector 
of Layer Types (VLT)

Generate 
Box Type Packing Sequence

PhaseChromosome

E
vo

lu
ti

on
ar

y 
P

ro
ce

ss
 o

f 
th

e 
G

en
et

ic
 A

lg
o

ri
th

m

Placement Strategy

Feedback Quali ty of Chromosome
(% Volume Packed)

Compute Fitness

Generate Layer Types

Decoding of the
Box Type Packing Sequence (BTPS)

Use BTPS, VLT and the MaxJoin procedure
to obtain a packing of the rectangles

Compute % Volume Packed

Storage of Vector 
of Layer Types (VLT)

Figure 3.1. Arc hitecture of the algorithm. Ev olutionary pro cess is on the left

and deco der is on the righ t.

The remainder of this section describ es in detail the genetic algorithm, the deco ding pro cedure

and the placemen t strategy .

3.2. Biased random-k ey genetic algorithm. Genetic algorithms are adaptiv e metho ds that are

used to solv e searc h and optimization problems (Goldb erg, 1989, Beasley et al., 1993). They are

based on the genetic pro cess of biological organisms. Ov er man y generations, natural p opulations

ev olv e according to the principles of natural selection, i.e. survival of the �ttest , �rst clearly stated

b y Charles Darwin (1859). By mimic king this pro cess, genetic algorithms, if suitably enco ded,

are able to evolve solutions to real-w orld problems. Before a genetic algorithm can b e de�ned, an

enc o ding (or r epr esentation ) for the problem m ust b e devised. A �tness function , whic h assigns a

�gure of merit to eac h enco ded solution, is also required. During the run, paren ts are sele cte d for

repro duction and r e c ombine d to generate o�spring. Figure 3.2 sho ws high-lev el pseudo-co de for a

standard genetic algorithm.

In genetic algorithms, a solution is enco ded as a set of parameters, kno wn as genes , joined

together to form a string of v alues called a chr omosome . In genetic terminology , the set of pa-

rameters represen ted b y a particular c hromosome is referred to as an individual . The �tness of an
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individual dep ends on its c hromosome and is ev aluated b y the �tness function. During the repro-

ductiv e phase, individuals are selected from the p opulation and r e c ombine d , pro ducing o�spring,

whic h comprise the next generation. P aren ts are randomly selected from the p opulation using a

sc heme that fa v ors �tter individuals. Once selected, the c hromosomes of the t w o paren ts are r e-

c ombine d , t ypically using mec hanisms of cr ossover . Mutation is usually applied to some individuals

to guaran tee p opulation div ersit y .

pro cedure GENETIC-ALGORIT HM

1 Gener ate initial p opulation P0 ;

2 Evaluate p opulation P0 ;

3 Initialize generation coun ter g  0;

4 while stopping criteria not satis�ed rep eat

5 Sele ct some elemen ts from Pg to cop y in to Pg+1 ;

6 Cr ossover some elemen ts of Pg and put in to Pg+1 ;

7 Mutate some elemen ts of Pg and put in to Pg+1 ;

8 Evaluate new p opulation Pg+1 ;

9 Incr ement generation coun ter: g  g + 1 ;

10 end while ;

end GENETIC-ALGORIT HM ;

Figure 3.2. Pseudo-co de of a standard genetic algorithm.

3.2.1. Chr omosome r epr esentation and de c o ding . The heuristic describ ed in this pap er is a biased

random-k ey genetic algorithm (Gonçalv es and Resende, 2009). It uses a random-k ey alphab et

comprised of random real n um b ers b et w een 0 and 1. The ev olutionary strategy used is similar to

the one prop osed b y Bean (1994), the main di�erence o ccurring in the crosso v er op erator. The

imp ortan t feature of this t yp e of genetic algorithm is that all o�spring formed b y crosso v er are

feasible solutions. This is accomplished b y mo ving m uc h of the feasibilit y issue in to the ob jectiv e

function ev aluation. If an y random-k ey v ector can b e in terpreted as a feasible solution, then an y

crosso v er v ector is also feasible. Through the dynamics of the genetic algorithm, the system learns

the relationship b et w een random-k ey v ectors and solutions with go o d ob jectiv e function v alues.

A c hromosome represen ts a solution to the problem and is enco ded as a v ector of random k eys.

In a direct represen tation, a c hromosome represen ts a solution of the original problem, and is called

genotyp e , while in an indirect represen tation it do es not, and sp ecial pro cedures are needed to deriv e

from it a solution called a phenotyp e . In the presen t con text, the direct use of pac king patterns as

c hromosomes is to o complicated to represen t and manipulate. In particular, it is di�cult to dev elop

corresp onding crosso v er and m utation op erations. Instead, solutions are represen ted indirectly b y

parameters that are later used b y a deco ding pro cedure to obtain a solution. T o obtain the solution

(phenot yp e) w e use the placemen t strategy that w e describ e in Section 3.3.5.

