
A PARALLEL MULTI-POPULATION BIASED RANDOM-KEY GENETICALGORITHM FOR A CONTAINER LOADING PROBLEMJOSÉ FERNANDO GONÇALVES AND MAURICIO G. C. RESENDEAbstrat. This paper presents a multi-population biased random-key geneti algorithm (BRKGA)for the Single Container Loading Problem (CLP) where several retangular boxes of di�erentsizes are loaded into a single retangular ontainer. The approah uses a maximal-spae rep-resentation to manage the free spaes in the ontainer. The proposed algorithm hybridizes anovel plaement proedure with a multi-population geneti algorithm based on random keys.The BRKGA is used to evolve the order in whih the box types are loaded into the ontainerand the orresponding type of layer used in the plaement proedure. A heuristi is used to de-termine the maximal spae where eah box is plaed. A novel proedure is developed for joiningfree spaes in the ase where full support from below is required. The approah is extensivelytested on the omplete set of test problem instanes of Bisho� and Ratli� (1995) and Daviesand Bisho� (1999) and is ompared with other approahes. The test set onsists of weaklyto strongly heterogeneous instanes. The experimental results validate the high quality of thesolutions as well as the e�etiveness of the proposed heuristi.
1. IntrodutionThe Single Container Loading Problem (CLP) is a three-dimensional paking problem in whiha large retangular box (the ontainer) has to be �lled with smaller retangular boxes of di�erentsizes. Figure 1.1 shows that CLPs an be di�erentiated aording to the mix of box types tobe loaded. They vary from the ompletely homogeneous ase, where boxes have idential dimen-sions and orientations, to the strongly heterogeneous ase, where boxes of many di�erent sizes arepresent. CLPs with relatively few box types are often referred to as weakly heterogeneous (Bisho�and Ratli�, 1995). Aording to the typology of Wäsher et al. (2007) for utting and pakingproblems, the heuristi for the CLP presented in this paper falls into the output maximizationassignment ategory and an be applied to both the Single Large Objet Plaement Problem (3Dretangular SLOPP, weakly heterogeneous) and the Single Knapsak Problem (3D retangularSKP, strongly heterogeneous).
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MULTI-POPULATION BRKGA FOR CONTAINER LOADING 2

Weakly heterogeneous CLP

Strongly heterogeneous CLPFigure 1.1. Weakly and strongly heterogeneous CLPsThe CLP is NP-hard (Sheithauer, 1992). To date, heuristis have been the only viable alter-native to �nd optimal or near-optimal pakings. Many heuristi proedures have been proposedfor solving the CLP. These inlude wall-building algorithms (George and Robinson, 1980, Loh andNee, 1992), suh as tabu searh (Bortfeldt and Gehring, 1998, Bortfeldt et al., 2003), GRASP(Moura and Oliveira, 2005, Parreno et al., 2008b), simulated annealing (Mak et al., 2004), ge-neti algorithms (Gehring and Bortfeldt, 1997), tree searh methods (Morabito and Arenales, 1994,Terno et al., 2000, Eley, 2002, Pisinger, 2002, Hi�, 2002, Fanslau and Bortfeldt, 2009), and hybridheuristis (Bortfeldt and Gehring, 2001). In some ase, the heuristis inlude parallelization (Bort-feldt and Gehring, 2002, Bortfeldt et al., 2003, Mak et al., 2004). All of these heuristis involvesome type of neighborhood struture in whih it moves from one feasible solution to another. Themoves are usually applied on indiret representations of the solutions whih hange the order inwhih boxes are paked rather than their physial loation.Other authors have onsidered additional pratial onstraints. For instane, Davies and Bisho�(1999), Eley (2002), and Gehring and Bortfeldt (1997) take into aount the weight distribution of