Recall that there are K b o x t yp es and that, for k = 1 ; : : : ; K , at most Nk b o xes of t yp e k can

b e pac k ed in to the con tainer. In the description of the genetic algorithm, w e are giv en a total of

M =
P K

k=1 Nk b o xes. Eac h solution c hromosome is made of 2M genes, i.e.

Chromosome= ( gene1; : : : ; geneM| {z }
Bo x T yp e P ac king Sequence

; geneM +1 ; : : : ; gene2M| {z }
V ector of La y er T yp es

):

The �rst M genes are used to obtain the Box T yp e Packing Se quenc e ( BTPS ), while the last M
genes are used to obtain the V e ctor of L ayer T yp es ( VL T ). The BTPS as w ell as the VL T are

used b y the placemen t strategy .

The deco ding (mapping) of the �rst M genes of eac h c hromosome in to a BTPS is accomplished

b y sorting the genes and b o x t yp es in ascending order. Figure 3.3 sho ws an example of the deco ding

pro cess for the BTPS . In this example there are there four t yp es of b o xes with N 1 = 2 , N2 = 3 ,

N 3 = 1 , and N 4 = 2 . A ccording to the ordering obtained, the b o x t yp es should b e pac k ed in the

order 2, 4, 2, 1, 2, 1, 3, 4. The v ector of la y er t yp es VL T is de�ned suc h that

V LTi = GeneM + i ;
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i.e., eac h p osition i = 1 ; : : : ; M of VL T is p opulated with GeneM + i .
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Figure 3.3. Chromosome deco ding pro cedure for the Bo x T yp e P ac king Sequence.

3.2.2. Evolutionary pr o c ess. The p opulation of random-k ey v ectors is op erated up on b y a genetic

algorithm to breed go o d solutions. Man y v ariations of genetic algorithms, obtained b y altering

the repro duction, crosso v er, and m utation op erators, ha v e b een prop osed. The repro duction and

crosso v er op erators determine whic h paren ts will ha v e o�spring, and ho w the genetic material is

exc hanged b et w een the paren ts to create those o�spring. Mutation allo ws for random alteration

of genetic material. Repro duction and crosso v er op erators tend to increase the qualit y of the

p opulations and force con v ergence. Mutation opp oses con v ergence and replaces genetic material

lost during repro duction and crosso v er.

In a random-k ey genetic algorithm, the p opulation is initialized with random-k ey v ectors whose

comp onen ts are random real n um b ers uniformly sampled from the in terv al [0; 1]. Repro duction

is accomplished b y �rst cop ying some of the b est individuals from one generation to the next,

in what is called an elitist str ate gy (Goldb erg, 1989). The adv an tage of an elitist strategy o v er

traditional probabilistic repro duction is that the b est solution is monotonically impro ving from

one generation to the next. The p oten tial do wnside is p opulation con v ergence to a lo cal minim um.

This can, ho w ev er, b e mitigated b y an appropriate amoun t of m utation.

Par ameterize d uniform cr ossover (Sp ears and Dejong, 1991) is emplo y ed in place of the tradi-

tional one-p oin t or t w o-p oin t crosso v er. After t w o paren ts are c hosen at random, one selected from

the b est ( TOP in Figure 3.5) and the other from the full old p opulation (including c hromosomes

copied to the next generation in the elitist pass), at eac h gene w e toss a biased coin to select whic h

paren t will con tribute the allele. Unlik e Bean (1994), in a biased-random k ey genetic algorithm,

w e alw a ys select one paren t from the set of elite solutions. Gonçalv es and Resende (2009) sho w

that, compared to the random-k ey GA of Bean, this c hange pro duces results with b etter qualit y

and con v erges faster to go o d qualit y solutions. Figure 3.4 presen ts an example of the crosso v er

op erator. It assumes that a coin toss of heads selects the gene from the �rst paren t, a tails c ho oses

the gene from the second paren t, and that the probabilit y of tossing a heads is 0.7, i.e. the crosso v er

probabilit y CProb = 0 :7. In Section 4 w e describ e ho w this v alue is determined empirically .

Rather than using the traditional gene-b y-gene m utation with v ery small probabilit y at eac h

generation, a random-k ey GA adds a small set of new mem b ers to the p opulation. These individ-

uals, called mutants , are randomly generated from the same distribution as the initial p opulation

(see BOT in Figure 3.5). Lik e in standard m utation, the ob jectiv e here is to prev en t premature

con v ergence of the p opulation and leads to a simple statemen t of con v ergence. Figure 3.5 depicts

the transitional pro cess b et w een t w o consecutiv e generations.

3.2.3. Fitness function. T o feedbac k the qualit y of a solution to the ev olutionary pro cess, a measure

of solution �tness, or qualit y measure, has to b e de�ned. The natural �tness function for this t yp e

of problem is the p er c ent total p acke d volume giv en b y



MUL TI-POPULA TION BRK GA F OR CONT AINER LO ADING 7

0.32 0.77 0.53 0.85Chromosome 1 (from TOP)

0.26 0.15 0.91 0.44Chromosome 2               

0.58 0.89 0.68 0.25Rando m number

< > < <
Relation to crossover

probabili ty of 0.7

0.32 0.15 0.53 0.85Offspring Chromosome

Crossover

0.32 0.77 0.53 0.85Chromosome 1 (from TOP)

0.26 0.15 0.91 0.44Chromosome 2               

0.58 0.89 0.68 0.25Rando m number

< > < <
Relation to crossover

probabili ty of 0.7

0.32 0.15 0.53 0.85Offspring Chromosome

Crossover

Figure 3.4. Example of parameterized uniform crosso v er with crosso v er proba-

bilit y equal to 0.7. The o�spring resem bles paren t 1 more than it do es paren t 2.
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Figure 3.5. T ransitional pro cess b et w een consecutiv e generations.

100%

KX

k=1

vk NP k

L � W � H

where NP k is the n um b er of b o xes of t yp e k pac k ed in a solution, vi is the v olume of a b o x of t yp e

k and the denominator represen ts the v olume of the con tainer.

3.2.4. Multi-p opulation str ate gy. In the m ulti-p opulation strategy used in this pap er, sev eral p opu-

lations are ev olv ed indep enden tly in parallel. After a pre-determined n um b er of generations, all the

p opulations exc hange go o d-qualit y c hromosomes. When ev aluating p ossible in terc hange strategies,

w e observ ed that exc hanging to o man y c hromosomes, or exc hanging them to o frequen tly , often lead

to the disruption of the ev olutionary pro cess. With this in mind, w e c hose a strategy that, after a

pre-determined n um b er of generations, inserts the o v erall t w o b est c hromosomes (from the union
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of all p opulations) in to all p opulations. In Section 4 w e sho w ho w this c hoice w as determined

empirically .

3.3. Placemen t strategy.

3.3.1. Maximal-sp ac es and the di�er enc e pr o c ess. While trying to place a b o x in the con tainer w e

use a list S of empt y maximal-spaces ( EMSs ), i.e. largest empt y parallelepip ed spaces a v ailable for

�lling with b o xes. Maximal-spaces are represen ted b y their v ertices with minim um and maxim um

co ordinates ( x i ; yi ; zi and X i ; Yi ; Z i resp ectiv ely). When searc hing for a place to pac k a b o x w e

need to consider only the co ordinates corresp onding to the EMS v ertices with minim um co ordinates

( x i ; yi ; zi ). T o generate and k eep trac k of the EMSs , w e mak e use of the di�er enc e pr o c ess ( DP ),

dev elop ed b y Lai and Chan (1997). Figure 3.6 depicts an example of the application of the DP

pro cess. In the example w e assume that w e ha v e one b o x to b e pac k ed in the con tainer (see

Figure 3.6a. Since the con tainer is empt y , the b o x is pac k ed at the origin of the con tainer as sho wn

in Figure 3.6b. In order to pac k the next b o x, w e �rst up date the list S of empt y maximal-spaces.

Figure 3.6c sho ws the three new EMSs generated b y the DP pro cess. Ev ery time a b o x is pac k ed,

w e reapply the DP pro cess to up date list S b efore w e pac k the next b o x.

Box packed in the maximal-space

Initial maximal-space

Newly generated maximal-spaces
with full support from below

Box to be packed

a) b) c) d)

Newly generated maximal-spaces
withou t full support from below

Box packed in the maximal-space

Initial maximal-space

Newly generated maximal-spaces
with full support from below

Box to be packed

a) b) c) d)

Newly generated maximal-spaces
withou t full support from below

Figure 3.6. Example of di�erence pro cess ( DP ) with and without full supp ort

from b elo w.

There some real applications where full supp ort from b elo w (constrain t C2 ) is not required.

Figure 3.6d) presen ts the the newly generated maximal-spaces generated b y the DP pro cedure

when full supp ort from b elo w is enforced.