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 3argo within a ontainer. Bisho� (2006) examines the impat of varying the load-bearing strength.Several studies onsider loading stability, inluding Bortfeldt and Gehring (2001), Bortfeldt et al.(2003), and Terno et al. (2000). Other ontainer-related fators, suh as orientation onstraints(Gehring and Bortfeldt, 2002) and the grouping of boxes (Bisho� and Ratli�, 1995, Takahara,2005), have also been onsidered.In this paper, we introdue a multi-population biased random-key geneti algorithm (BRKGA)for the CLP. The remainder of the paper is organized as follows. In Setion 2, we formally de�nethe problem In Setion 3 we introdue the new approah, desribing in detail the BRKGA, theplaement strategy, and a novel proedure for joining maximal spaes. Finally, in Setion 4, wereport on omputational experiments, and in Setion 5 make onluding remarks.2. The problemThe single ontainer loading problem addressed in this paper an be applied to any mix of boxtypes (i.e. from weakly to strongly heterogeneous sets of box types). Some pratial onstraints aretaken into aount. The problem may be stated as follows: A given 3D retangular ontainer C is tobe loaded with a subset of a given set of retangular boxes in suh a way that all boxes are feasiblyplaed, the paked volume is maximized, and the onstraints are met. A box is onsidered to befeasibly plaed if it is arranged in suh a way that it is parallel to the side walls of the ontainer,does not overlap with another box, and lies ompletely inside the ontainer. The dimensions ofthe retangular ontainer C are given as L (length), W (width), and H (height). The boxes to beloaded are ategorized into K box types depending on their dimensions. For eah box type k, thereare Nk boxes with a length, width, and height of, respetively, lk, wk, and hk, for k = 1, 2, ..., K.Additional onstraints, taken from the large number of onstraints found in pratie (f. Bisho�and Ratli� (1995)) are also onsidered. They are:
• C1 - Orientation onstraint: Originally eah box an be arranged in the ontainer in amaximum of six rotation variants. However, for eah box, up to �ve rotation variants maybe prohibited by means of an orientation onstraint. For example, some boxes require thatone side be always on top.
• C2 - Stability onstraint: To guarantee load stability, the bottom sides of all boxes notplaed diretly on the ontainer �oor must be ompletely supported by the top sides ofone or more boxes.3. Biased random-key geneti algorithmWe begin this setion with an overview of the solution proess. This is followed by a disussion ofthe biased random-key geneti algorithm, inluding detailed desriptions of the solution enodingand deoding, evolutionary proess, �tness funtion, and parallel implementation.3.1. Overview. The new approah is based on a onstrutive heuristi algorithm whih useslayers of boxes that may take the shape of a set olumns or a set of rows. A layer is a retangulararrangement of boxes of the same type, in rows and olumns, �lling one side of an empty spae(see Figure 3.8). The management of the feasible plaement positions is based on a list of emptymaximal-spaes as desribed in Lai and Chan (1997). An 3D empty spae in the ontainer ismaximal if it is not ontained in any other other spae in the ontainer. Eah time a layer isplaed in an empty maximal-spae, new empty maximal-spaes are generated. The new approahproposed in this paper ombines a multi-population biased random-key geneti algorithm, a newplaement strategy, and a novel proedure to join maximal-spaes having the same base level.The role of the geneti algorithm is to evolve the enoded solutions, or hromosomes, whihrepresent the box type paking sequene (BTPS ) and the type of layer used to plae eah box type.For eah hromosome, the following phases are applied to deode the hromosome:(1) Deoding of the box type paking sequene. This �rst phase deodes part of the hromosomeinto the BTPS. i.e. the sequene in whih the box types are paked into the ontainer.(2) Deoding of layer types. The seond phase deodes part of the hromosome into the vetorof layer types (VLT ) used the by the plaement proedure to selet the type of layer usedto pak boxes into the ontainer.



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 4(3) Plaement proedure. The third phase makes use of the BTPS de�ned in phase 1 and theVLT obtained in phase 2 and onstruts a paking of the boxes. In this phase, we developa novel proedure, MaxJoin, whih joins maximal-spaes having the same base level. Thisis done so the supporting area of the maximal-spaes is inreased, inreasing therefore thepossibly of satisfying onstraint C2.(4) Fitness evaluation. The �nal phase omputes the perentage volume paked, the �tnessmeasure (quality measure) of the solution.Figure 3.1 illustrates the sequene of steps applied to eah hromosome generated by the BRKGA.
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Figure 3.1. Arhiteture of the algorithm. Evolutionary proess is on the leftand deoder is on the right.The remainder of this setion desribes in detail the geneti algorithm, the deoding proedureand the plaement strategy.3.2. Biased random-key geneti algorithm. Geneti algorithms are adaptive methods that areused to solve searh and optimization problems (Goldberg, 1989, Beasley et al., 1993). They arebased on the geneti proess of biologial organisms. Over many generations, natural populationsevolve aording to the priniples of natural seletion, i.e. survival of the �ttest, �rst learly statedby Charles Darwin (1859). By mimiking this proess, geneti algorithms, if suitably enoded,are able to evolve solutions to real-world problems. Before a geneti algorithm an be de�ned, anenoding (or representation) for the problem must be devised. A �tness funtion, whih assigns a�gure of merit to eah enoded solution, is also required. During the run, parents are seleted forreprodution and reombined to generate o�spring. Figure 3.2 shows high-level pseudo-ode for astandard geneti algorithm.In geneti algorithms, a solution is enoded as a set of parameters, known as genes, joinedtogether to form a string of values alled a hromosome. In geneti terminology, the set of pa-rameters represented by a partiular hromosome is referred to as an individual. The �tness of an