3.3.2. The Back-Bottom-L eft pr o c e dur e. Recall from Section 3.3.4 that x i ; yi ; zi denote the min-

im um co ordinates of EMS i . The Back-Bottom-L eft ( BBL ) pro cedure orders the EMSs in suc h

a w a y that EMS i < EMS j if x i < x j , or if x i = x j and zi < z j , or if x i = x j ; zi = zj , and

yi < y j , and then c ho oses the �rst EMS in whic h the b o x t yp e to b e pac k ed �ts. Figure 3.7 sho ws

pseudo-co de for the BBL pro cedure.

3.3.3. L ayers of b oxes. The new loading approac h is based on a constructiv e heuristic that uses

la y ers of b o xes. A layer is a rectangular arrangemen t of b o xes of the same t yp e, in ro ws and

columns, �lling one side of an empt y maximal space.

T o determine whic h la y er t yp e to use to pac k a b o x t yp e bk w e �rst �ll the v ector Layers
with all the feasible la y er-t yp es that can b e used to pac k b o x t yp e bk in to a predetermined empt y

maximal-space EMS �
. Eac h b o x t yp e can ha v e at most six rotation v arian ts. F or eac h v arian t,
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pro cedure BBL ( bk ; S )
1 Let bk b e a b o x of t yp e k to b e pac k ed in the con tainer;

2 Let NS b e the n um b er of a v ailable EMSs in S ;

3 Initialize X �  L , Y �  W , Z �  H ;

5 for i = 1 ; : : : ; NS do

6 Let x(EMS i ) b e the minim um x co ordinate of EMS i ;

7 Let y(EMS i ) b e the minim um y co ordinate of EMS i ;

7 Let z(EMS i ) b e the minim um z co ordinate of EMS i ;

8 if bk �ts in EMS i then

9 if x(EMS i ) � X or ( x(ERSk ) = X �
and z(ERSk ) � Z �

) or

� ( x(ERSk ) = X �
and z(ERSk ) = Z �

and y(ERSk ) � Y �
) then

10 X �  x(ERSk ) , Z �  z(ERSk ) , Y �  y(ERSk ) ;

11 EMS � = EMS i ;

12 end if

13 end if

14 end for

15 Return EMS �
;

end BBL ;

Figure 3.7. Pseudo-co de of the Bac k-Bottom-Left (BBL) pro cedure.

w e can ha v e at most six t yp es of la y ers. Therefore, w e ha v e at most 36 la y ers t yp es. Figure 3.8

sho ws all p ossible six la y ers t yp es that can b e de�ned for one of the six b o x t yp e v arian ts and a

empt y-maximal-space where the la y ers can b e pac k ed.

y

z

x

y

z

x

y

z

x

y

z

x

y

z

x

y

z

x

2nd 1st

x - y 

y - z 

x - z 
1st

2nd

Figure 3.8. Example of the 6 di�eren t feasible la y ers t yp es for a b o x t yp e rotation v arian t.
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3.3.4. Joining maximal sp ac es. The DP pro cedure presen ted in Section 3.3.1 generates new EMSs

eac h time a b o x is added to the con tainer. Ho w ev er, when a new b o x is added, the supp orting area

of some of the previously generated EMSs can sometimes increase. Since the DP pro cess do es not

tak e this in to accoun t, in suc h situations the p ossibilit y of satisfying constrain t C2 (full supp orting

from b elo w) is reduced. In this section, w e dev elop a no v el pro cedure w e call MaxJoin whic h joins

maximal-spaces ha ving the same supp orting area heigh t.

T o illustrate MaxJoin , w e use the example depicted in Figure 3.9, where w e assume that the b o x

lab eled x w as the last one to b e pac k ed (see Figure 3.9a). Figure 3.9b sho ws all pac k ed b o xes that

ha v e the same heigh t as b o x x . Figure 3.9c sho ws a top-do wn view of the supp orting area de�ned

b y the b o xes. In the remainder of this section, w e restrict ourselv es only to the top-do wn view

since the heigh ts of the EMSs are equal and kno wn.

The MaxJoin pro cedure consists of t w o main steps in whic h the DP pro cedure is applied t wice

to obtain the desired EMSs . In the �rst step, the DP pro cedure in applied to subtract from the

con tainer the spaces corresp onding to the b o xes (see Figure 3.10a). Note that the resulting EMSs

denoted b y 1, 2, 3, and 4 in Figure 3.10a corresp ond to the complemen t of the EMSs that w e seek.

In the second step, w e apply the DP pro cedure to subtract from the con tainer the �nal EMSs

obtained in the �rst step. The resulting sough t EMSs are shaded in Figure 3.10b.

x
x

x

a) b) c)

x
x

x

a) b) c)

Figure 3.9. Example where the empt y maximal-spaces are not joined b y DP .