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 5individual depends on its hromosome and is evaluated by the �tness funtion. During the repro-dutive phase, individuals are seleted from the population and reombined, produing o�spring,whih omprise the next generation. Parents are randomly seleted from the population using asheme that favors �tter individuals. One seleted, the hromosomes of the two parents are re-ombined, typially using mehanisms of rossover. Mutation is usually applied to some individualsto guarantee population diversity.proedure GENETIC-ALGORITHM1 Generate initial population P0;2 Evaluate population P0;3 Initialize generation ounter g ← 0;4 while stopping riteria not satis�ed repeat5 Selet some elements from Pg to opy into Pg+1;6 Crossover some elements of Pg and put into Pg+1;7 Mutate some elements of Pg and put into Pg+1;8 Evaluate new population Pg+1;9 Inrement generation ounter: g ← g + 1;10 end while;end GENETIC-ALGORITHM;Figure 3.2. Pseudo-ode of a standard geneti algorithm.3.2.1. Chromosome representation and deoding . The heuristi desribed in this paper is a biasedrandom-key geneti algorithm (Gonçalves and Resende, 2009). It uses a random-key alphabetomprised of random real numbers between 0 and 1. The evolutionary strategy used is similar tothe one proposed by Bean (1994), the main di�erene ourring in the rossover operator. Theimportant feature of this type of geneti algorithm is that all o�spring formed by rossover arefeasible solutions. This is aomplished by moving muh of the feasibility issue into the objetivefuntion evaluation. If any random-key vetor an be interpreted as a feasible solution, then anyrossover vetor is also feasible. Through the dynamis of the geneti algorithm, the system learnsthe relationship between random-key vetors and solutions with good objetive funtion values.A hromosome represents a solution to the problem and is enoded as a vetor of random keys.In a diret representation, a hromosome represents a solution of the original problem, and is alledgenotype, while in an indiret representation it does not, and speial proedures are needed to derivefrom it a solution alled a phenotype. In the present ontext, the diret use of paking patterns ashromosomes is too ompliated to represent and manipulate. In partiular, it is di�ult to developorresponding rossover and mutation operations. Instead, solutions are represented indiretly byparameters that are later used by a deoding proedure to obtain a solution. To obtain the solution(phenotype) we use the plaement strategy that we desribe in Setion 3.3.5.Reall that there are K box types and that, for k = 1, . . . , K, at most Nk boxes of type k anbe paked into the ontainer. In the desription of the geneti algorithm, we are given a total of
M =

∑K

k=1 Nk boxes. Eah solution hromosome is made of 2M genes, i.e.
Chromosome = ( gene1, . . . , geneM

︸ ︷︷ ︸Box Type Paking Sequene, geneM+1, . . . , gene2M
︸ ︷︷ ︸Vetor of Layer Types ).The �rst M genes are used to obtain the Box Type Paking Sequene (BTPS ), while the last Mgenes are used to obtain the Vetor of Layer Types (VLT ). The BTPS as well as the VLT areused by the plaement strategy.The deoding (mapping) of the �rst M genes of eah hromosome into a BTPS is aomplishedby sorting the genes and box types in asending order. Figure 3.3 shows an example of the deodingproess for the BTPS. In this example there are there four types of boxes with N1 = 2, N2 = 3,

N3 = 1, and N4 = 2. Aording to the ordering obtained, the box types should be paked in theorder 2, 4, 2, 1, 2, 1, 3, 4. The vetor of layer types VLT is de�ned suh that
V LTi = GeneM+i,



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 6i.e., eah position i = 1, . . . , M of VLT is populated with GeneM+i.
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Figure 3.3. Chromosome deoding proedure for the Box Type Paking Sequene.3.2.2. Evolutionary proess. The population of random-key vetors is operated upon by a genetialgorithm to breed good solutions. Many variations of geneti algorithms, obtained by alteringthe reprodution, rossover, and mutation operators, have been proposed. The reprodution androssover operators determine whih parents will have o�spring, and how the geneti material isexhanged between the parents to reate those o�spring. Mutation allows for random alterationof geneti material. Reprodution and rossover operators tend to inrease the quality of thepopulations and fore onvergene. Mutation opposes onvergene and replaes geneti materiallost during reprodution and rossover.In a random-key geneti algorithm, the population is initialized with random-key vetors whoseomponents are random real numbers uniformly sampled from the interval [0, 1]. Reprodutionis aomplished by �rst opying some of the best individuals from one generation to the next,in what is alled an elitist strategy (Goldberg, 1989). The advantage of an elitist strategy overtraditional probabilisti reprodution is that the best solution is monotonially improving fromone generation to the next. The potential downside is population onvergene to a loal minimum.This an, however, be mitigated by an appropriate amount of mutation.Parameterized uniform rossover (Spears and Dejong, 1991) is employed in plae of the tradi-tional one-point or two-point rossover. After two parents are hosen at random, one seleted fromthe best (TOP in Figure 3.5) and the other from the full old population (inluding hromosomesopied to the next generation in the elitist pass), at eah gene we toss a biased oin to selet whihparent will ontribute the allele. Unlike Bean (1994), in a biased-random key geneti algorithm,we always selet one parent from the set of elite solutions. Gonçalves and Resende (2009) showthat, ompared to the random-key GA of Bean, this hange produes results with better qualityand onverges faster to good quality solutions. Figure 3.4 presents an example of the rossoveroperator. It assumes that a oin toss of heads selets the gene from the �rst parent, a tails hoosesthe gene from the seond parent, and that the probability of tossing a heads is 0.7, i.e. the rossoverprobability CProb = 0.7. In Setion 4 we desribe how this value is determined empirially.Rather than using the traditional gene-by-gene mutation with very small probability at eahgeneration, a random-key GA adds a small set of new members to the population. These individ-uals, alled mutants, are randomly generated from the same distribution as the initial population(see BOT in Figure 3.5). Like in standard mutation, the objetive here is to prevent prematureonvergene of the population and leads to a simple statement of onvergene. Figure 3.5 depitsthe transitional proess between two onseutive generations.3.2.3. Fitness funtion. To feedbak the quality of a solution to the evolutionary proess, a measureof solution �tness, or quality measure, has to be de�ned. The natural �tness funtion for this typeof problem is the perent total paked volume given by
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0.32 0.77 0.53 0.85Chromosome 1 (from TOP)

0.26 0.15 0.91 0.44Chromosome 2               

0.58 0.89 0.68 0.25Random number

< > < <
Relation to crossover

probability of 0.7

0.32 0.15 0.53 0.85Offspring Chromosome

Crossover

0.32 0.77 0.53 0.85Chromosome 1 (from TOP)

0.26 0.15 0.91 0.44Chromosome 2               

0.58 0.89 0.68 0.25Random number

< > < <
Relation to crossover

probability of 0.7

0.32 0.15 0.53 0.85Offspring Chromosome

Crossover

Figure 3.4. Example of parameterized uniform rossover with rossover proba-bility equal to 0.7. The o�spring resembles parent 1 more than it does parent 2.
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Figure 3.5. Transitional proess between onseutive generations.
100%

K∑

k=1

vk NP k

L ×W ×Hwhere NP k is the number of boxes of type k paked in a solution, vi is the volume of a box of type
k and the denominator represents the volume of the ontainer.3.2.4. Multi-population strategy. In the multi-population strategy used in this paper, several popu-lations are evolved independently in parallel. After a pre-determined number of generations, all thepopulations exhange good-quality hromosomes. When evaluating possible interhange strategies,we observed that exhanging too many hromosomes, or exhanging them too frequently, often leadto the disruption of the evolutionary proess. With this in mind, we hose a strategy that, after apre-determined number of generations, inserts the overall two best hromosomes (from the union



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 8of all populations) into all populations. In Setion 4 we show how this hoie was determinedempirially.3.3. Plaement strategy.3.3.1. Maximal-spaes and the di�erene proess. While trying to plae a box in the ontainer weuse a list S of empty maximal-spaes (EMSs), i.e. largest empty parallelepiped spaes available for�lling with boxes. Maximal-spaes are represented by their verties with minimum and maximumoordinates (xi, yi, zi and Xi, Yi, Zi respetively). When searhing for a plae to pak a box weneed to onsider only the oordinates orresponding to the EMS verties with minimum oordinates(xi, yi, zi). To generate and keep trak of the EMSs, we make use of the di�erene proess (DP),developed by Lai and Chan (1997). Figure 3.6 depits an example of the appliation of the DPproess. In the example we assume that we have one box to be paked in the ontainer (seeFigure 3.6a. Sine the ontainer is empty, the box is paked at the origin of the ontainer as shownin Figure 3.6b. In order to pak the next box, we �rst update the list S of empty maximal-spaes.Figure 3.6 shows the three new EMSs generated by the DP proess. Every time a box is paked,we reapply the DP proess to update list S before we pak the next box.
Box packed in the maximal-space

Initial maximal-space

Newly generated maximal-spaces
with full support from below

Box to be packed

a) b) c) d)

Newly generated maximal-spaces
without full support from below

Box packed in the maximal-space

Initial maximal-space

Newly generated maximal-spaces
with full support from below

Box to be packed

a) b) c) d)

Newly generated maximal-spaces
without full support from below

Figure 3.6. Example of di�erene proess (DP) with and without full supportfrom below.There some real appliations where full support from below (onstraint C2 ) is not required.Figure 3.6d) presents the the newly generated maximal-spaes generated by the DP proedurewhen full support from below is enfored.3.3.2. The Bak-Bottom-Left proedure. Reall from Setion 3.3.4 that xi, yi, zi denote the min-imum oordinates of EMSi. The Bak-Bottom-Left (BBL) proedure orders the EMSs in suha way that EMSi < EMSj if xi < xj , or if xi = xj and zi < zj, or if xi = xj , zi = zj, and
yi < yj, and then hooses the �rst EMS in whih the box type to be paked �ts. Figure 3.7 showspseudo-ode for the BBL proedure.3.3.3. Layers of boxes. The new loading approah is based on a onstrutive heuristi that useslayers of boxes. A layer is a retangular arrangement of boxes of the same type, in rows andolumns, �lling one side of an empty maximal spae.To determine whih layer type to use to pak a box type bk we �rst �ll the vetor Layerswith all the feasible layer-types that an be used to pak box type bk into a predetermined emptymaximal-spae EMS∗. Eah box type an have at most six rotation variants. For eah variant,



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 9proedure BBL( bk, S )1 Let bk be a box of type k to be paked in the ontainer;2 Let NS be the number of available EMSs in S;3 Initialize X∗ ← L, Y ∗ ←W , Z∗ ← H ;5 for i = 1, . . . , NS do6 Let x(EMS i) be the minimum x oordinate of EMS i;7 Let y(EMS i) be the minimum y oordinate of EMS i;7 Let z(EMS i) be the minimum z oordinate of EMS i;8 if bk �ts in EMS i then9 if x(EMS i) ≤ X or (x(ERS k) = X∗ and z(ERSk) ≤ Z∗ ) or
· (x(ERS k) = X∗ and z(ERSk) = Z∗ and y(ERSk) ≤ Y ∗ ) then10 X∗ ← x(ERS k), Z∗ ← z(ERSk), Y ∗ ← y(ERSk) ;11 EMS ∗ = EMS i;12 end if13 end if14 end for15 Return EMS ∗;end BBL;Figure 3.7. Pseudo-ode of the Bak-Bottom-Left (BBL) proedure.we an have at most six types of layers. Therefore, we have at most 36 layers types. Figure 3.8shows all possible six layers types that an be de�ned for one of the six box type variants and aempty-maximal-spae where the layers an be paked.
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Figure 3.8. Example of the 6 di�erent feasible layers types for a box type rotation variant.