3.3.5. Plac ement pr o c e dur e. The placemen t pro cedure follo ws a sequen tial pro cess whic h tries to

pac k a b o x or a la y er of b o xes at eac h stage. The pro cedure com bines four elemen ts: the list

BTPS of b o x t yp es de�ned b y the genetic algorithm, a list S of empt y maximal spaces, initially

con taining only con tainer C , the BBL pro cedure, and the v ector of la y er t yp es ( VL T ) also de�ned

b y the GA. Eac h stage is comprised of the follo wing �v e main steps:

(1) Bo x t yp e selection;

(2) Maximal space selection;

(3) La y ers t yp e selection;

(4) La y er pac king;

(5) State information up date.

The pseudo-co de of the placemen t pro cedure is giv en in Figure 3.3.5. The b o x t yp e selection step

consists in c ho osing from BTPS the �rst b o x t yp e k �
whic h has not y et b een used (lines 9 to 11

of the pseudo-co de). The maximal space selection is carried out b y the BBL pro cedure and the

list S to pro duce EMS �
(lines 12 to 13 of the pseudo-co de). If a maximal space w as found in

the previous step, then the la y er selection uses VL T, the v ector Layers , and all the p ossible la y er

t yp es of b o x t yp e k �
that can b e pac k ed in to EMS �

, to obtain the selected la y er t yp e Layers �

(lines 17 to 19 of the pseudo-co de). The la y er pac king step consists in pac king Layer � in to EMS �
(lines 17-19 of the pseudo-co de). The �nal step, state information up date, consists in up dating the

remaining quan tities of the b o x t yp e pac k ed k �
and up dating list S , using the DP and MaxJoin

pro cedures, as w ell as some �ags ( Skip and P laced) (lines 21 to 31 of the pseudo-co de).
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Figure 3.10. Joining spaces with the MaxJoin pro cedure.

3.4. P arallel implemen tation. W e limit parallelization only to the task that p erforms the ev al-

uation of the c hromosome �tness since it is the most time consuming. The tasks related with the

GA logic w ere not parallelized since they consume v ery little time. This t yp e of parallelization

is easy to implemen t and in m ulti-core CPUs allo ws for a large reduction in computational times

(almost a linear sp eed-up with the n um b er of cores). The parallel implemen tation of our heuristic

w as done using the Op enMP Application Program In terface (API) whic h supp orts m ulti-platform

shared-memory parallel programming in C/C++.

4. Numerical experiments

In this section w e rep ort on results obtained on a set of exp erimen ts conducted to ev aluate the

p erformance of the m ulti-p opulation biased random k ey genetic algorithm for a con tainer loading

problem (BRK GA-CLP) prop osed in this pap er.

4.1. Benc hmark algorithms. W e compare BRK GA-CLP with the 13 approac hes listed in T a-

ble 1. These approac hes comprise the most e�ectiv e to date.

4.2. T est problem instances. The e�ectiv eness of BRK GA-CLP is ev aluated b y solving the

complete set of 1500 problems suggested b y Bisc ho� and Ratcli� (1995) and Da vies and Bisc ho�

(1999) whic h range from w eakly heterogeneous to strongly heterogeneous cargo.

The instances are divided in 15 test cases, eac h with 100 instances, and are referred to as

BRD_01 to BRD_15. The n um b er of di�eren t b o x t yp es in eac h case are 3, 5, 8, 10, 12, 15, 20,

30, 40, 50, 60, 70, 80, 90, and 100. The structure of eac h problem c hanges gradually from w eakly

heterogeneous to strongly heterogeneous according to the decreasing a v erage n um b er of b o xes p er

t yp e.
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pro cedure PLACEMENT ( BT P S; V LT; F ullSupport )

1 Let P lacedi b e a �ag that indicates whether the b o x t yp e giv en b y BT P S(i )
� has already b een used to pac k a b o x t yp e or not;

2 Let S b e the list of a v ailable empt y EMSs ;

3 Let QtRemain k b e the remaining quan tit y of unpac k ed b o xes of t yp e k ;

4 Let Skipk b e a �ag that indicates whether the b o x t yp e k should

� b e skipp ed or not when searc hing for the next b o x t yp e to pac k;

// ** Initialization

5 S  Empty container ;

6 QtRemain k  Nk , Skipk  F alse, for all k ;

7 P lacedi  F alse for all i ;

8 do while (There exits at least one k for whic h Skipk = F alse);

// ** Bo x t yp e selection

9 i �  0;