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 103.3.4. Joining maximal spaes. The DP proedure presented in Setion 3.3.1 generates new EMSseah time a box is added to the ontainer. However, when a new box is added, the supporting areaof some of the previously generated EMSs an sometimes inrease. Sine the DP proess does nottake this into aount, in suh situations the possibility of satisfying onstraint C2 (full supportingfrom below) is redued. In this setion, we develop a novel proedure we all MaxJoin whih joinsmaximal-spaes having the same supporting area height.To illustrate MaxJoin, we use the example depited in Figure 3.9, where we assume that the boxlabeled x was the last one to be paked (see Figure 3.9a). Figure 3.9b shows all paked boxes thathave the same height as box x. Figure 3.9 shows a top-down view of the supporting area de�nedby the boxes. In the remainder of this setion, we restrit ourselves only to the top-down viewsine the heights of the EMSs are equal and known.The MaxJoin proedure onsists of two main steps in whih the DP proedure is applied twieto obtain the desired EMSs. In the �rst step, the DP proedure in applied to subtrat from theontainer the spaes orresponding to the boxes (see Figure 3.10a). Note that the resulting EMSsdenoted by 1, 2, 3, and 4 in Figure 3.10a orrespond to the omplement of the EMSs that we seek.In the seond step, we apply the DP proedure to subtrat from the ontainer the �nal EMSsobtained in the �rst step. The resulting sought EMSs are shaded in Figure 3.10b.
x

x
x

a) b) c)

x
x

x

a) b) c)Figure 3.9. Example where the empty maximal-spaes are not joined by DP.3.3.5. Plaement proedure. The plaement proedure follows a sequential proess whih tries topak a box or a layer of boxes at eah stage. The proedure ombines four elements: the listBTPS of box types de�ned by the geneti algorithm, a list S of empty maximal spaes, initiallyontaining only ontainer C, the BBL proedure, and the vetor of layer types (VLT ) also de�nedby the GA. Eah stage is omprised of the following �ve main steps:(1) Box type seletion;(2) Maximal spae seletion;(3) Layers type seletion;(4) Layer paking;(5) State information update.The pseudo-ode of the plaement proedure is given in Figure 3.3.5. The box type seletion steponsists in hoosing from BTPS the �rst box type k∗ whih has not yet been used (lines 9 to 11of the pseudo-ode). The maximal spae seletion is arried out by the BBL proedure and thelist S to produe EMS∗ (lines 12 to 13 of the pseudo-ode). If a maximal spae was found inthe previous step, then the layer seletion uses VLT, the vetor Layers, and all the possible layertypes of box type k∗ that an be paked into EMS∗, to obtain the seleted layer type Layers∗(lines 17 to 19 of the pseudo-ode). The layer paking step onsists in paking Layer∗ into EMS∗(lines 17-19 of the pseudo-ode). The �nal step, state information update, onsists in updating theremaining quantities of the box type paked k∗ and updating list S, using the DP and MaxJoinproedures, as well as some �ags (Skip and Placed) (lines 21 to 31 of the pseudo-ode).
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Figure 3.10. Joining spaes with the MaxJoin proedure.3.4. Parallel implementation. We limit parallelization only to the task that performs the eval-uation of the hromosome �tness sine it is the most time onsuming. The tasks related with theGA logi were not parallelized sine they onsume very little time. This type of parallelizationis easy to implement and in multi-ore CPUs allows for a large redution in omputational times(almost a linear speed-up with the number of ores). The parallel implementation of our heuristiwas done using the OpenMP Appliation Program Interfae (API) whih supports multi-platformshared-memory parallel programming in C/C++.4. Numerial experimentsIn this setion we report on results obtained on a set of experiments onduted to evaluate theperformane of the multi-population biased random key geneti algorithm for a ontainer loadingproblem (BRKGA-CLP) proposed in this paper.4.1. Benhmark algorithms. We ompare BRKGA-CLP with the 13 approahes listed in Ta-ble 1. These approahes omprise the most e�etive to date.4.2. Test problem instanes. The e�etiveness of BRKGA-CLP is evaluated by solving theomplete set of 1500 problems suggested by Bisho� and Ratli� (1995) and Davies and Bisho�(1999) whih range from weakly heterogeneous to strongly heterogeneous argo.The instanes are divided in 15 test ases, eah with 100 instanes, and are referred to asBRD_01 to BRD_15. The number of di�erent box types in eah ase are 3, 5, 8, 10, 12, 15, 20,30, 40, 50, 60, 70, 80, 90, and 100. The struture of eah problem hanges gradually from weaklyheterogeneous to strongly heterogeneous aording to the dereasing average number of boxes pertype.



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 12proedure PLACEMENT (BTPS, V LT, FullSupport)1 Let Placedi be a �ag that indiates whether the box type given by BTPS(i)
· has already been used to pak a box type or not;2 Let S be the list of available empty EMSs;3 Let QtRemaink be the remaining quantity of unpaked boxes of type k;4 Let Skipk be a �ag that indiates whether the box type k should
· be skipped or not when searhing for the next box type to pak;// ** Initialization5 S ← Empty container;6 QtRemaink ← Nk, Skipk ← False, for all k;7 Placedi ← False for all i;8 do while (There exits at least one k for whih Skipk = False);// ** Box type seletion9 i∗ ← 0;10 Let i∗ be the �rst index i in BTPS for whih Placedi = False and SkipBTPS(i) = False;11 Let k∗ be box type orresponding to BTPS(i∗);// ** Maximal spae seletion12 EMS ∗ ← 0;13 Let EMS ∗ be the EMS in S in whih a box of type k∗

· is plaed when the Bak-Bottom-Left plaement heuristi is applied;14 if EMS ∗ = 0 then // no EMS was found ;15 Skipk∗ = False; // box type k∗ is not pakable16 else if ;// ** Layer type seletion17 Aording to QtRemaink∗ �ll the vetor Layers

· with all the layer-types pakable into maximal-spae EMS∗;18 Let MaxLayers be number of layers in vetor Layers;19 Let Layer∗ = Layers (⌈V LT (i∗)× MaxLayers⌉) be the layer type seleted
· for plaing the box type k∗, (⌈x⌉denotes the minimum integer greater than x);// ** Layer paking20 Pak Layer∗ at the origin of maximal spae EMS∗;// ** Information update21 Let nBox be the number of boxes of type k∗ontained in Layer∗;22 QtRemaink∗ = QtRemaink∗ − nBox;23 if QtRemaink∗ = 0 then Skipk∗ = True; // no more boxes of type k∗to pak24 Placedi∗ = True;25 Update S using the DP proedure of Lai and Chan (1997);26 if FullSupport then27 Update S by applying the MaxJoin proedure to all the EMSs with
· origin height equal to the top height of the Layer∗after being paked;28 Skipk ← False for all {k |QtRemaink > 0};29 end if30 end if31 end doend PLACEMENT; Figure 3.11. Pseudo-ode for the PLACEMENT proedure.



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 13Table 1. E�ient approahes used for omparison.Approah Soure of approah Type of methodT_BB Terno et al. (2000) Branh and BoundBG_GA Bortfeldt and Gehring (2001) GABG_PGA Bortfeldt and Gehring (2002) Parallel GAE_TRS Eley (2002) Tree Searh (TRS)L_GH Lim et al. (2003) Greedy HeuristiB_PTS Bortfeldt et al. (2003) Parallel Tabu Searh (TS)B_NMP Bisho� (2006) Nelder-Mead Pro.M_SATS Mak et al. (2004) Parallel SA/TSMO_GR Moura and Oliveira (2005) GRASPP_GR Parreno et al. (2008b) GRASPP_VNS Parreno et al. (2008a) VNSFB_TRS Fanslau and Bortfeldt (2009) TRSHH_HBS He and Huang (2010) Heuristi Beam SearhIn test ase BRD_01 there are on average 50.15 boxes for eah box type, whereas in test aseBRD_15 the average number is only 1.33. Eah individual instane never exeeds the volume ofthe ontainer and the average of available argo is over 99.46% of the apaity of the ontainer.The dimensions of the boxes were generated independently of the dimensions of the ontainer,therefore there is no guarantee that all the boxes will �t into the ontainer. The perentage givenshould be seen as a loose upper bound on the volume of the ontainer attainable by an optimalpaking.Eah instane inludes the orientation onstraint (C1 ), whih prohibits the use of ertain largerside dimension as height dimension.4.3. GA on�guration. Con�guring geneti algorithms is oftentimes more an art form than asiene. In our past experiene with geneti algorithms based on the same evolutionary strategy (seeGonçalves and Almeida (2002), Erisson et al. (2002), Gonçalves and Resende (2004), Gonçalveset al. (2005), Buriol et al. (2005), Buriol et al. (2007), Gonçalves (2007), Gonçalves et al. (2009),Gonçalves et al. (2009), Gonçalves and Resende (2009) and Gonçalves and Resende (2009)), weobtained good results with values of TOP, BOT, and Crossover Probability (CProb) in the intervalsshown in Table 2. Table 2. Range of Parameters in past implementations.Parameter IntervalTOP 0.10 - 0.25BOT 0.15 - 030Crossover Probability (CProb) 0.70 - 0.80For the population size, we have obtained good results by indexing it to the dimension of theproblem, i.e. we use small size populations for small problems and larger populations for largerproblems. With this in mind, we onduted a small pilot study to obtain a reasonable on�guration.We tested all the ombinations of the following values:
• TOP ∈ {0.10, 0.15, 0.20, 0.25};
• BOT ∈ {0.15, 0.20, 0.25, 0.30};
• CProb ∈ {0.70, 0.75, 0.80};
• Population size with 10, 15, 20, and 25 times the number of retangles in the probleminstane.For eah of the 192 possible on�gurations, we made three independent runs of the algorithm(with three distint random number generator seeds) and omputed the average total value. Theon�guration that minimized the sum, over the pilot problem instanes, was TOP = 15%, BOT =
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15%, CProb = 0.7, and Population size = 20 times the number of retangles in the probleminstane.After some experimentation with the problem instanes in a pilot study we ame to the onlu-sion that using three parallel populations and exhanging information every 15 generations was areasonable on�guration for this type of problem.The on�guration presented in Table 3 was held onstant for all experiments and all problemsinstanes. The omputational results presented in the next setion demonstrate that this on�gu-ration not only provides exellent results in terms of solution quality but is also very robust.Table 3. Con�guration used on all runs in the omputational experiments.Population size: 20 × number of input boxesCrossover probability: 0.7TOP: The 15 % most �t hromosomes from the previousgeneration are opied to the next generationBOT: The 15 % least �t hromosomes from the previous generationare replaed with randomly generated hromosomesNumber of population: 3Exhange information btw pops: Every 15 generationsFitness: Maximize % total paked volumeStopping Criterion: Stop after 500 generations4.4. Computational results. Algorithm BRKGA-CLP was implemented in C++. The ompu-tational experiments were arried out on a omputer with a AMD 2.2 GHz Opteron 6-ore CPUwith the Linux (Fedora release 12) operating system.All omputational results show average values for the 100 instanes of eah test ase. All testswhere performed using the on�guration summarized in Table 3.For omparison purposes and beause some authors report omputational results where thesupport onstraint (C2 ) is not enfored we present results for two versions of our approah: versionBRKGA-CLP-S (supported) that enfores the support onstraint (C2 ) and version BRKGA-CLP-U (unsupported) whih does not.We note that some of approahes in Table 1 report results only for the �rst seven sets ofweakly heterogeneous instanes, BRD_01�BRD_07.The omplete omputational results appearin Tables 4 and 5 for versions BRKGA-CLP-S and BRKGA-CLP-U, respetively.As an be observed from Tables 4 and 5 both versions of BRKGA-CLP obtain the best overallresults (for BRKGA-CLP-S : Mean 01-07 = 94.53%, Mean 08-15 = 90.23%, Mean 01-15 = 92.24%while for BRKGA-CLP-U : Mean 01-07 = 95.74%, Mean 08-15 = 93.49%, Mean 01-15 = 94.54%).The seond best approah is FB_TRS and it obtains overall means 01-15 whih are 0.26% and0.59% worst than BRKGA-CLP. BRKGA-CLP is only outperformed by FB_TRS for test aseBRD_01 when full support is enfored. For all the other test ases BRKGA-CLP �nds betteraverage solutions than any of the other approahes.In terms of omputational times we annot make any fair and meaningful omments sine allthe other approahes were implemented and tested on omputers with di�erent omputing power.Instead, we limit ourselves to reporting the average running times for the best three approahes.5. Conluding remarksIn this paper we addressed the Single Container Loading Problem (CLP) where several retan-gular boxes of di�erent sizes are to be loaded into a single retangular ontainer. The approahuses a maximal-spae representation to manage the free spaes in the ontainer. The approah hy-bridizes a novel plaement proedure with a multi-population geneti algorithm based on randomkeys. The geneti algorithm is used to evolve the order in whih the box types are loaded intothe ontainer and to determine the orresponding types of layers used in the paking. A heuristiproedure is used to determine the maximal spae where eah box is plaed and a novel proe-dure is developed for joining free spaes for the ase where full support from below is required.