10 Let i �
b e the �rst index i in BT P S for whic h P lacedi = F alse and SkipBT P S ( i ) = F alse;

11 Let k� b e b o x t yp e corresp onding to BT P S(i � ) ;

// ** Maximal space selection

12 EMS �  0;

13 Let EMS �
b e the EMS in S in whic h a b o x of t yp e k �

� is placed when the Bac k-Bottom-Left placemen t heuristic is applied;

14 if EMS � = 0 then // no EMS w as found ;

15 Skipk � = F alse; // b o x t yp e k �
is not pac k able

16 else if ;

// ** La y er t yp e selection

17 A ccording to QtRemain k �
�ll the v ector Layers

� with all the la y er-t yp es pac k able in to maximal-space EMS �
;

18 Let MaxLayers b e n um b er of la y ers in v ector Layers ;

19 Let Layer� = Layers (dV LT (i � ) � MaxLayers e) b e the la y er t yp e selected

� for placing the b o x t yp e k �
, ( dxedenotes the minim um in teger greater than x );

// ** La y er pac king

20 P ac k Layer �
at the origin of maximal space EMS � ;

// ** Information up date

21 Let nBox b e the n um b er of b o xes of t yp e k �
con tained in Layer �

;

22 QtRemain k � = QtRemain k � � nBox ;

23 if QtRemain k � = 0 then Skipk � = T rue ; // no more b o xes of t yp e k �
to pac k

24 P lacedi � = T rue ;

25 Up date S using the DP pro cedure of Lai and Chan (1997);

26 if F ul lSupp ort then

27 Up date S b y applying the MaxJoin pro cedure to all the EMSs with

� origin heigh t equal to the top heigh t of the Layer �
after b eing pac k ed;

28 Skipk  F alse for all f k j QtRemain k > 0g;

29 end if

30 end if

31 end do

end PLACEMENT ;

Figure 3.11. Pseudo-co de for the PLACEMENT pro cedure.
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T able 1. E�cien t approac hes used for comparison.

Approac h Source of approac h T yp e of metho d

T_BB T erno et al. (2000) Branc h and Bound

BG_GA Bortfeldt and Gehring (2001) GA

BG_PGA Bortfeldt and Gehring (2002) P arallel GA

E_TRS Eley (2002) T ree Searc h (TRS)

L_GH Lim et al. (2003) Greedy Heuristic

B_PTS Bortfeldt et al. (2003) P arallel T abu Searc h (TS)

B_NMP Bisc ho� (2006) Nelder-Mead Pro c.

M_SA TS Mac k et al. (2004) P arallel SA/TS

MO_GR Moura and Oliv eira (2005) GRASP

P_GR P arreno et al. (2008b) GRASP

P_VNS P arreno et al. (2008a) VNS

FB_TRS F anslau and Bortfeldt (2009) TRS

HH_HBS He and Huang (2010) Heuristic Beam Searc h

In test case BRD_01 there are on a v erage 50.15 b o xes for eac h b o x t yp e, whereas in test case

BRD_15 the a v erage n um b er is only 1.33. Eac h individual instance nev er exceeds the v olume of

the con tainer and the a v erage of a v ailable cargo is o v er 99.46% of the capacit y of the con tainer.

The dimensions of the b o xes w ere generated indep enden tly of the dimensions of the con tainer,

therefore there is no guaran tee that all the b o xes will �t in to the con tainer. The p ercen tage giv en

should b e seen as a lo ose upp er b ound on the v olume of the con tainer attainable b y an optimal

pac king.

Eac h instance includes the orien tation constrain t ( C1 ), whic h prohibits the use of certain larger

side dimension as heigh t dimension.

4.3. GA con�guration. Con�guring genetic algorithms is often times more an art form than a

science. In our past exp erience with genetic algorithms based on the same ev olutionary strategy (see

Gonçalv es and Almeida (2002), Ericsson et al. (2002), Gonçalv es and Resende (2004), Gonçalv es

et al. (2005), Buriol et al. (2005), Buriol et al. (2007), Gonçalv es (2007), Gonçalv es et al. (2009),

Gonçalv es et al. (2009), Gonçalv es and Resende (2009) and Gonçalv es and Resende (2009)), w e

obtained go o d results with v alues of TOP , BOT, and Crosso v er Probabilit y (CProb) in the in terv als

sho wn in T able 2.

T able 2. Range of P arameters in past implemen tations.

P arameter In terv al

TOP 0.10 - 0.25

BOT 0.15 - 030

Crosso v er Probabilit y (CProb) 0.70 - 0.80

F or the p opulation size, w e ha v e obtained go o d results b y indexing it to the dimension of the

problem, i.e. w e use small size p opulations for small problems and larger p opulations for larger

problems. With this in mind, w e conducted a small pilot study to obtain a reasonable con�guration.