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 15Table 4. Performane omparison of BRKGA-CLP with other approahes whensupport onstraint (C2 ) is enfored.Test ase T_BB BG_GA BG_PGA E_TRS B_NMP MO_GR FB_TRS(pakingvariant) BRKGACLP-SBRD_01 89.9 87.81 88.10 88.0 89.39 89.07 94.51 94.34BRD_02 89.6 89.40 89.56 88.5 90.26 90.43 94.73 94.88BRD_03 89.2 90.48 90.77 89.5 91.08 90.86 94.74 95.05BRD_04 88.9 90.63 91.03 89.3 90.90 90.42 94.41 94.75BRD_05 88.3 90.73 91.23 89.0 91.05 89.57 94.13 94.58BRD_06 87.4 90.72 91.28 89.2 90.70 89.71 93.85 94.39BRD_07 86.3 90.65 91.04 88.0 90.44 88.05 93.20 93.74BRD_08 - 89.73 90.26 - - 86.13 92.26 92.65BRD_09 - 89.06 89.50 - - 85.08 91.48 91.90BRD_10 - 88.40 88.73 - - 84.21 90.86 91.28BRD_11 - 87.53 87.87 - - 83.98 90.11 90.39BRD_12 - 86.94 87.18 - - 83.64 89.51 89.81BRD_13 - 86.25 86.70 - - 83.54 88.98 89.27BRD_14 - 85.55 85.81 - - 83.25 88.26 88.57BRD_15 - 85.23 85.48 - - 83.21 87.57 87.96Avg. 01-07 88.51 90.06 90.43 88.79 90.55 89.73 94.22 94.53Avg. 08-15 - 87.34 87.69 - - 84.13 89.88 90.23Avg. 01-15 - 88.61 88.97 - - 86.74 91.91 92.24Note: The best values appear in bold.Table 5. Performane omparison of BRKGA-CLP with other approahes whensupport onstraint (C2 ) is not enfored.Test ase L_GH B_PTS M_SATS P_GR(200000) P_GR(5000) P_VNS FB_TRS(uttingvariant) HH_HBS BRKGACLP-UBRD_01 88.70 93.52 93.70 93.85 93.27 94.93 95.05 87.54 95.28BRD_02 88.17 93.77 94.30 94.22 93.38 95.19 95.43 89.12 95.90BRD_03 87.52 93.58 94.54 94.25 93.39 94.99 95.47 90.32 96.13BRD_04 87.58 93.05 94.27 94.09 93.16 94.71 95.18 90.57 96.01BRD_05 87.30 92.34 93.83 93.87 92.89 94.33 95.00 90.78 95.84BRD_06 86.86 91.72 93.34 93.52 92.62 94.04 94.79 90.91 95.72BRD_07 87.15 90.55 92.50 92.94 91.86 93.53 94.24 90.88 95.29BRD_08 - - - - 91.02 92.78 93.70 90.85 94.76BRD_09 - - - - 90.46 92.19 93.44 90.64 94.34BRD_10 - - - - 89.87 91.92 93.09 90.43 93.86BRD_11 - - - - 89.36 91.46 92.81 90.23 93.60BRD_12 - - - - 89.03 91.20 92.73 89.97 93.22BRD_13 - - - - 88.56 91.11 92.46 89.88 92.99BRD_14 - - - - 88.46 90.64 92.40 89.67 92.68BRD_15 - - - - 88.36 90.38 92.40 89.54 92.46Avg. 01-07 87.61 92.70 93.78 93.82 92.94 94.53 95.02 90.02 95.74Avg. 08-15 - - - - 89.39 91.46 92.88 90.15 93.49Avg. 01-15 - - - - 91.05 92.89 93.88 90.09 94.54Note: The best values appear in bold.Two versions of the approah (with and without enforement of full support from below) are isextensively tested on the omplete set of problems of Bisho� and Ratli� (1995) and Davies and