W e tested all the com binations of the follo wing v alues:

� TOP 2 f 0:10; 0:15; 0:20; 0:25g;

� BOT 2 f 0:15; 0:20; 0:25; 0:30g;

� CProb 2 f 0:70; 0:75; 0:80g;

� Population size with 10, 15, 20, and 25 times the n um b er of rectangles in the problem

instance.

F or eac h of the 192 p ossible con�gurations, w e made three indep enden t runs of the algorithm

(with three distinct random n um b er generator seeds) and computed the a v erage total v alue. The

con�guration that minimized the sum, o v er the pilot problem instances, w as TOP = 15% , BOT =
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15%, CProb = 0 :7, and Population size = 20 times the n um b er of rectangles in the problem

instance.

After some exp erimen tation with the problem instances in a pilot study w e came to the conclu-

sion that using three parallel p opulations and exc hanging information ev ery 15 generations w as a

reasonable con�guration for this t yp e of problem.

The con�guration presen ted in T able 3 w as held constan t for all exp erimen ts and all problems

instances. The computational results presen ted in the next section demonstrate that this con�gu-

ration not only pro vides excellen t results in terms of solution qualit y but is also v ery robust.

T able 3. Con�guration used on all runs in the computational exp erimen ts.

P opulation size: 20 � number of input boxes

Crosso v er probabilit y: 0.7

TOP:

The 15 % most �t c hromosomes from the previous

generation are copied to the next generation

BOT:

The 15 % least �t c hromosomes from the previous generation

are replaced with randomly generated c hromosomes

Num b er of p opulation: 3

Exc hange information bt w p ops: Ev ery 15 generations

Fitness: Maximize % total pac k ed v olume

Stopping Criterion: Stop after 500 generations

4.4. Computational results. Algorithm BRK GA-CLP w as implemen ted in C++. The compu-

tational exp erimen ts w ere carried out on a computer with a AMD 2.2 GHz Opteron 6-core CPU

with the Lin ux (F edora release 12) op erating system.

All computational results sho w a v erage v alues for the 100 instances of eac h test case. All tests

where p erformed using the con�guration summarized in T able 3.

F or comparison purp oses and b ecause some authors rep ort computational results where the

supp ort constrain t ( C2 ) is not enforced w e presen t results for t w o v ersions of our approac h: v ersion

BRK GA-CLP-S (supp orted) that enforces the supp ort constrain t ( C2 ) and v ersion BRK GA-CLP-

U (unsupp orted) whic h do es not.

W e note that some of approac hes in T able 1 rep ort results only for the �rst sev en sets of

w eakly heterogeneous instances, BRD_01�BRD_07. The complete computational results app ear

in T ables 4 and 5 for v ersions BRK GA-CLP-S and BRK GA-CLP-U, resp ectiv ely .

As can b e observ ed from T ables 4 and 5 b oth v ersions of BRK GA-CLP obtain the b est o v erall

results (for BRK GA-CLP-S : Mean 01-07 = 94.53%, Mean 08-15 = 90.23%, Mean 01-15 = 92.24%

while for BRK GA-CLP-U : Mean 01-07 = 95.74%, Mean 08-15 = 93.49%, Mean 01-15 = 94.54%).

The second b est approac h is FB_TRS and it obtains o v erall means 01-15 whic h are 0.26% and

0.59% w orst than BRK GA-CLP . BRK GA-CLP is only outp erformed b y FB_TRS for test case

BRD_01 when full supp ort is enforced. F or all the other test cases BRK GA-CLP �nds b etter

a v erage solutions than an y of the other approac hes.

In terms of computational times w e cannot mak e an y fair and meaningful commen ts since all

the other approac hes w ere implemen ted and tested on computers with di�eren t computing p o w er.

Instead, w e limit ourselv es to rep orting the a v erage running times for the b est three approac hes.

5. Concluding remarks

In this pap er w e addressed the Single Con tainer Loading Problem (CLP) where sev eral rectan-

gular b o xes of di�eren t sizes are to b e loaded in to a single rectangular con tainer. The approac h

uses a maximal-space represen tation to manage the free spaces in the con tainer. The approac h h y-

bridizes a no v el placemen t pro cedure with a m ulti-p opulation genetic algorithm based on random

k eys. The genetic algorithm is used to ev olv e the order in whic h the b o x t yp es are loaded in to

the con tainer and to determine the corresp onding t yp es of la y ers used in the pac king. A heuristic

pro cedure is used to determine the maximal space where eac h b o x is placed and a no v el pro ce-

dure is dev elop ed for joining free spaces for the case where full supp ort from b elo w is required.
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T able 4. P erformance comparison of BRK GA-CLP with other approac hes when

supp ort constrain t ( C2 ) is enforced.