MULTI-POPULATION BRKGA FOR CONTAINER LOADING 16Table 6. Computational times (s) for best three approahes.Avg. Time (s) for test ases BRD_01 - BRD_15Parreno et al. (2008a) Fanslau and Bortfeldt (2009) BRKGA-CLPSupported - 320 232Unsupported 238 320 147Bisho� (1999) whih range from weakly to strongly heterogeneous argo and ompared with 13other solution tehniques. The experimental results validate the exellent quality of the solutionsand the e�etiveness of the proposed algorithm.AknowledgmentsThis work has been supported by funds granted by Fundação para a Ciênia e Tenologia (FCT)projet PTDC/GES/72244/2006. ReferenesBean, J. C. (1994). Genetis and random keys for sequening and optimization. ORSA Journalon Computing, 6:154�160.Beasley, D., Bull, D. R., and Martin, R. R. (1993). An overview of geneti algorithms: Part 1,Fundamentals. University Computing, 15:58�69.Bisho�, E. (2006). Three-dimensional paking of items with limited load bearing strength. Euro-pean Journal of Operational Researh, 168(3):952�966.Bisho�, E. E. and Ratli�, M. S. W. (1995). Issues in the Development of Approahes to ContainerLoading. Omega, International Journal of Management Siene, 23(3):377�390.Bortfeldt, A. and Gehring, H. (1998). A Tabu Searh Algorithm for Weakly Heterogeneous Con-tainer Loading Problems. OR Spektrum, 20(4):237�250 (in German).Bortfeldt, A. and Gehring, H. (2001). A hybrid geneti algorithm for the ontainer loading problem.European Journal of Operational Researh, 131(1):143�161.Bortfeldt, A. and Gehring, H. (2002). A Parallel Geneti Algorithm for Solving the ContainerLoading Problem. International Transations in Operational Researh, 9(4):497�511.Bortfeldt, A., Gehring, H., and Mak, D. (2003). A parallel tabu searh algorithm for solving theontainer loading problem. Parallel Computing, 29(5):641�662.Buriol, L. S., Resende, M. G. C., Ribeiro, C. C., and Thorup, M. (2005). A hybrid geneti algorithmfor the weight setting problem in OSPF/IS-IS routing. Networks, 46:36�56.Buriol, L. S., Resende, M. G. C., and Thorup, M. (2007). Survivable IP network design with OSPFrouting. Networks, 49:51�64.Darwin, C. R. (1859). On the origin of speies through natural seletion. John Murray, London.Davies, A. P. and Bisho�, E. E. (1999). Weight distribution onsiderations in ontainer loading.European Journal of Operational Researh, 114(3):509�527.Eley, M. (2002). Solving Container Loading Problems by Blok Arrangement. European Journalof Operational Researh, 141(2):393�409.Erisson, M., Resende, M. G. C., and Pardalos, P. M. (2002). A geneti algorithm for the weightsetting problem in OSPF routing. J. of Combinatorial Optimization, 6:299�333.Fanslau, T. and Bortfeldt, A. (2009). A Tree Searh Algorithm for Solving the Container LoadingProblem. INFORMS Journal on Computing.Gehring, H. and Bortfeldt, A. (1997). A Geneti Algorithm for Solving the Container LoadingProblem. International Transations in Operational Researh, pages 401�418.Gehring, H. and Bortfeldt, A. (2002). A parallel geneti algorithm for solving the ontainer loadingproblem. International Transations in Operational Researh, 9(4):497�511.George, A. J. and Robinson, D. F. (1980). A Heuristi for Paking Boxes into a Container.Computers and Operations Researh, 7(3):147�156.Goldberg, D. E. (1989). Geneti algorithms in searh optimization and mahine learning. Addison-Wesley.Gonçalves, J. F. (2007). A hybrid geneti algorithm-heuristi for a two-dimensional orthogonalpaking problem. European Journal of Operational Researh, 183:1212�1229.
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