T est case T_BB BG_GA BG_PGA E_TRS B_NMP MO_GR FB_TRS

(pac king

v arian t)

BRK GA

CLP-S

BRD_01 89.9 87.81 88.10 88.0 89.39 89.07 94.51 94.34

BRD_02 89.6 89.40 89.56 88.5 90.26 90.43 94.73 94.88

BRD_03 89.2 90.48 90.77 89.5 91.08 90.86 94.74 95.05

BRD_04 88.9 90.63 91.03 89.3 90.90 90.42 94.41 94.75

BRD_05 88.3 90.73 91.23 89.0 91.05 89.57 94.13 94.58

BRD_06 87.4 90.72 91.28 89.2 90.70 89.71 93.85 94.39

BRD_07 86.3 90.65 91.04 88.0 90.44 88.05 93.20 93.74

BRD_08 - 89.73 90.26 - - 86.13 92.26 92.65

BRD_09 - 89.06 89.50 - - 85.08 91.48 91.90

BRD_10 - 88.40 88.73 - - 84.21 90.86 91.28

BRD_11 - 87.53 87.87 - - 83.98 90.11 90.39

BRD_12 - 86.94 87.18 - - 83.64 89.51 89.81

BRD_13 - 86.25 86.70 - - 83.54 88.98 89.27

BRD_14 - 85.55 85.81 - - 83.25 88.26 88.57

BRD_15 - 85.23 85.48 - - 83.21 87.57 87.96

A vg. 01-07 88.51 90.06 90.43 88.79 90.55 89.73 94.22 94.53

A vg. 08-15 - 87.34 87.69 - - 84.13 89.88 90.23

A vg. 01-15 - 88.61 88.97 - - 86.74 91.91 92.24

Note: The b est v alues app ear in b old.

T able 5. P erformance comparison of BRK GA-CLP with other approac hes when

supp ort constrain t ( C2 ) is not enforced.

T est case L_GH B_PTS M_SA TS P_GR

(200000)

P_GR

(5000)

P_VNS FB_TRS

(cutting

v arian t)

HH_HBS BRK GA

CLP-U

BRD_01 88.70 93.52 93.70 93.85 93.27 94.93 95.05 87.54 95.28

BRD_02 88.17 93.77 94.30 94.22 93.38 95.19 95.43 89.12 95.90

BRD_03 87.52 93.58 94.54 94.25 93.39 94.99 95.47 90.32 96.13

BRD_04 87.58 93.05 94.27 94.09 93.16 94.71 95.18 90.57 96.01

BRD_05 87.30 92.34 93.83 93.87 92.89 94.33 95.00 90.78 95.84

BRD_06 86.86 91.72 93.34 93.52 92.62 94.04 94.79 90.91 95.72

BRD_07 87.15 90.55 92.50 92.94 91.86 93.53 94.24 90.88 95.29

BRD_08 - - - - 91.02 92.78 93.70 90.85 94.76

BRD_09 - - - - 90.46 92.19 93.44 90.64 94.34

BRD_10 - - - - 89.87 91.92 93.09 90.43 93.86

BRD_11 - - - - 89.36 91.46 92.81 90.23 93.60

BRD_12 - - - - 89.03 91.20 92.73 89.97 93.22

BRD_13 - - - - 88.56 91.11 92.46 89.88 92.99

BRD_14 - - - - 88.46 90.64 92.40 89.67 92.68

BRD_15 - - - - 88.36 90.38 92.40 89.54 92.46

A vg. 01-07 87.61 92.70 93.78 93.82 92.94 94.53 95.02 90.02 95.74

A vg. 08-15 - - - - 89.39 91.46 92.88 90.15 93.49

A vg. 01-15 - - - - 91.05 92.89 93.88 90.09 94.54

Note: The b est v alues app ear in b old.

T w o v ersions of the approac h (with and without enforcemen t of full supp ort from b elo w) are is

extensiv ely tested on the complete set of problems of Bisc ho� and Ratcli� (1995) and Da vies and
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T able 6. Computational times (s) for b est three approac hes.

A vg. Time (s) for test cases BRD_01 - BRD_15

P arreno et al. (2008a) F anslau and Bortfeldt (2009) BRK GA-CLP

Supp orted - 320 232

Unsupp orted 238 320 147

Bisc ho� (1999) whic h range from w eakly to strongly heterogeneous cargo and compared with 13

other solution tec hniques. The exp erimen tal results v alidate the excellen t qualit y of the solutions

and the e�ectiv eness of the prop osed algorithm.
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